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Preface

Number systems based on a finite collection of symbols, such as the 0s and 1s of com-

puter circuitry, are ubiquitous in the modern age. Finite fields are the most important 

such number systems, playing a vital role in military and civilian communications 

through coding theory and cryptography. These disciplines have evolved over recent 

decades, and where once the focus was on algebraic curves over finite fields, recent 

developments have revealed the increasing importance of higher-dimensional algebraic 

varieties over finite fields.  

These are the proceedings of the NATO Advanced Study Institute “Higher-

dimensional geometry over finite fields” held at the University of Göttingen in June–

July 2007. They introduce the reader to recent developments in algebraic geometry 

over finite fields with particular attention to applications of geometric techniques to the 

study of rational points on varieties over finite fields of dimension at least 2.  

Dmitry Kaledin 

Yuri Tschinkel 
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Finite Field Experiments

e-mail: bothmer@math.uni-hannover.de

Hans-Christian GRAF V. BOTHMER

Abstract. We show how to use experiments over finite fields to gain infor-

mation about the solution set of polynomial equations in characteristic
zero.

Introduction

Let X be a variety defined over Z. According to Grothendieck we can picture X
as a family of varieties Xp over Spec Z with fibers over closed points of Spec Z

corresponding to reductions modulo p and the generic fiber over (0) corresponding
to the variety XQ defined by the equations of X over Q.

The generic fiber is related to the special fibers by semicontinuity theorems.
For example, the dimension of Xp is upper semicontinuous with

dimXQ = min
p>0

dim Xp.

This allows us to gain information about XQ by investigating Xp which is often
computationally much simpler.

Even more surprising is the relation between the geometry of Xp and the
number of Fp rational points of Xp discovered by Weil:

Theorem 0.1. Xp ⊂ Pn
Fp

g N
Fp Xp

|1 − N + p| ≤ 2g
√

p.

He conjectured even more precise relations for varieties of arbitrary dimension
which were proved by Deligne using l-adic cohomology.

In this tutorial we will use methods which are inspired by Weil’s ideas, but are
not nearly as deep. Rather we will rely on some basic probabilistic estimates which
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Figure 1. A variety over Spec Z

are nevertheless quite useful. I have learned these ideas from my advisor Frank
Schreyer, but similar methods have been used independently by other people, for
example Joachim von zur Gathen and Igor Shparlinski [1], Oliver Labs [2] and
Noam Elkies [3].

The structure of these notes is as follows: We start in Section 1 by evaluat-
ing the polynomials defining a variety X at random points. This can give some
heuristic information about the codimension c of X and about the number d of
codimension-c components of X.

In Section 2 we refine this method by looking at the tangent spaces of X in
random points. This gives a way to also estimate the number of components in
every codimension. As an application we show how this can be applied to gain
new information about the Poincaré center problem.

In Section 3 we explain how it is often possible to prove that a solution found
over Fp actually lifts to Q. This is applied to the construction of new surfaces in
P4.

Often one would like not only to prove the existence of a lift, but explicitly
find one. It is explained in Section 4 how this can be done if the solution set is
zero dimensional.

We close in Section 5 with a beautiful application of these lifting techniques
found by Oliver Labs, showing how he constructed a new septic with 99 real nodes
in P3

R.

For all experiments in this tutorial we have used the computer algebra system
Macaulay 2 [4]. The most important Macaulay 2 commands used are explained in
Appendix A, for more detailed information we refer to the online help of Macaulay

H.-C. Graf v. Bothmer / Finite Field Experiments2



2 [4]. In Appendix B Stefan Wiedmann provides a MAGMA translation of the
Macaulay 2 scripts in this tutorial. All scripts are available online at [5]. We would
like to include translations to other computer algebra packages, so if you are for
example a Singular-expert, please contact us.

Finally I would like to thank the referee for many valuable suggestions.

1. Guessing

We start by considering the most simple case, namely that of a hypersurface
X ⊂ An defined by a single polynomial f ∈ Fp[x1, . . . , xn]. If a ∈ An is a point
we have

f(a) =
{

0 one possibility
�= 0 (p − 1) possibilities

Naively we would therefore expect that we obtain zero for about 1
p of the points.

Experiment 1.1. We evaluate a given polynomial in 700 random points, using
Macaulay 2:

R = ZZ[x,y,z,w] -- work in AA^4
F = x^23+1248*y*z+w+129269698 -- a Polynomial
K = ZZ/7 -- work over F_7
L = apply(700, -- substitute 700

i->sub(F,random(K^1,K^4))) -- random points
tally L -- count the results

obtaining:

o5 = Tally{-1 => 100}
-2 => 108
-3 => 91
0 => 98
1 => 102
2 => 101
3 => 100

Indeed, all elements of F7 occur about 700/7 = 100 times as one would expect
naively.

If f = g · h ∈ Fp[x1, . . . , xn] is a reducible polynomial we have

f(a) = g(a)h(a) =

⎧⎪⎪⎨
⎪⎪⎩

0 · 0 1 possibility
∗ · 0 (p − 1) possibilities
0 · ∗ (p − 1) possibilities
∗ · ∗ (p − 1)2 possibilities

H.-C. Graf v. Bothmer / Finite Field Experiments 3



so one might expect a zero for about 2p−1
p2 ≈ 2

p of the points.

Experiment 1.2. We continue Experiment 1.1 and evaluate a product of two
polynomials in 700 random points:

G = x*y*z*w+z^25-938493+x-z*w -- a second polynomial
tally apply(700, -- substitute 700

i->sub(F*G,random(K^1,K^4))) -- random points & count

This gives:

o8 = Tally{-1 => 86}
-2 => 87
-3 => 77
0 => 198
1 => 69
2 => 84
3 => 99

Indeed, the value 0 now occurs about twice as often, i.e. 198 ≈ 2
7 · 700.

Repeating Experiments 1.1 and 1.2 for 100 random polynomials and 100
random products we obtain Figure 2.

Figure 2. Evaluating 100 random polynomials and 100 random products at 700 points each.

Observe that the results for irreducible and reducible polynomials do not
overlap. Evaluating a polynomial at random points might therefore give some
indication on the number of its irreducible factors. For this we will make the above
naive observations more precise.

H.-C. Graf v. Bothmer / Finite Field Experiments4



Definition 1.3. If f ∈ Fp[x1, . . . , xn] is a polynomial, we call the map

f |Fn
p

: Fn
p → Fp

a 
→ f(a)

the corresponding . We denote by

Vp := {f : Fn
p → Fp}

the vector space of all polynomial functions on Fn
p .

Being a polynomial function is nothing special:

Lemma 1.4 (Interpolation). φ : Fn
p → Fp

f ∈ Fp[x1, . . . , xn] φ = f |Fn
p

Notice that (1 − xp−1) = 0 ⇐⇒ x �= 0. For every a ∈ Fn
p we define

fa(x) :=
n∏

i=1

(1 − (xi − ai)p−1)

and obtain

fa(x) =
{

1 if x = a
0 if x �= a.

Since Fn
p is finite we can consider f :=

∑
a∈Fn

p
φ(a)fa and obtain f(x) = φ(x) for

all x ∈ Fn
p .

Remark 1.5. From Lemma 1.4 it follows that

(i) Vp is a vector space of dimension pn.
(ii) Vp is a finite set with ppn

elements.
(iii) Two distinct polynomials can define the same polynomial function, for ex-

ample xp and x. More generally if F : Fp → Fp is the
then f(a) = f(F (a)) for all polynomials f and all a ∈ Fn

p .

This makes it easy to count polynomial functions:

Proposition 1.6. f ∈ Vp k

(
pn

k

)
· 1k · (p − 1)pn−k.

Since Vp is simply the set of all functions f : Fn
p → Fp, we can enumerate

the ones with k zeros as follows: First choose k points and assign the value 0 and
then chose any of the other (p − 1) values for the remaining pn − k points.

H.-C. Graf v. Bothmer / Finite Field Experiments 5



Corollary 1.7. f ∈ Vp

μ = pn−1

σ =

√
pn

(
1
p

) (
p − 1

p

)
<

√
μ.

Standard facts about binomial distributions.

Remark 1.8. Using the normal approximation of the binomial distribution, we
can estimate that more than 99% of all f ∈ Vp satisfy

|#V (f) − μ| ≤ 2.58
√

μ

For products of polynomials we have

Proposition 1.9. (f, g) ∈ Vp × Vp k

#
{
(f, g)

∣∣#V (f · g) = k
}

=
(

pn

k

)
· (2p − 1)k · ((p − 1)2)pn−k.

μ′ = pn

(
2p − 1

p2

)
≈ 2μ

σ′ =

√
pn

(
2p − 1

p2

) (
(p − 1)2

p2

)
<

√
μ′

As in the proof of Proposition 1.6 we first choose k points. For each of
these points x we choose either the value of f(x) = 0 and g(x) �= 0 or f(x) �= 0
and g(x) = 0 or f(x) = g(x) = 0. This gives 2p−1 possibilities. For the remaining
pn − k we choose f and q nonzero. For this we have (p − 1)2 possibilities. The
formulas then follow again from standard facts about binomial distributions.

Remark 1.10. It follows that more than 99% of pairs (f, g) ∈ Vp × Vp satisfy

|#V (f · g) − μ′| ≤ 2.58
√

μ′.

In particular, if a polynomial f has a number of zeros that lies outside of this
range one can reject the hypothesis that f is a product of two irreducible with
99% confidence.

H.-C. Graf v. Bothmer / Finite Field Experiments6



Figure 3. Distribution of the number of zeros on hypersurfaces in A4 in characteristic 7.

Even for small p the distributions of Proposition 1.6 and Proposition 1.9 differ
substantially (see Figure 3).

Remark 1.11. For plane curves we can compare our result to the Weil conjectures.
Weil shows that 100% of smooth pane curves of genus g in P2

Fp
satisfy

|N − (p + 1)| ≤ 2g
√

p

while we proved that 99% of the polynomial functions on A2 satisfy

|N − p| ≤ 2.58
√

p.

Of course Weil’s theorem is much stronger. If p > 4g2 Weil’s theorem implies for
example that every smooth curve of genus g over Fp has a rational point, while
no such statement can be derived from our results. If on the other hand one is
satisfied with approximate results, our estimates have the advantage that they
are independent of the genus g. In Figure 4 we compare the two results with an
experiment in the case of plane quartics. (Notice that smooth plane quartics have
genus 3.)

For big n it is very time consuming to count all Fp-rational points on V (f) ⊂
An. We can avoid this problem by using a statistical approach once again.

Definition 1.12. Let X ⊂ An be a variety over Fp. Then

γp(X) :=
#X(Fp)
#An(Fp)

H.-C. Graf v. Bothmer / Finite Field Experiments 7



Figure 4. Number of points on 1000 affine quartics in characteristic q = 37 compared to the

corresponding binomial distribution and Weil’s bound.

is called the of X. If furthermore x1, . . . , xm ∈ An(Fp) are points
then

γ̂p(X) :=
#{i |xi ∈ X}

m

is called an of X.

Remark 1.13. If we choose the points xi randomly and independently, the prob-
ability that xi ∈ X is γp(X). Therefore we have the following:

(i) μ(γ̂p) = γp, i.e. for large m we expect γ̂p(X) ≈ γp(X)

(ii) σ(γ̂p) ≈
√

γp

m , i.e. the quadratic mean of the error |γp − γ̂p| decreases with√
m.

(iii) Since for hypersurfaces γp ≈ 1
p the average error depends neither on the

number of variables n nor on the degree of X.
(iv) Using the normal approximation again one can show that it is usually

enough to test about 100 · p points to distinguish between reducible and
irreducible polynomials (for more precise estimates see [6]).

Experiment 1.14. Consider quadrics in P3 and let

Δ := {singular quadric} ⊂ {all quadrics} ∼= P9

be the subvariety of singular quadrics in the space of all quadrics. Since having
a singularity is a codimension 1 condition for surfaces in P3 we expect Δ to be a
hypersurface. Is Δ irreducible? Using our methods we obtain a heuristic answer
using Macaulay 2:

H.-C. Graf v. Bothmer / Finite Field Experiments8



-- work in characteristic 7
K = ZZ/7
-- the coordinate Ring of IP^3
R = K[x,y,z,w]
-- look at 700 quadrics
tally apply(700, i->codim singularLocus(ideal random(2,R)))

giving

o12 = Tally{2 => 5 }
3 => 89
4 => 606.

We see 95 = 89 + 5 of our 700 quadrics were singular, i.e. γ̂(Δ) = 95
700 . Since this

is much closer to 1
7 , then it is to 2

7 we guess that Δ is irreducible. Notice that we
have not even used the equation of Δ to obtain this estimate.

Let’s now consider an irreducible variety X ⊂ An of codimension c > 1.
Projecting An to a subspace An−c+1 we obtain a projection X ′ ⊂ An−c+1 of
X (see Figure 5). Generically X ′ is a hypersurface, so by our arguments above
X ′ has approximately pn−c points. Generically most points of X ′ have only one
preimage in X so we obtain the following very rough heuristic:

Heuristic 1.15. Let X ⊂ An
Fp

be a variety of codimension c and d the number of
components of codimension c, then

γ̂p(X) ≈ d

pc

Remark 1.16. A more precise argument for this heuristic comes from the Weil
Conjectures. Indeed, the number of Fp-rational points on an absolutely irreducible
projective variety X is

pdim X + lower order terms,

so γp ≈ 1
pcodim X . Our elementary arguments still work in the case of complete

intersections and determinantal varieties [6].

Remark 1.17. Notice that Heuristic 1.15 involves two unknowns: c and d. To
determine these one has to measure over several primes of good reduction.

Experiment 1.18. As in Experiment 1.14 we look at quadrics in P3. These are
given by their 10 coefficients and form a P9. This time we are interested in the
variety X ⊂ P9 of quadrics whose singular locus is at least one dimensional. For
this we first define a function that looks at random quadrics over Fp until it has
found at least k examples whose singular locus has codimension at most c. It then
returns the number of trials needed to do this.

H.-C. Graf v. Bothmer / Finite Field Experiments 9



Figure 5. The projection of a curve in A3 is a hypersurface in A2 and most points have only one
preimage.

findk = (p,k,c) -> (
K := ZZ/p;
R := K[x,y,z,w];
trials := 0;
found := 0;
while found < k do (
Q := ideal random(2,R);
if c>=codim (Q+ideal jacobian Q) then (

found = found + 1;
print found;
);

trials = trials + 1;
);

trials
)

Here we use (Q+ideal jacobian Q) instead of singularLocus(Q), since the
second option quickly produces a memory overflow.

The function findk is useful since the error in estimating γ from γ̂ depends
on the number of singular quadrics found. By searching until a given number of
singular quadrics is found make sure that the error estimates will be small enough.

We now look for quadrics that have singularities of dimension at least one

k=50; time L1 = apply({5,7,11},q->(q,time findk(q,k,2)))

obtaining

H.-C. Graf v. Bothmer / Finite Field Experiments10



Figure 6. Measuring the codimension of quadrics with zero and one dimensional singular loci.
Here we compare the measurements with lines of the correct slope 1 and 3.

{(5, 5724), (7, 17825), (11, 68349)}

i.e. γ5 ≈ 50
5724 , γ7 ≈ 50

17825 and γ11 ≈ 50
68349 . The codimension c of X can be

interpreted as the negative slope in a log-log plot of γp(X) since Heuristic 1.15
gives

γ̂p(X) ≈ d

pc
⇐⇒ log(γ̂p(X)) ≈ log(d) − c log(p).

This is illustrated in Figure 6.

By using findk with k = 50 the errors of all our measurements are of the
same magnitude. We can therefore use regression to calculate the slope of a line
fitting these measurements:

-- calculate slope of regression line by
-- formula from [2] p. 800
slope = (L) -> (

xbar := sum(apply(L,l->l#0))/#L;
ybar := sum(apply(L,l->l#1))/#L;
sum(apply(L,l->(l#0-xbar)*(l#1-ybar)))/
sum(apply(L,l->(l#0-xbar)^2))

)

-- slope for dim 1 singularities
slope(apply(L1,l->(log(1/l#0),log(k/l#1))))

o5 = 3.13578

H.-C. Graf v. Bothmer / Finite Field Experiments 11



The codimension of X is indeed 3 as can be seen by the following geometric
argument: Each quadric with a singular locus of dimension 1 is a union of two
hyperplanes. Since the family P̂3 of all hyperplanes in P3 is 3-dimensional, we
obtain dimX = 6 which has codimension 3 in the P9 of all quadrics.

The approach presented in this section measures the number of components
of minimal codimension quite well. At the same time it is very difficult to see
components of larger codimension. One reason is that the rough approximations
that we have made introduce errors in the order of 1

pc+1 .

We will see in the next section how one can circumvent these problems.

2. Using Tangent Spaces

If X ⊂ An has components of different dimensions, the guessing method of Section
1 does not detect the smaller components.

If for example X is the union of a curve and a surface in A3, we expect the
surface to have about p2 points while the curve will have about p points (see
Figure 7).

Figure 7. Expected number of Fp rational points on a union of a curve and a surface.

Using Heuristic 1.15 we obtain

γp =
p2 + p

p3
≈ 1

p

indicating that X has 1 component of codimension 1. The codimension 2 compo-
nent remains invisible.

Experiment 2.1. Let’s check the above reasoning in an experiment. First define a
function that produces a random inhomogeneous polynomial of given degree:

randomAffine = (d,R) -> sum apply(d+1,i->random(i,R))

H.-C. Graf v. Bothmer / Finite Field Experiments12



with this we choose random polynomials F , G and H in 6 variables

n=6
R=ZZ[x_1..x_n];
F = randomAffine(2,R)
G = randomAffine(6,R);
H = randomAffine(7,R);

and consider the ideal I = (FG, FH)

I = ideal(F*G,F*H);

Finally, we evaluate the polynomials of I in 700 points of characteristic 7 and
count how many of them lie in X = V (I):

K = ZZ/7
t = tally apply(700,i->(

0 == sub(I,random(K^1,K^n))
))

This yields

o9 = Tally{false => 598}
true => 102

i.e. γ̂7(X) = 102
700 which is very close to 1

7 . Consequently we would conclude that
X has one component of codimension 1. The codimension 2 component given by
G = H = 0 remains invisible.

To improve this situation we will look at tangent spaces. Let a ∈ X ⊂ An be
a point and TX,a the tangent space of X in a. If IX = (f1, . . . , fm), let

JX =

⎛
⎜⎝

df1
dx1

. . . df1
dxn

...
...

dfm

dx1
. . . dfm

dxn

⎞
⎟⎠

be the Jacobian matrix. We know from differential geometry that

TX,a = kerJX(a) = {v ∈ Kn | JX(a)v = 0}.

We can use tangent spaces to estimate the dimension of components of X:

Proposition 2.2. a ∈ X ⊂ An X ′ ⊂ X
a dim X ′ ≤ dim TX,a X

[8, II.1.4. Theorem 3]

H.-C. Graf v. Bothmer / Finite Field Experiments 13



In particular, we can use the dimension of the tangent space in a point a ∈ X
to separate points that lie on different dimensional components, at least if these
components are non reduced (see Figure 8). For each of these sets we use Heuristic
1.15 to obtain

Figure 8. Dimension of tangent spaces in Fp rational points on a union of a curve and a surface.

Heuristic 2.3. Let X ⊂ An be a variety . If JX is the Jacobian matrix of X and
a1, . . . , am ∈ An are points, then the number of codimension c components of X
is approximately

#{i | ai ∈ X and rankJX(ai) = c} · pc

m

Experiment 2.4. Let’s test this heuristic by continuing Experiment 2.1. For this
we first calculate the Jacobian matrix of the ideal I

J = jacobian I;

Now we check again 700 random points, but when we find a point on X = V (I)
we also calculate the rank of the Jacobian matrix in this point:

K=ZZ/7
time t = tally apply(700,i->(

point := random(K^1,K^n);
if sub(I,point) == 0 then

rank sub(J,point)
))

The result is

o12 = Tally{0 => 2 }
1 => 106
2 => 14
null => 578

H.-C. Graf v. Bothmer / Finite Field Experiments14



Indeed, we find that there are about 106·71

700 = 1.06 components of dimension 1 and
about 14·72

700 = 0.98 components of codimension 2. For codimension 0 the result is
2·70

700 ≈ 0.003 consistent with the fact that there are no components of codimension
0.

Remark 2.5. It is a little dangerous to give the measurements as in Experiment 2.4
without error bounds. Using the Poisson approximation of binomial distributions
with small success probability we obtain

σ(number of points found) ≈
√

number of points found.

In the above experiment this gives

# codim 1 components =
(106 ± 2.58

√
106) · 71

700
= 1.06 ± 0.27

and

# codim 2 components =
(14 ± 2.58

√
14) · 72

700
= 0.98 ± 0.68.

where the error terms denote the 99% confidence interval. Notice that the mea-
surement of the codimension 2 components is less precise. As a rule of thumb
good error bounds are obtained if one searches until about 50 to 100 points of
interest are found.

Remark 2.6. This heuristic assumes that the components do not intersect. If com-
ponents do have high dimensional intersections, the heuristic might give too few
components, since intersection points are singular and have lower codimensional
tangent spaces.

In more involved examples calculating and storing the Jacobian matrix JX

can use a lot of time and space. Fortunately one can calculate JX(a) directly
without calculating JX first:

Proposition 2.7. f ∈ Fp[x1, . . . , xn] a ∈ Fn
p

b ∈ Fn
p

f(a + bε) = f(a) + dbf(a)ε ∈ Fn
p [ε]/(ε2).

dbf f b ei ∈ Fn
p

i

f(a + eiε) = f(a) +
df

dxi
(a)ε.

Use the Taylor expansion.

Example 2.8. f(x) = x2 =⇒ f(1 + ε) = (1 + ε)2 = 1 + 2ε = f(1) + εf ′(1)

H.-C. Graf v. Bothmer / Finite Field Experiments 15



Experiment 2.9. To compare the two methods of calculating derivatives, we con-
sider the determinant of a random matrix with polynomial entries. First we create
a random matrix

K = ZZ/7 -- characteristic 7
R = K[x_1..x_6] -- 6 variables
M = random(R^{5:0},R^{5:-2}) -- a random 5x5 matrix with

-- quadratic entries

calculate the determinant

time F = det M;
-- used 13.3 seconds

and its derivative with respect to x1.

time F1 = diff(x_1,F);
-- used 0.01 seconds

Now we substitute a random point:

point = random(K^1,K^6)
time sub(F1,point)
-- used 0. seconds

o7 = 2

By far the most time is used to calculate the determinant. With the ε-method
this can be avoided. We start by creating a vector in the direction of x1:

T = K[e]/(e^2) -- a ring with e^2=0
e1 = matrix{{1,0,0,0,0,0}} -- the first unit vector
point1 = sub(point,T) + e*sub(e1,T) -- point with direction

Now we first evaluate the matrix M in this vector

time M1 = sub(M,point1)
-- used 0. seconds

and only then take the determinant

time det sub(M,point1)
-- used 0. seconds

o12 = 2e + 1
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Figure 9. A focus and a center.

Indeed, the coefficient of e is the derivative of the determinant in this point.
This method is too fast to measure by the time command of Macaulay 2. To get
a better time estimate, we calculate the derivative of the determinant at 5000
random points:

time apply(5000,i->(
point := random(K^1,K^6); -- random point

point1 := sub(point,T)+e*sub(e1,T); -- tangent direction
det sub(M,point1); -- calculate derivative
));

-- used 12.76 seconds

Notice that this is still faster than calculating the complete determinant once.

Remark 2.10. The ε-method is most useful if there exists a fast algorithm for
evaluating the polynomials of interest. The determinant of an n × n matrix for
example has n! terms, so the time to evaluate it directly is proportional to n!. If
we use Gauss elimination on the matrix first, the time needed drops to n3.

For the remainder of this section we will look at an application of these
methods to the Poincaré center problem. We start by considering the well known
system of differential equations

ẋ = −y

ẏ = x

whose integral curves are circles around the origin. Let’s now disturb these equa-
tions with polynomials P and Q whose terms have degree at least 2:

ẋ = −y + P

ẏ = x + Q.
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Figure 10. Geometric interpretation of the components of the center variety in the case d = 2.

Near zero the integral curves of the disturbed system are either closed or not. In
the second case one says that the equations have a in (0, 0) while in the first
case they have a (see Figure 9).

The condition of having a center is closed in the space of all (P, Q):

Theorem 2.11 (Poincaré). fi

P Q

ẋ = −y + P
ẏ = x + Q

⇐⇒ fi(P, Q) = 0 i

fi(P, Q) i (P, Q)

P Q d fi

X∞ (P, Q)

Remark 2.12. By Hilbert’s Basis Theorem I∞ := (f0, f1, . . . ) is finitely gener-
ated. Unfortunately, Hilbert’s Basis Theorem is not constructive, so it is a priory
unknown how many generators I∞ has. It is therefore useful to consider the i-th
partial center varieties Xi = V (f0, . . . , fi).

The following is known:

Theorem 2.13. d = 2

X∞ = XH ∪ XIII ∪ XII ∪ XI ⊂ A6,

2 3 X∞ = X3

Decompose I3 = (f1, f2, f3) with a computer algebra system and show that
all solutions do have a center [9], [10].
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Figure 11. Measurements for the Poincaré center problem with d = 3.

Looking at algebraic integral curves one even obtains a geometric interpreta-
tion of the components in this case (see Figure 10).

For d = 3 almost nothing is known. The best results so far are lists of centers
given by Zoladec[11], [12]. The problem from a computer algebra perspective is
that the fi are too large to be handled, already f5 has 5348 terms and it is known
that X∞ �= X10.

Experiment 2.14. Fortunately for our method, Frommer [9] has devised an algo-
rithm to calculate fi(P, Q) for given (P, Q). A closer inspection shows that From-
mer’s Algorithm works over finite fields and will also calculate fi(P+εP ′, Q+εQ′).
So we have all ingredients to use Heuristic 2.3. Using a fast C++ implementation
of Frommer’s Algorithm by Martin Cremer and Jacob Kröker [13] we first check
our method on the known degree 2 case. For this we evaluate f1, . . . , f10 for d = 2
at 1.000.000 random points in characteristic 23. This gives

codim tangent space = 0: 5
codim tangent space = 1: 162
codim tangent space = 2: 5438
codim tangent space = 3: 88

Heuristic 2.3 translates this into

codim 0 components: 0.00 +/- 0.00
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Table 1. Known families of cubic centers that could have codimension below 8 in A14 [12].

Type Name Codimension

Darboux CD1 5

Darboux CD2 6

Darboux CD3 7

Darboux CD4 7

Darboux CD5 7

Reversible CR1 ≥ 6

Reversible CR5 ≥ 7

Reversible CR7 ≥ 7

Reversible CR11 ≥ 7

Reversible CR12 ≥ 7

Reversible CR16 ≥ 7

codim 1 components: 0.00 +/- 0.00
codim 2 components: 2.87 +/- 0.10
codim 3 components: 1.07 +/- 0.29

This agrees well with Theorem 2.11.

For d = 3 we obtain the measurements in Figure 11. One can check these
results against Zoladec’s lists as depicted in Table 1. Here the measurements agree
in codimension 5 and 6. In codimension 7 there seem to be 8 known families while
we only measure 4. Closer inspection of the known families reveals that CR5 and
CR7 are contained in CD4 and that CR12 and CR16 are contained in CD2 [14].
After accounting for this our measurement agrees with Zoladec’s results and we
conjecture that Zoladec’s lists are complete up to codimension 7.

3. Existence of a Lift to Characteristic Zero

Often one is not interested in characteristic p solutions, but in solutions over C.
Unfortunately, not all solutions over Fp lift to characteristic 0.

Example 3.1. Consider the variety X = V (3x) ⊂ P1
Z over Spec Z. As depicted in

Figure 12, X decomposes into two components: V (3) = P1
F3

which lives only over
F3 and V (x) = {(0 : 1)} which has fibers over all of Spec Z. In particular, the
point (1 : 0) ∈ P1

F3
⊂ X does not lift to characteristic 0.

To prove that a given solution point over Fp does lift to characteristic zero
the following tool is very helpful:

Proposition 3.2 (Existence of a Lifting). X ⊂ Y ⊂ An
Z

dim YFp = dimYZ−1 p X ⊂ Y

φ : E → F
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Figure 12. The vanishing set of 3x in P1
Z

over Spec Z

Y r ≤ min(rankE, rankF ) X = Xr(φ)
φ r x ∈ XFp

dimTXFp ,x = dimYFp − (rankE − r)(rankF − r)

X x Z XZ x
(0)

Set d = dimYFp − (rankE − r)(rankF − r). Since XFp is determinantal,
we have

dimZFp ≥ d

for every irreducible component ZFp of XFp and d is the expected dimension of
ZFp [15, Ex. 10.9, p. 245]. If ZFp contains the point x we obtain

d ≤ dim ZFp ≤ dim TZFp ,x ≤ dim TXFp ,x = d

by our assumptions. So ZFp is of dimension d and smooth in x. Let now ZZ be a
component of XZ that contains ZFp and x. Since XZ is determinantal in YZ and
dim YZ = dimYFp + 1 we have

dimZZ ≥ d + 1.

Since dim ZFp = d the fiber of ZZ over p cannot contain all of ZZ. Indeed, in this
case we would have ZFp = ZZ since both are irreducible, but dimZFp �= dimZZ. It
follows that ZZ has nonempty fibers over an open subset of SpecZZ and therefore
also over (0) [16], [17].
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Figure 13. Tangent spaces in several points of X = V (3x) ⊂ P1
Z

over Spec Z

Example 3.3. The variety X = V (3x) is determinantal on Y = P1
Z since it is the

rank 0 locus of the vector bundle morphism

φ : OP1
Z

3x−→ OP1
Z

(1).

Furthermore dim P1
Fp

= 1 = dim P1
Z − 1 for all p. The expected dimension of XFp

is therefore 1− (1−0) · (1−0) = 0. As depicted in Figure 13 we have three typical
examples:

(i) x = (0 : 1) over Fp with p �= 3. Here the tangent space over Fp is zero
dimensional and the point lifts according to Proposition 3.2.

(ii) x = (0 : 1) over F3. Here the tangent space is 1-dimensional and Proposi-
tion 3.2 does not apply. Even though the point does lift.

(iii) x = (1 : 0) over F3. Here the tangent space is also 1-dimensional and
Proposition 3.2 does not apply. In this case the point does not lift.

This method has been used first by Frank Schreyer [16] to construct new
surfaces in P4 which are not of general type. The study of such surfaces started in
1989 when Ellingsrud and Peskine showed that their degree is bounded [18] and
therefore only finitely many families exist. Since then the degree bound has been
sharpened by various authors, most recently by [19] to 52. On the other hand a
classification is only known up to degree 10 and examples are known up to degree
15 (see [19] for an overview and references).

Here I will explain how Cord Erdenberger, Katharina Ludwig and I found a
new family of rational surfaces S of degree 11 and sectional genus 11 in P4 with
finite field experiments.
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Our plan is to realize S as a blowup of P2. First we consider some restrictions
on the linear system that embeds S into P4:

Proposition 3.4. S = P2
C(p1, . . . , pl) P2

C l
E1, . . . , El L

P2
C S |aL−∑l

i=1 biEi|
βj = #{i | bi = j}

d = a2 −
∑

j

βjj
2

π =
(

a − 1
2

)
−

∑
j

βj

(
j

2

)

K2 = 9 −
∑

j

βj .

d π K S

Intersection theory on S [17, Corollary 4.1].

By the double point formula for surfaces in P4 [20, Appendix A, Example
4.1.3] a rational surface of degree 11 and sectional genus 11 must satisfy K2 =
−11. For fixed a the equations above can be solved by integer programming, using
for example the algorithm described in Chapter 8 of [21].

In the case a < 9 we find that there are no solutions. For a = 9 the only
solution is β3 = 1, β2 = 14 and β1 = 5. Our first goal is therefore to find 5 simple
points, 14 double points and one triple point in P2 such that the ideal of the union
of these points contains 5 polynomials of degree 9.

To make the search fast, we would like to use characteristic 2. The difficulty
here is that P2 contains only 7 rational points, while we need 20. Our solution to
this problem was to choose

P ∈ P2(F2) Q ∈ P2(F214) R ∈ P2(F25)

such that the Frobenius orbit of Q and R are of length 14 and 5 respectively. The
ideals of the orbits are then defined over F2.

-- define coordinate ring of P^2 over F_2
F2 = GF(2)
S2 = F2[x,y,z]

-- define coordinate ring of P^2 over F_2^14 and F_2^5
St = F2[x,y,z,t]
use St; I14 = ideal(t^14+t^13+t^11+t^10+t^8+t^6+t^4+t+1);

S14 = St/I14
use St; I5 = ideal(t^5+t^3+t^2+t+1); S5 = St/I5
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-- the random points
use S2; P = matrix{{0_S2, 0_S2, 1_S2}}
use S14;Q = matrix{{t^(random(2^14-1)), t^(random(2^14-1)), 1_S14}}
use S5; R = matrix{{t^(random 31), t^(random 31), 1_S5}}

-- their ideals
IP = ideal ((vars S2)*syz P)
IQ = ideal ((vars S14)_{0..2}*syz Q)
IR = ideal ((vars S5)_{0..2}*syz R)

-- their orbits
f14 = map(S14/IQ,S2); Qorbit = ker f14
degree Qorbit -- hopefully degree = 14

f5 = map(S5/IR,S2); Rorbit = ker f5
degree Rorbit -- hopefully degree = 5

If Q and R have the correct orbit length we calculate |9H − 3P − 2Q − R|

-- ideal of 3P
P3 = IP^3;

-- orbit of 2Q
f14square = map(S14/IQ^2,S2); Q2orbit = ker f14square;

-- ideal of 3P + 2Qorbit + 1Rorbit
I = intersect(P3,Q2orbit,Rorbit);

-- extract 9-tics
H = super basis(9,I)
rank source H -- hopefully affine dimension = 5

If at this point we find 5 sections, we check that there are no unassigned base
points

-- count basepoints (with multiplicities)
degree ideal H -- hopefully degree = 1x6+14x3+1x5 = 53

If this is the case, the next difficulty is to check if the corresponding linear system
is very ample. On the one hand this is an open condition, so it should be satisfied
by most examples, on the other hand we are in characteristic 2, so exceptional loci
can have very many points. An irreducible divisor for example already contains
approximately half of the rational points.

-- construct map to P^4
T = F2[x0,x1,x2,x3,x4]
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fH = map(S2,T,H);

-- calculate the ideal of the image
Isurface = ker fH;

-- check invariants
betti res coker gens Isurface
codim Isurface -- codim = 2
degree Isurface -- degree = 11
genera Isurface -- genera = {0,11,10}

-- check smoothness
J = jacobian Isurface;
mJ = minors(2,J) + Isurface;
codim mJ -- hopefully codim = 5

Indeed, after about 100.000 trials one comes up with the points

use S14;Q = matrix{{t^11898, t^137, 1_S14}}
use S5; R = matrix{{t^6, t^15, 1_S5}}

These satisfy all of the above conditions and prove that rational surfaces of degree
11 and sectional genus 11 in P4 exist over F2.

As a last step we have to show that this example lifts to char 0. For this we
consider the morphism

τk : H0(OP2
Z

(a)) → OP2
Z

(a) ⊕ 3OP2
Z

(a − 1) ⊕ · · · ⊕
(

k + 2
2

)
OP2

Z

(a − k)

on P2
Z that associates to each polynomial of degree a the coefficients of its Taylor

expansion up to degree k in a given point P .

Lemma 3.5. a > k τk Fk

(
k+2
2

)
Spec Z

In each point we consider an affine 2-dimensional neighborhood where we
can choose the

(
k+2
2

)
coefficients of the affine Taylor expansion independently.

This shows that the image has at least this rank everywhere. If follows from the
Euler relation for homogeneous polynomials

x
df

dx
+ y

df

dy
+ z

df

dz
= (deg f) · f

that this is also the maximal rank.
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Now set YZ = Hilb1,Z ×Hilb14,Z ×Hilb5,Z where Hilbk,Z denotes the Hilbert
scheme of k points in P2

Z over Spec Z, and let

XZ = {(p, q, r) |h0(9L − 3p − 2q − 1r) ≥ 5} ⊂ YZ

be the subset where the linear system of nine-tics with a triple point in p, double
points in q and single base points in r is at least of projective dimension 4.

Proposition 3.6. E F 55 53
YZ

φ : E → F

X50(φ) = XZ

On the Cartesian product

Hilbd,Z ×P2
Z

π2
��

π1

��

P2
Z

Hilbd,Z

we have the morphisms

π∗
2τk : H0(OP2

Z

(9)) ⊗OHilbd,Z ×P2
Z

→ π∗
2Fk.

Let now Pd ⊂ Hilbd,Z ×P2
Z be the universal set of points. Then Pd is a flat family

of degree d over Hilbd,Z and

Gk := (π1)∗((π∗
2Fk)|Pd

)

is a vector bundle of rank d
(
k+2
2

)
over Hilbd,Z. On

YZ = Hilb1,Z ×Hilb14,Z ×Hilb5,Z

the induced map

φ : H0(OP2
Z

(9)) ⊗OXZ

τ2⊕τ1⊕τ0−−−−−−→ σ∗
1G2 ⊕ σ∗

14G1 ⊕ σ∗
5G0

has the desired properties, where σd denotes the projection to Hilbd,Z.

So we have to show that the tangent space of XF2 in our base locus has
codimension (55 − 50)(53 − 50) = 15. This can be done by explicitly calculating
the differential of φ in our given base scheme using the ε-method. The script is
too long for this paper, but can be downloaded at [22]. Indeed, we find that the
codimension of the tangent space is 15, so this shows that our example lies on an
irreducible component that is defined over an open subset of Spec Z.
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Figure 14. The difficulty of finding a surface grows exponentially with the speciality

Remark 3.7. The overall time to find smooth surfaces that lift to characteristic
zero can be substantially reduced if one calculates the tangent space of a given
point (P, Q, R) in the Hilbert scheme XZ directly after establishing |9H − 3P −
2Q − R| = P4. One then needs to check very ampleness only for smooth points
of XZ. This is useful since the tangent space calculation is just a linear question,
while the check for very ampleness requires Gröbner bases. We use a very fast C-
implementation by Jakob Kröker to do the whole search algorithm up to checking
smoothness. Only the (very few) remaining examples are then checked for very
ampleness using Macaulay 2.

Experiment 3.8. We also tried to reconstruct the other known rational surfaces
in P4 with our program. The number of trials needed is depicted in Figure 14.
The expected codimension of X in the corresponding Hilbert scheme turns out to
be 5 times the speciality h1(OX(1)) of the surface. As expected, the logarithm of
the number of trials needed to find a surface is proportional to the codimension
of X.

Remark 3.9. We could not reconstruct all known families. The reason for this
is that we only look at examples where the base points of a given multiplicity
form an irreducible Frobenius orbit. In some cases such examples do not exist for
geometric reasons.

Experiment 3.10. Looking at the linear system |14H−4P −3Q−R| with deg P =
8, deg Q = 6 and deg R = 2, we find rational surfaces of degree 12 and sectional
genus 12 in P4 with this method (not published) .

4. Finding a Lift

In some good cases characteristic p methods even allow one to find a solution over
Q quickly. Basically this happens when the solution set is zero dimensional with
two different flavors.
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The first good situation, depicted in Figure 15, arises when X =
V (f1, . . . , fm) ⊂ An

Z has a unique solution over Q̄, maybe with high multiplicity.
In this case it follows that the solution is defined over Q.

Figure 15. A scheme over Spec Z with a unique solution over Q̄, possibly with high multiplicity

Algorithm 4.1. If the coordinates of the unique solution over Q are even in Z one
can find this solution as follows:

(i) Reduce mod pi and test points in Fn
pi

(ii) Find many primes pi with a unique solution in Fn
pi

(iii) Use Chinese remaindering to find a solution mod
∏

i pi � 0.
(iv) Test if this is a solution over Z. If not, find more primes pi with unique

solutions over Fpi .

Remark 4.2. Even if the solution y over Q is unique, there can be several solutions
over Fp. Since the codimension of points in An is n we expect that the probability
of a random point x ∈ An to satisfy x ∈ X is 1

pn by Heuristic 1.15. We therefore
expect that the probability of x �∈ X for all points x �= y is

(
1 − 1

pn

)pn−1

≈ 1
e
.

Experiment 4.3. Let’s use this Algorithm 4.1 to solve

−8x2 − xy − 7y2 + 5238x − 11582y − 7696 = 0

4xy − 10y2 − 2313x − 16372y − 6462 = 0

For this we need a function that looks at all points over a given prime:
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allPoints = (I,p) -> (
K = ZZ/p;
flatten apply(p,i->

flatten apply(p,j->
if (0==codim sub(I,matrix{{i*1_K,j*1_K}}))
then {(i,j)}
else {}

))
)

With this we look for solutions of our equations over the first nine primes.

R = ZZ[x,y]
-- the equations
I = ideal (-8*x^2-x*y-7*y^2+5238*x-11582*y-7696,

4*x*y-10*y^2-2313*x-16372*y-6462)

-- look for solutions
tally apply({2,3,5,7,11,13,17,19,23},p->(p,time allPoints(I,p)))

We obtain:

o8 = Tally{(2, {(0, 0)}) => 1
(3, {(0, 2), (1, 0), (2, 0)}) => 1
(5, {(4, 1)}) => 1
(7, {(2, 3), (5, 5)}) => 1
(11, {(2, 7), (8, 1)}) => 1
(13, {(3, 4), (12, 6)}) => 1
(17, {(10, 8)}) => 1
(19, {(1, 3), (1, 17), (18, 5), (18, 18)}) => 1
(23, {(15, 8)}) => 1

As expected for the intersection of two quadrics we find at most 4 solutions. Over
four primes we find unique solutions, which is reasonably close to the expected
number 9/e ≈ 3.31. We now combine the information over these four primes using
the Chinese remainder Theorem.

-- Chinese remaindering
-- given solutions mod m and n find
-- a solution mod m*n
-- sol1 = (n,solution)
-- sol2 = (m,solution)
chinesePair = (sol1, sol2) -> (

n = sol1#0;an = sol1#1;
m = sol2#0;am = sol2#1;
drs = gcdCoefficients(n,m);
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-- returns {d,r,s} so that a*r + b*s is the
-- greatest common divisor d of a and b.
r = drs#1;
s = drs#2;
amn = s*m*an+r*n*am;
amn = amn - (round(amn/(m*n)))*(m*n);
if (drs#0) == 1 then (m*n,amn)

else print "m and n not coprime"
)

-- take a list {(n_1,s_1),...,(n_k,s_k)}
-- and return (n,a) such that
-- n = n_1 * ... * n_k and
-- s_i = a mod n_i
chineseList = (L) -> (fold(L,chinesePair))

-- x coordinate
chineseList({(2,0),(5,4),(17,10),(23,15)})
-- y coordinate
chineseList({(2,0),(5,1),(17,8),(23,8)})

This gives

o11 = (3910, 1234)
o12 = (3910, -774)

i.e. (1234,−774) is the unique solution mod 3910 = 2 · 5 · 17 · 23. Substituting this
into the original equations over Z shows that this is indeed a solution over Z.

sub(I,matrix{{1234,-774}})

o13 = ideal (0, 0)

If the unique solution does not have Z but Q coordinates then one can find
the solution using the extended Euclidean Algorithm [23, Section 5.10].

Example 4.4. Let’s try to find a small solution to the equation

r

s
≡ 7 mod 37.

Each solution satisfies

r = 7s + 37t

with s and t in Z. Using the extended Euclidean Algorithm
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r s t r/s
37 0 1

−5 7 1 0 7/1
−3 2 −5 1 −2/5

1 16 −3 1/16

we find the solution

1 = gcd(7, 37) = 7 · 16 + 37 · (−3)

to our linear equation. Observe, however, that the intermediate step in the Eu-
clidean Algorithm also gives solutions, most of them with small coefficients. In-
deed, r/s = −2/5 is a solution with r, s ≤ √

37 which is the best that we can
expect.

If we find a small solution by this method, we even can be sure that it is the
only one satisfying the congruence:

Proposition 4.5. (r, s)

r ≡ as + bt mod m

r, s ≤ √
m r, s ≤ 1

2

√
m

[23, Section 5.10]

Experiment 4.6. Let’s find a solution to

176x2 + 148xy + 301y2 − 742x + 896y + 768 = 0

−25xy + 430y2 + 33x + 1373y + 645 = 0

As in Experiment 4.3 we search for primes with unique solutions

I = ideal (176*x^2+148*x*y+301*y^2-742*x+896*y+768,
-25*x*y+430*y^2+33*x+1373*y+645)

tally apply({2,3,5,7,11,13,17,19,23,29,31,37,41},
p->(p,time allPoints(I,p)))

and obtain

o10 = Tally{(2, {(1, 0)}) => 1
(3, {(0, 0), (0, 1), (2, 0)}) => 1
(5, {(3, 2), (4, 1)}) => 1
(7, {(2, 6), (4, 0)}) => 1
(11, {}) => 1
(13, {(5, 10)}) => 1
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(17, {(5, 4), (9, 13), (11, 16), (12, 12)}) => 1
(19, {(3, 15), (8, 6), (13, 15), (17, 1)}) => 1
(23, {(15, 18), (19, 12)}) => 1
(29, {(26, 15), (28, 9)}) => 1
(31, {(7, 22)}) => 1
(37, {(14, 18)}) => 1
(41, {(0, 23)}) => 1

Notice that there is no solution mod 11. If there is a solution over Q this means
that 11 has to divide at least one of the denominators. Chinese remaindering gives
a solution mod 2 · 13 · 31 · 37 · 41 = 1222702:

-- x coordinate
chineseList({(2,1),(13,5),(31,7),(37,14),(41,0)})
o11 = (1222702, 138949)
-- y coordinate
chineseList({(2,0),(13,10),(31,22),(37,18),(41,23)})
o12 = (1222702, -526048)

Substituting this into the original equations gives

sub(I,matrix{{138949,-526048}})
o13 = ideal (75874213835186, 120819022681578)

so this is not a solution over Z. To find a small possible solution over Q we use
an implementation of the extended Euclidean Algorithm from [23, Section 5.10].

-- take (a,n) and calculate a solution to
-- r = as mod n
-- such that r,s < sqrt(n).
-- return (r/s)
recoverQQ = (a,n) -> (

r0:=a;s0:=1;t0:=0;
r1:=n;s1:=0;t1:=1;
r2:=0;s2:=0;t2:=0;
k := round sqrt(r1*1.0);
while k <= r1 do (

q = r0//r1;
r2 = r0-q*r1;
s2 = s0-q*s1;
t2 = t0-q*t1;
--print(q,r2,s2,t2);
r0=r1;s0=s1;t0=t1;
r1=r2;s1=s2;t1=t2;
);

(r2/s2)
)
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This yields

-- x coordinate
recoverQQ(138949,2*13*31*37*41)

123
o21 = ---

22

Notice that Macaulay reduced 246/44 to 123/22 in this case. Therefore this is not
a solution mod 2. Indeed, no solution mod 2 exists, since the denominator of the
x coordinate is divisible by 2. For the y coordinate we obtain

-- y coordinate
recoverQQ(-526048,2*13*31*37*41)

77
o22 = - --

43

As a last step we substitute this Q-point into the original equations.

sub(I, matrix{{123/22,-77/43}})
o24 = ideal (0, 0)

This shows that we have indeed found a solution over Q. Notice also that as
argued above one of the denominators is divisible by 2 and the other by 11.

Remark 4.7.

(i) The assumption that we have a unique solution over Q is not as restrictive
as it might seem. If we have for example 2 solutions, then at least the line
through them is unique. More generally, if the solution set over Q lies on k
polynomials of degree d then the corresponding point in the Grassmannian
G(k,

(
d+n

n

)
) is unique.

(ii) Even if we do not have isolated solutions, we can use this method to find the
polynomials of rad(I(X)), at least if the polynomials are of small degree.

(iii) For this method we do not need explicit equations, rather an algorithm that
decides whether a point lies on X is enough. This is indeed an important
distinction. It is for example easy to check whether a given hypersurface is
singular, but very difficult to give an explicit discriminant polynomial in
the coefficients of the hypersurface that vanishes if and only if it is singular.

Before we finish this tutorial by looking at a very nice application of this
method by Oliver Labs, we will look briefly at a second situation in which we can
find explicit solutions over Q. I learned this method from Noam Elkies in his talk
at the Clay Mathematics Institute Summer School “Arithmetic geometry” 2006.
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Figure 16. A scheme X over Spec Z with a smooth isolated solution over Q.

Algorithm 4.8. Assume that X has a point x over Q that is isolated
over Q̄ as depicted in Figure 16, and that p is a prime that does not divide the
denominators of the coordinates of x. Then we can find this point as follows:

(i) Reduce mod p and test all points.
(ii) Calculate the tangent spaces at the found points. If the dimension of such

a tangent space is 0 then the corresponding point is smooth and isolated.
(iii) Lift the point mod pk with k large using p-adic Newton iteration, as ex-

plained in Prop 4.9.

Proposition 4.9. a ∈ An
Z

f1(a) = · · · = fn(a) = 0 mod pk

J =
(

dfi

dxj

)
a p

a′ = a − (f1(a), . . . , fn(a))J(a)−1

p2k

Use the Taylor expansion as in the proof of Newton iteration.

Experiment 4.10. Let’s solve the equations of Experiment 4.3 using p-adic Newton
iteration. For this we need some functions for modular calculations:

-- calculate reduction of a matrix M mod n
modn = (M,n) -> (

matrix apply(rank target M, i->
apply(rank source M,j-> M_j_i-round(M_j_i/n)*n)))

-- divide a matrix of integers by an integer
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-- (in our application this division will not have a remainder)
divn = (M,n) -> (

matrix apply(rank target M, i->
apply(rank source M,j-> M_j_i//n)))

-- invert number mod n
invn = (i,n) -> (

c := gcdCoefficients(i,n);
if c#0 == 1 then c#1 else "error"
)

-- invert a matrix mod n
-- M a square matrix over ZZ
-- (if M is not invertible mod n, then 0 is returned)
invMatn = (M,n) -> (

Mn := modn(M,n);
MQQ := sub(Mn,QQ);
detM = sub(det Mn,QQ);
modn(invn(sub(detM,ZZ),n)*sub(detM*MQQ^-1,ZZ),n)
)

With this we can implement Newton iteration. We will represent a point by a
pair (P, eps) with P a matrix of integers that is a solution modulo eps.

-- (P,eps) an approximation mod eps (contains integers)
-- M affine polynomials (over ZZ)
-- J Jacobian matrix (over ZZ)
-- returns an approximation (P,eps^2)
newtonStep = (Peps,M,J) -> (

P := Peps#0;
eps := Peps#1;
JPinv := invMatn(sub(J,P),eps);
correction := eps*modn(divn(sub(M,P)*JPinv,eps),eps);
{modn(P-correction,eps^2),eps^2}
)

-- returns an approximation mod Peps^(2^num)
newton = (Peps,M,J,num) -> (
i := 0;
localPeps := Peps;
while i < num do (

localPeps = newtonStep(localPeps,M,J);
print(localPeps);
i = i+1;

);
localPeps

)
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We now consider equations of Example 4.3

I = ideal (-8*x^2-x*y-7*y^2+5238*x-11582*y-7696,
4*x*y-10*y^2-2313*x-16372*y-6462)

their Jacobian matrix

J = jacobian(I)

and their solutions over F7:

apply(allPoints(I,7),Pseq -> (
P := matrix {toList Pseq};
(P,0!=det modn(sub(J,P),7))

))

o25 = {(| 2 3 |, true), (| 5 5 |, true)}

Both points are isolated and smooth over F7 so we can apply p-adic Newton
iteration to them. The first one lifts to the solution found in Experiment 4.3:

newton((matrix{{2,3}},7),gens I, J,4)

{| 9 10 |, 49}
{| -1167 -774 |, 2401}
{| 1234 -774 |, 5764801}
{| 1234 -774 |, 33232930569601}

while the second point probably does not lift to Z:

newton((matrix{{5,5}},7),gens I, J,4)

{| 5 -9 |, 49}
{| -926 334 |, 2401}
{| 359224 -66894 |, 5764801}
{| 11082657337694 -9795607574104 |, 33232930569601}

Remark 4.11. Noam Elkies has used this method to find interesting elliptic fibra-
tions over Q. See for example [3, Section III, p. 11].

Remark 4.12. The Newton method is much faster than lifting by Chinese remain-
dering, since we only need to find one smooth point in one characteristic. Unfor-
tunately, it does not work if we cannot calculate tangent spaces. An application
where this happens is discussed in the next section.
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Figure 17. Historic plaster model of the Cayley Cubic as displayed in the mathematical instute

of the university of Göttingen

5. Surfaces with Many Real Nodes

A very nice application of finite field experiments with beautiful characteristic
zero results was done by Oliver Labs in his thesis [2]. We look at his ideas and
results in this section.

Consider an algebraic surface X ⊂ P3
R of degree d and denote by N(X) the

number of real nodes of X. A classical question of real algebraic geometry is to
determine the maximal number of nodes a surface of degree d can have. We denote
this number by

μ(d) := max{N(X) |X ⊂ P3
R ∧ deg X = d}.

Moreover one would like to find explicit equations for surfaces X that do have
μ(d) real nodes. The cases μ(1) = 0 and μ(2) = 1, i.e the plane and the quadric
cone, have been known since antiquity.

Cayley [24] and Schäfli [25] solved μ(3) = 4, while Kummer proved μ(4) = 16
in [26]. Plaster models of a Cayley-Cubic and a Kummer-Quartic are on display
in the Göttingen Mathematical Institute as numbers 124 and 136, see Figure 17
and 18. These and many other pictures are available at

http://www.uni-math.gwdg.de/modellsammlung.

For the case d = 5, Togliatti proved in [27] that quintic surfaces with 31 nodes
exist. One such surface is depicted in Figure 20. It took 40 years before Beauville
[28] finally proved that 31 is indeed the maximal possible number.

In 1994 Barth [29] found the beautiful sextic with the icosahedral symmetry
and 65 nodes shown in Figure 21. Jaffe and Rubermann proved in [30] that no
sextics with 66 or more nodes exist.
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For d = 7 the problem is still open. By works of Chmutov [31],
Breske/Labs/van Straten [32] and Varchenko [33] we only know 93 ≤ μ(7) ≤ 104.
For large d Chmutov and Breske/Labs/van Straten show

μ(d) ≥ 5
12

d3 + lower order terms,

while Miyaoka [34] proves

μ(d) ≤ 4
9
d3 + lower order terms.

Here we explain how Oliver Labs found a new septic with many nodes, using
finite field experiments [35].

Experiment 5.1. The most naive approach to find septics with many nodes is to
look at random surfaces of degree 7 in some small characteristic:

-- Calculate milnor number for hypersurfaces in IP^3
-- (for nonisolated singularities and smooth surfaces 0
-- is returned)
mu = (f) -> (

J := (ideal jacobian ideal f)+ideal f;
if 3==codim J then degree J else 0
)

K = ZZ/5 -- work in char 5
R = K[x,y,z,w] -- coordinate ring of IP^3

-- look at 100 random surfaces
time tally apply(100, i-> mu(random(7,R)))

After about 18 seconds we find

o4 = Tally{0 => 69}
1 => 24
2 => 5
3 => 1
4 => 1

which is still far from 93 nodes. Since having an extra node is a codimension-one
condition, a rough estimation gives that we would have to search 589 ≈ 1.6×1062

times longer to find 89 more nodes in characteristic 5.

One classical idea to find surfaces with many nodes, is to use symmetry. If
for example we only look at mirror symmetric surfaces, we obtain singularities in
pairs, as depicted in Figure 19.
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Figure 18. A Kummer surface with 16 nodes.

Experiment 5.2. We look at 100 random surfaces that are symmetric with respect
to the x = 0 plane

-- make a random f mirror symmetric
sym = (f) -> f+sub(f,{x=>-x})

time tally apply(100, i-> mu(sym(random(7,R))))

o6 = Tally{0 => 57}
1 => 10
2 => 11
3 => 9
4 => 4
5 => 3
6 => 3
7 => 1
9 => 1
13 => 1

Indeed, we obtain more singularities, but not nearly enough.

The symmetry approach works best if we have a large symmetry group. In
the d = 7 case Oliver Labs used the D7 symmetry of the 7-gon. If D7 acts on
P3 with symmetry axis x = y = 0 one can use representation theory to find a
7-dimensional family of D7-invariant 7-tic we use in the next experiment.

Experiment 5.3. Start by considering the cone over a 7-gon given by

P = 26
∏

j=06

(
cos

(
2πj

7

)
x + sin

(
2πj

7

)
y − z

)
,

which can be expanded to
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Figure 19. A mirror symmetric cubic

P = x*(x^6-3*7*x^4*y^2+5*7*x^2*y^4-7*y^6)+
7*z*((x^2+y^2)^3-2^3*z^2*(x^2+y^2)^2+2^4*z^4*(x^2+y^2))-
2^6*z^7

Now parameterize D7 invariant septics U that contain a double cubic.

S = K[a1,a2,a3,a4,a5,a6,a7]
RS = R**S -- tensor product of rings
U = (z+a5*w)*

(a1*z^3+a2*z^2*w+a3*z*w^2+a4*w^3+(a6*z+a7*w)*(x^2+y^2))^2

We will look at random sums of the form P + U using

randomInv = () -> (
P-sub(U,vars R|random(R^{0},R^{7:0}))
)

Let’s try 100 of these

time tally apply(100, i-> mu(randomInv()))

o9 = Tally{63 => 48}
64 => 6
65 => 4
...

136 => 1
140 => 1

Unfortunately, this looks better than it is, since many of the surfaces with high
Milnor numbers have singularities that are not ordinary nodes. We can detect this
by looking at the Hessian matrix which has rank ≥ 3 only at smooth points and
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Figure 20. A Togliatti quintic

ordinary nodes. The following function returns the number of nodes of X = V (f)
if all nodes are ordinary and 0 otherwise.

numA1 = (f) -> (
-- singularities of f
singf := (ideal jacobian ideal f)+ideal f;
if 3==codim singf then (

-- calculate Hessian
Hess := diff(transpose vars R,diff(vars R,f));

ssf := singf + minors(3,Hess);
if 4==codim ssf then degree singf else 0
)

else 0
)

With this we test another 100 examples:

time tally apply(100, i-> numA1(randomInv()))

o12 = Tally{0 => 28 }
63 => 51
64 => 13
65 => 1
70 => 6
72 => 1

which takes about 30 seconds. Notice that most surfaces have N(X) a multiple
of 7 as expected from the symmetry.

To speed up these calculations Oliver Labs intersects the surfaces X = V (P +
U) with the hyperplane y = 0 see Figure 22. Since the operation of D7 moves
this hyperplane to 7 different positions, every singularity of the intersection curve
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Figure 21. The Barth sextic

C that does not lie on the symmetry axis corresponds to 7 singularities of X.
Singular points on C that do lie on the symmetry axis contribute only one node
to the singularities of X. Using the symmetry of the construction one can show
that for surfaces X with only ordinary double points all singularities are obtained
this way [36, p. 18, Cor. 2.3.10], [35, Lemma 1].

Experiment 5.4. We now look at 10000 random D7-invariant surfaces and their
intersection curves with y = 0. We estimate the number of nodes on X from the
number of nodes on C and return the point in the parameter space of U if this
number is large enough.

use R
time tally apply(10000,i-> (

r := random(R^{0},R^{7:0});
f := sub(P-sub(U,vars R|r),y_R=>0);
singf := ideal f + ideal jacobian ideal f;
if 2 == codim singf then (

-- calculate Hessian
Hess := diff(transpose vars R,diff(vars R,f));

ssf := singf + minors(2,Hess);
if 3==codim ssf then (

d := degree singf;
-- points on the line x=0

singfx := singf+ideal(x);
dx := degree singfx;

if 2!=codim singfx then dx=0;
d3 = (d-dx)*7+dx;

(d,d-dx,dx,d3,if d3>=93 then r)
)
else -1

)
))
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Figure 22. Intersection of the 7-gon with a perpendicular hypersurface

In this way we find

o16 = Tally{(9, 9, 0, 63, ) => 5228
(10, 9, 1, 64, ) => 731
.....

(16, 14, 2, 100, | 1 2 2 1 1 0 1 |) => 1
-1 => 3071
null => 8

It remains to check whether the found U really gives rise to surfaces with 100
nodes

f = P-sub(U,vars R|sub(matrix{{1,2,2,1,1,0,1}},R))
numA1(f)

o18 = 100

This proves that there exists a surface with 100 nodes over F5.

Looking at other fields one finds that F5 is a special case. In general one only
finds surfaces with 99 nodes. To lift these examples to characteristic zero, Oliver
Labs analyzed the geometry of the intersection curves of the 99-nodal examples
and found that

(i) All such intersection curves decompose into a line and a 6-tic.
(ii) The singularities of the intersection curves are in a special position that

can be explicitly described (see [35] for details)

These geometric properties imply (after some elimination) that there exists an α
such that
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Figure 23. The Labs septic

α1 = α7 + 7α5 − α4 + 7α3 − 2α2 − 7α − 1

α2 = (α2 + 1)(3α5 + 14α4 − 3α2 + 7α − 2)

α3 = (α1 + 1)2(3α3 + 7α − 3)

α4 = (α(1 + α2) − 1)(1 + α2)2

α5 = − α2

1 + α2

α6 = α7 = 1

It remained to determine which α lead to 99-nodal septics. Experiments over many
primes show that there are at most 3 such α. Over primes with exactly 3 solutions,
Oliver Labs represented them as zeros of a degree 3 polynomial. By using the
Chinese remaindering method, he lifted the coefficients of this polynomial to
characteristic 0 and obtained

7α3 + 7α + 1 = 0.

This polynomial has exactly one real solution, and with this α one can calculate
this time over Q(α) that the resulting septic has indeed 99 real nodes. Figure 23
shows the inner part of this surface.

A movie of this and many other surfaces in this section can by found on my
home page

www.iag.uni-hannover.de/˜bothmer/goettingen.php,

on the home page of Oliver Labs

http://www.algebraicsurface.net/,

or on youTube.com
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http://www.youtube.com/profile?user=bothmer.

The movies and the surfaces in this article were produced using the public domain
programs surf by Stefan Endraß [37] and surfex by Oliver Labs [38].

A. Selected Macaulay Commands

Here we review some Macaulay 2 commands used in this tutorial. Lines starting
with “i” are input lines, while lines starting with “o” are output lines. For more
detailed explanations we refer to the online help of Macaulay2 [4].

This command applies a function to a list. In Macaulay 2 this is often used to
generate loops.

i1 : apply({1,2,3,4},i->i^2)
o1 = {1, 4, 9, 16}
o1 : List

The list {0, 1, . . . , n − 1} can be abbreviated by n:

i2 : apply(4,i->i^2)
o2 = {0, 1, 4, 9}
o2 : List

With map(R,S,m) a map from S to R is produced. The matrix m over S contains
the images of the variables of R:

i1 : f = map(ZZ,ZZ[x,y],matrix{{2,3}})
o1 = map(ZZ,ZZ[x,y],{2, 3})
o1 : RingMap ZZ <--- ZZ[x,y]

i2 : f(x+y)
o2 = 5

If no matrix is given, all variables to variables of the same name or to zero.
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i3 : g = map(ZZ[x],ZZ[x,y])
o3 = map(ZZ[x],ZZ[x,y],{x, 0})
o3 : RingMap ZZ[x] <--- ZZ[x,y]

i4 : g(x+y+1)
o4 = x + 1
o4 : ZZ[x]

This command can be used either to construct random matrices

i1 : K = ZZ/3

o1 = K
o1 : QuotientRing

i2 : random(K^2,K^3)

o2 = | 1 0 -1 |
| 1 -1 1 |

2 3
o2 : Matrix K <--- K

or to construct random homogeneous polynomials of given degree

i3 : R = K[x,y]

o3 = R
o3 : PolynomialRing

i4 : random(2,R)

2 2
o4 = x + x*y - y
o4 : R

This command is used to substitute values for the variables of a ring:

i1 : K = ZZ/3

o1 = K
o1 : QuotientRing
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i2 : R = K[x,y]

o2 = R
o2 : PolynomialRing

i3 : f = x*y

o3 = x*y
o3 : R

i4 : sub(f,matrix{{2,3}})

o4 = 6

Another application is the transfer a polynomial, ideal or matrix from one ring
R to another ring S that has some variables in common with R

i5 : S = K[x,y,z]

o5 = S
o5 : PolynomialRing

i6 : sub(f,S)

o6 = x*y
o6 : S

The command is used here to calculate a presentation for the kernel of a matrix:

i1 : M = matrix{{1,2,3},{4,5,6}}

o1 = | 1 2 3 |
| 4 5 6 |

2 3
o1 : Matrix ZZ <--- ZZ

i2 : syz M

o2 = | -1 |
| 2 |
| -1 |

3 1
o2 : Matrix ZZ <--- ZZ
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With tally one can count how often an element appears in a list:

i1 : tally{1,2,1,3,2,2,17}

o1 = Tally{1 => 2 }
2 => 3
3 => 1
17 => 1

o1 : Tally

B. Magma Scripts (by Stefan Wiedmann)

Stefan Wiedmann [5] has translated the Macaulay 2 scripts of this article to
Magma. Here they are:

Experiment B.1.1. Evaluate a given polynomial in 700 random points.

K := FiniteField(7); //work over F_7
R<x,y,z,w> := PolynomialRing(K,4); //Polynomialring in 4 variables

//over F_7
K4:=CartesianPower(K,4); //K^4
F := x^23+1248*y*z*w+129269698; //a polynomial

M := [Random(K4): i in [1..700]]; //random points
T := {*Evaluate(F,s): s in M*};

Multiplicity(T,0); //Results with muliplicity

Experiment B.1.2. Evaluate a product of two polynomials in 700 random points

K := FiniteField(7); //work over F_7
R<x,y,z,w> := PolynomialRing(K,4); //AA^4 over F_7
K4:=CartesianPower(K,4); //K^4

F := x^23+1248*y*z*w+129269698; //a polynomial
G := x*y*z*w+z^25-938493+x-z*w; //a second polynomial
H := F*G;

M := [Random(K4): i in [1..700]]; //random points
T := {*Evaluate(H,s): s in M*};
T;
Multiplicity(T,0);

Experiment B.1.14. Count singular quadrics.
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K := FiniteField(7);
R<X,Y,Z,W> := PolynomialRing(K,4);
{* Dimension(JacobianIdeal(Random(2,R,0))) : i in [1..700]*};

Experiment B.1.18. Count quadrics with dim > 0 singular locus

function findk(n,p,k,c)
//Search until k singular examples of codim at most c are found,
//p prime number, n dimension
K := FiniteField(p);
R := PolynomialRing(K,n);
trials := 0;
found := 0;
while found lt k do

Q := Ideal([Random(2,R,0)]);
if c ge n - Dimension(Q+JacobianIdeal(Basis(Q))) then
found := found + 1;

else
trials := trials + 1;

end if;
end while;
print "Trails:",trials;
return trials;

end function;

k := 50;

time L1 := [[p,findk(4,p,k,2)] : p in [5,7,11]];
L1;

time findk(4,5,50,2);
time findk(4,7,50,2);
time findk(4,11,50,2);

function slope(L)
//calculate slope of regression line by
//formula form [2] p. 800
xbar := &+[L[i][1] : i in [1..#L]]/#L;
ybar := &+[L[i][2] : i in [1..#L]]/#L;
return &+[(L[i][1]-xbar)*(L[i][2]-ybar): i in [1..3]]/

&+[(L[i][1]-xbar)^2 : i in [1..3]];
end function;

//slope for dim 1 singularities
slope([[Log(1/x[1]), Log(k/x[2])] : x in L1]);

Experiment B.2.1. Count points on a reducible variety.
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K := FiniteField(7);
V := CartesianPower(K,6);
R<x1,x2,x3,x4,x5,x6> := PolynomialRing(K,6);

//random affine polynomial of degree d
randomAffine := func< d | &+[ Random(i,R,7) : i in [0..d]]>;

//some polynomials
F := randomAffine(2);
G := randomAffine(6);
H := randomAffine(7);

//generators of I(V(F) \cup V(H,G))
I := Ideal([F*G,F*H]);

//experiment
null := [0 : i in [1..#Basis(I)]];

t := {**};

for j in [1..700] do
point := Random(V);
Include(~t, null eq [Evaluate(Basis(I)[i],point) :

i in [1..#Basis(I)]]);
end for;

//result
t;

Experiment B.2.4. Count points and tangent spaces on a reducible variety.

K := FiniteField(7); //charakteristik 7
R<x1,x2,x3,x4,x5,x6> := PolynomialRing(K,6); //6 variables
V := CartesianPower(K,6);

//random affine polynomial of degree d
randomAffine := func< d | &+[ Random(i,R,7) : i in [0..d]]>;

//some polynomials
F := randomAffine(2);
G := randomAffine(6);
H := randomAffine(7);

//generators of I(V(F) \cup V(H,G))
I := Ideal([F*G,F*H]);

null := [0 : i in [1..#Basis(I)]];
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//the Jacobi-Matrix
J := JacobianMatrix(Basis(I));
size := [NumberOfRows(J),NumberOfColumns(J)];

A := RMatrixSpace(R,size[1],size[2]);
B := KMatrixSpace(K,size[1],size[2]);

t := {**};

time
for j in [1..700] do
point := Random(V);
substitude := map< A -> B | x :->

[Evaluate(t,point): t in ElementToSequence(x)]>;
if null eq [Evaluate(Basis(I)[i], point) : i in [1..#Basis(I)]]
then Include(~t, Rank(substitude(J)));

else
Include(~t,-1);

end if;
end for;

//result
t;

Experiment B.2.9.

K := FiniteField(7); //charakteristik 7
R<x1,x2,x3,x4,x5,x6> := PolynomialRing(K,6); //6 variables
V := CartesianPower(K,6);

//consider an 5 x 5 matrix with degree 2 entries
r := 5;
d := 2;
Mat := MatrixAlgebra(R,r);

//random matrix
M := Mat![Random(d,R,7) : i in [1..r^2]];

//calculate determinant and derivative w.r.t x1
time F := Determinant(M);
time F1 := Derivative(F,1);

//substitute a random point
point := Random(V);
time Evaluate(F1,point);
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//calculate derivative with epsilon

Ke<e> := AffineAlgebra<K,e|e^2>; //a ring with e^2 = 0

Mate := MatrixAlgebra(Ke,r);

//the first unit vector
e1 := <>;
for i in [1..6] do

if i eq 1 then
Append(~e1,e);

else
Append(~e1,0);

end if;
end for;

//point with direction
point1 := < point[i]+e1[i] : i in [1..6]>;

time Mate![Evaluate(x,point1): x in ElementToSequence(M)];
time Determinant(Mate![Evaluate(x,point1):

x in ElementToSequence(M)]);

//determinant at 5000 random points

time
for i in [1..5000] do

point := Random(V); //random point
point1 := <point[i]+e1[i] : i in [1..6]>; //tangent direction
//calculate derivative
_:=Determinant(Mate![Evaluate(x,point1):

x in ElementToSequence(M)]);
end for;

Experiment B.4.3.

R<x,y> := PolynomialRing(IntegerRing(),2); //two variables

//the equations
F := -8*x^2-x*y-7*y^2+5238*x-11582*y-7696;
G := 4*x*y-10*y^2-2313*x-16372*y-6462;
I := Ideal([F,G]);

//now lets find the points over F_p
function allPoints(I,p)

M := [];
K := FiniteField(p);
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A := AffineSpace(K,2);
R := CoordinateRing(A);
for pt in CartesianPower(K,2) do

Ipt := Ideal([R|Evaluate(Basis(I)[k],pt) :
k in [1..#Basis(I)]]);

SIpt := Scheme(A,Ipt);
if Codimension(SIpt) eq 0 then;

Append(~M,pt);
end if;

end for;
return M;

end function;

for p in PrimesUpTo(23) do
print p, allPoints(I,p);

end for;

/*Chinese remaindering
given solutions mod m and n find
a solution mod m*n
sol1 = [n,solution]
sol2 = [m,solution]*/
function chinesePair(sol1,sol2)

n := sol1[1];
an := sol1[2];
m := sol2[1];
am := sol2[2];
d,r,s := Xgcd(n,m);
//returns d,r,s so that a*r + b*s is
//the greatest common divisor d of a and b.
amn := s*m*an+r*n*am;
amn := amn - (Round(amn/(m*n)))*(m*n);
if d eq 1 then

return [m*n,amn];
else

print "m and n not coprime";
return false;

end if;
end function;

/*take a list {(n_1,s_1),...,(n_k,s_k)}
and return (n,a) such that
n=n_1* ... * n_k and
s_i = a mod n_i*/
function chineseList(L)

//#L >= 2
erg := L[1];
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for i in [2..#L] do
erg := chinesePair(L[i],erg);

end for;
return erg;

end function;

//x coordinate
chineseList([[2,0],[5,4],[17,10],[23,15]]);
//y coordinate
chineseList([[2,0],[5,1],[17,8],[23,8]]);

//test the solution
Evaluate(F,[1234,-774]);
Evaluate(G,[1234,-774]);

Experiment B.4.6. Rational recovery, as suggested in von zur Gathen in [23,
Section 5.10]. Uses the functions allPoints and chineseList from Experiment
B.4.3.

R<x,y> := PolynomialRing(IntegerRing(),2); //two variables

//equations
F := 176*x^2+148*x*y+301*y^2-742*x+896*y+768;
G := -25*x*y+430*y^2+33*x+1373*y+645;
I := Ideal([F,G]);

for p in PrimesUpTo(41) do
print p, allPoints(I,p);

end for;

// x coordinate
chineseList([[2,1],[13,5],[31,7],[37,14],[41,0]]);
// y coordinate
chineseList([[2,0],[13,10],[31,22],[37,18],[41,23]]);

//test the solution
Evaluate(F,[138949,-526048]);
Evaluate(G,[138949,-526048]);

/*take (a,n) and calculate a solution to
r = as mod n
such that r,s < sqrt(n).
return (r/s)*/
function recoverQQ(a,n)

r0:=a;
s0:=1;
t0:=0;
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r1:=n;
s1:=0;
t1:=1;
r2:=0;
s2:=0;
t2:=0;
k := Round(Sqrt(r1*1.0));
while k le r1 do

q := r0 div r1;
r2 := r0-q*r1;
s2 := s0-q*s1;
t2 := t0-q*t1;
r0:=r1;
s0:=s1;
t0:=t1;
r1:=r2;
s1:=s2;
t1:=t2;

end while;
return (r2/s2);

end function;

//x coordinate
recoverQQ(138949,2*13*31*37*41);
//y coordinate
recoverQQ(-526048,2*13*31*37*41);

//test the solution
Evaluate(F,[123/22,-77/43]);
Evaluate(G,[123/22,-77/43]);

Experiment B.4.10. Lifting solutions using p-adic Newtoniteration (as suggested
by N.Elkies). Uses the function allPoints from Example B.4.3.

//calculate reduction of a matrix M mod n
function modn(M,n)

return Matrix(Nrows(M),Ncols(M),[x - Round(x/n)*n :
x in Eltseq(M)]);

end function;

//divide a matrix of integer by an integer
//(in our application this division will not have a remainder)
function divn(M,n)

return Matrix(Nrows(M),Ncols(M),[x div n : x in Eltseq(M)]);
end function;

// invert number mod n
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function invn(i,n)
a,b := Xgcd(i,n);
if a eq 1 then

return b;
else return false;
end if;

end function;

//invert a matrix mod n
//M a square matrix over ZZ
//(if M is not invertible mod n, then 0 is returned)
function invMatn(M,n)

Mn := modn(M,n);
MQQ := MatrixAlgebra(RationalField(),Nrows(M))!Mn;
detM := Determinant(Mn);
if Type(invn(detM,n)) eq BoolElt then

return 0;
else

return
(MatrixAlgebra(IntegerRing(),Nrows(M))!
(modn(invn(detM,n)*detM*MQQ^(-1),n)));

end if;
end function;

//(P,eps) an approximation mod eps (contains integers)
//M affine polynomials (over ZZ)
//J Jacobian matrix (over ZZ)
//returns an approximation (P,eps^2)
function newtonStep(Peps,M,J)

P := Peps[1];
eps := Peps[2];
JatP:=Matrix(Ncols(J),Nrows(J),[Evaluate(x,Eltseq(P)) :

x in Eltseq(J)]);
JPinv := invMatn(JatP,eps);
MatP:= Matrix(1,#M,[Evaluate(x,Eltseq(P)) : x in Eltseq(M)]);
correction := eps*modn(divn(MatP*Transpose(JPinv),eps),eps);
return <modn(P-correction,eps^2),eps^2>;

end function;

//returns an approximation mod Peps^(2^num)
function newton(Peps,M,J,num)

localPeps := Peps;
for i in [1..num] do
localPeps := newtonStep(localPeps,M,J);
print localPeps;
end for;
return localPeps;

H.-C. Graf v. Bothmer / Finite Field Experiments56



end function;

//c.f. example 4.3
R<x,y> := PolynomialRing(IntegerRing(),2); //two variables

//the equations
F := -8*x^2-x*y-7*y^2+5238*x-11582*y-7696;
G := 4*x*y-10*y^2-2313*x-16372*y-6462;
I := Ideal([F,G]);
J := JacobianMatrix(Basis(I));

Ap := allPoints(I,7);
for x in Ap do

MatP := Matrix(Nrows(J),Ncols(J),[Evaluate(j,x):
j in Eltseq(J)]);

print x, (0 ne Determinant(MatP));
end for;

Peps := <Matrix(1,2,[2,3]),7>;
newton(Peps,Basis(I),J,4);

Peps := <Matrix(1,2,[5,5]),7>;
newton(Peps,Basis(I),J,4);

Experiment B.5.1. Count singularities of random surfaces over F5.

K := FiniteField(5); //work in char 5
A := AffineSpace(K,4);
R<x,y,z,w> :=CoordinateRing(A); //coordinate ring of IP^3

//Calculate milnor number
//(For nonisolated singularities and smooth surfaces 0 is returned)
function mu(f)

SJ := Scheme(A,(Ideal([f])+JacobianIdeal(f)));
if 3 eq Codimension(SJ) then

return Degree(ProjectiveClosure(SJ));
else

return 0;
end if;

end function;

//look at 100 random surfaces
M := {**};
time
for i in [1..100] do

f := Random(7,CoordinateRing(A),5);
Include(~M,mu(f));
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end for;

print "M:", M;

Experiment B.5.2. Count singularities of mirror symmetic random surfaces. Uses
the function mu from Example B.5.1.

K := FiniteField(5); //work in char 5
A := AffineSpace(K,4);
R<x,y,z,w> :=CoordinateRing(A); //coordinate ring of IP^3

//make a random f mirror symmetric
function mysym(f)

return (f + Evaluate(f,x,-x));
end function;

//look at 100 random surfaces
M := {**};
time
for i in [1..100] do
f:=R!mysym(Random(7,CoordinateRing(A),5));
Include(~M,mu(f));
end for;

print "M:", M;

Experiment B.5.3. Count A1-singularities of D7 invariant surfaces. Uses the func-
tion mu from Experiment B.5.1.

K := FiniteField(5); //work in char 5
A := AffineSpace(K,4);
R<X,Y,Z,W> :=CoordinateRing(A); //coordinate ring of IP^3
RS<x,y,z,w,a1,a2,a3,a4,a5,a6,a7> := PolynomialRing(K,11);

//the 7-gon
P := X*(X^6-3*7*X^4*Y^2+5*7*X^2*Y^4-7*Y^6)

+7*Z*((X^2+Y^2)^3-2^3*Z^2*(X^2+Y^2)^2+2^4*Z^4*(X^2+Y^2))
-2^6*Z^7;

//parametrising invariant 7 tics with a double cubic
U := (z+a5*w)*(a1*z^3+a2*z^2*w+a3*z*w^2+a4*w^3

+(a6*z+a7*w)*(x^2+y^2))^2;

//random invariant 7-tic
function randomInv()

return (P - Evaluate(U,[X,Y,Z,W] cat [Random(K):i in [1..7]]));
end function;
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//test with 100 examples
M1 := {**};
time
for i in [1..100] do
Include(~M1,mu(randomInv()));
end for;

print "M1:", M1;

//singularities of f
function numA1(f)

singf := Ideal([f])+JacobianIdeal(f);
Ssingf := Scheme(A,singf);
if 3 eq Codimension(Ssingf) then

T := Scheme(A,Ideal([f]));
//calculate Hessian
Hess := HessianMatrix(T);
ssf := singf + Ideal(Minors(Hess,3));
if 4 eq Codimension(Scheme(A,ssf)) then

return Degree(ProjectiveClosure(Ssingf));
else

return 0;
end if;

else
return 0;

end if;
end function;

//test with 100 examples
M2 := {**};
time
for i in [1..100] do
Include(~M2,numA1(randomInv()));
end for;

print "M2:", M2;

Experiment B.5.4. Estimate number of A1-singularities by looking at y = 0. Uses
the function numA1 from Experiment B.5.3.

K := FiniteField(5); //work in char 5
A := AffineSpace(K,4);
R<X,Y,Z,W> := CoordinateRing(A); //coordinate ring of IP^3
RS<x,y,z,w,a1,a2,a3,a4,a5,a6,a7> := PolynomialRing(K,11);

//the 7-gon
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P := X*(X^6-3*7*X^4*Y^2+5*7*X^2*Y^4-7*Y^6)
+7*Z*((X^2+Y^2)^3-2^3*Z^2*(X^2+Y^2)^2+2^4*Z^4*(X^2+Y^2))
-2^6*Z^7;

//parametrising invariant 7 tics with a double cubic
U := (z+a5*w)*(a1*z^3+a2*z^2*w+a3*z*w^2+a4*w^3

+(a6*z+a7*w)*(x^2+y^2))^2;

//estimate number of nodes
function numberofsing()

r := [Random(K): i in [1..7]];
f := Evaluate(P - Evaluate(U,[X,Y,Z,W] cat r),Y,0);
singf := Ideal([f])+ JacobianIdeal(f);
Ssingf := Scheme(A,singf);
if 2 eq Codimension(Ssingf) then

//calculate Hessian
S := Scheme(A,Ideal([f]));
Hess := HessianMatrix(S);
ssf := singf + Ideal(Minors(Hess,2));
Sssf := Scheme(A,ssf);
if 3 eq Codimension(Sssf) then

d := Degree(ProjectiveClosure(Ssingf));
//points on the line x=0
singfx := singf + Ideal([X]);
Ssingfx := Scheme(A,singfx);
dx := Degree(ProjectiveClosure(Ssingfx));
if 2 ne Codimension(Ssingfx) then

dx := 0;
end if;
d3 := (d-dx)*7+dx;
if d3 ge 93 then

return <d, d-dx, dx, d3>, r;
else

return <d, d-dx, dx, d3>, _;
end if;

else
return <-1,0,0,0>,_;

end if;
else return <0,0,0,0>,_;
end if;

end function;

M1 := {**};
M1hit := {**};
time
for i in [1..10000] do

a,b := numberofsing();
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if assigned(b) then
Include(~M1hit,<a,b>);

else
Include(~M1,a);

end if;
end for;

print "M1:", M1;
print "M1hit:", M1hit;

//test
f := P-Evaluate(U,[X,Y,Z,W,1,2,2,1,1,0,1]);
numA1(f);
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K3 surfaces of Picard rank one which are
double covers of the projective plane
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Abstract. We construct examples of K3 surfaces over which are of
degree 2 and the geometric Picard rank of which is equal to 1. We
construct, particularly, examples in the form w2 = det M where M is
a symmetric (3 × 3)-matrix of ternary quadratic forms or a symmetric
(6×6)-matrix of ternary linear forms. Our method is based on reduction
modulo p for p = 3 and 5.

A K3 surface is a simply connected, projective algebraic surface with trivial canon-
ical class. Let B ⊂ 2 be a smooth plane curve of degree 6 given by f6(x, y, z) = 0.
The equation w2 = f6(x, y, z) defines an algebraic surface S in weighted projec-
tive space (1, 1, 1, 3). We have a double cover π : S → 2 ramified at π−1(B).
This surface is a K3 surface (of degree two).

Examples 1.1 K3 surfaces embedded into n are automatically of even degree.
Small degree cases may be realized as follows: A K3 surface of degree two is
a double cover of 2, ramified in a smooth sextic. K3 surfaces of degree four
are smooth quartics in 3. A K3 surface of degree six is a smooth complete
intersection of a quadric and a cubic in 4. And, finally, K3 surfaces of degree
eight are smooth complete intersections of three quadrics in 5.

The Picard group of a K3 surface is known to be isomorphic to n where n may
range from 1 to 20. It is generally known that a generic K3 surface over is of
Picard rank one.

Nevertheless, it seems that the first explicit examples of K3 surfaces of ge-
ometric Picard rank one have been constructed as late as in 2005 [5]. All these
examples are of degree four.

1The computer part of this work was executed on the Sun Fire V20z Servers of the Gauß
Laboratory for Scientific Computing at the Göttingen Mathematisches Institut. Both authors
are grateful to Prof. Y. Tschinkel for the permission to use these machines as well as to the
system administrators for their support.

1. Introduction

Higher-Dimensional Geometry over Finite Fields
D. Kaledin and Y. Tschinkel (Eds.)
IOS Press, 2008
© 2008 IOS Press. All rights reserved.
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Our goal here is to provide explicit examples of K3 surfaces defined over which
are of degree two and geometric Picard rank one.

Let S be a K3 surface over a finite field q. We have the first Chern class
homomorphism

c1 : Pic(S ) −→ H2
ét(S q

, �(1))

into �-adic cohomology. There is a natural operation of the Frobenius on
H2

ét(S q
, �(1)). All eigenvalues are of absolute value 1. The Frobenius operation

on the Picard group is compatible with the operation on cohomology.
Every divisor is defined over a finite extension of the ground field. Conse-

quently, on the subspace Pic(S
q
)⊗ � ↪→ H2

ét(S q
, �(1)), all eigenvalues are

roots of unity. Those correspond to eigenvalues of the Frobenius operation on
H2

ét(S q
, �) which are of the form qζ for ζ a root of unity.

We may therefore bound the rank of the Picard group Pic(S
q
) from above

by counting how many eigenvalues are of this particular form. Bounds from below
may be obtained by explicitly constructing divisors. Combining these two bounds
it is sometimes possible to calculate rk Pic(S

q
).

Our general strategy is to use reduction modulo p. If S is a K3 surface over
then there is the inequality

rk Pic(S ) ≤ rk Pic(S
p
)

which holds for every prime p of good reduction.

Remark 1.2 Consider a complex K3 surface S. Since H1(S, OS) = 0, the Picard
group of S is discrete and the first Chern class homomorphism

c1 : Pic(S)→ H2(S, ) ⊂ H2(S, )

is an injection. For divisors, numerical and homological equivalence are known
to coincide [4, Corollary 1]. This shows that Pic(S) equals the group of divisors
modulo numerical equivalence.

2. Geometric constructions of divisors over p

In order to bound the rank of the Picard group from below, one needs to explic-
itly construct divisors. Calculating discriminants, it is possible to show that the
corresponding divisor classes are linearly independent.

Assumption 2.1 For the algebro-geometric considerations described in this sec-
tion, we assume that we work over a ground field which is algebraically closed of
characteristic �= 2.

Construction 2.2 i) Assume that the branch curve “f6 = 0” has a tritangent line
G. The pull-back of G to the K3 surface S is a divisor splitting into two irre-
ducible components. The corresponding divisor classes are linearly independent.
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ii) A second possibility is to use a conic which is tangent to the branch sextic in
six points.

Both constructions yield a lower bound of 2 for the rank of the Picard group.

Tritangent. Assume that the line G is tritangent to “f6 = 0”. The restriction of f6

to G ∼= 1 is a section of O(6), the divisor of which is divisible by 2 in Div(G). As
G is of genus 0, this implies f6|G is the square of a section f ∈ Γ(G, O(3)). The
form f6 may, therefore, be written as f6 = f̃2 + lq5 for l a linear form defining G,
f̃ a cubic form lifting f , and a quintic form q5.

Consequently, the restriction of π to π−1(G) is given by an equation of the
form w2 = f2(s, t). We, therefore, have π∗(G) = D1 + D2 where D1 and D2 are
the two irreducible divisors given by w = ±f(s, t). Both curves are isomorphic to
G. In particular, they are projective lines.

The adjunction formula shows −2 = D1(D1 + K) = D2
1. Analogously,

D2
2 = −2. Finally, we have G2 = 1. It follows that (D1 + D2)2 = 2 which yields

D1D2 = 3. For the discriminant, we find∣∣∣∣−2 3
3 −2

∣∣∣∣ = −5 �= 0

guaranteeing that rk Pic(S ) ≥ 2.

Remark 2.3 This argument works without modification if two or all three points
of tangency coincide.

Conic tangent in six points. If C is a conic tangent to the branch curve “f6 = 0”
in six points then, for the same reasons as above, we have π∗(C) = C1+C2, where
C1 and C2 are irreducible divisors. Again, C1 and C2 are isomorphic to C and,
therefore, of genus 0. This shows C2

1 = C2
2 = −2. Further, C2 = 4 which implies

(C1 + C2)2 = 8 and C1C2 = 6. The discriminant equals

∣∣∣∣−2 6
6 −2

∣∣∣∣ = −32 �= 0.

Thus, rk Pic(S ) ≥ 2 in this case as well.

Remark 2.4 Further tritangents or further conics which are tangent in six points
lead to even larger Picard groups.

3. Explicit divisors – Practical tests over q

A test for tritangents. The property of a line of being a tritangent may easily be
written down as an algebraic condition. Therefore, tritangents may be searched
for, in practice, by investigating a Gröbner basis.

More precisely, a general line in 2 can be described by a parametrization
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ga,b : t 
→ [1 : t : (a + bt)] .

ga,b is a (possibly degenerate) tritangent of the sextic “f6 = 0” if and only if
f6 ◦ ga,b is a perfect square in q[t]. This means that

f6(ga,b(t)) = (c0 + c1t + c2t
2 + c3t

3)2

is an equation which encodes the tritangent property of ga,b. Comparing coeffi-
cients, this yields a system of seven equations in c0, c1, c2, and c3 which is solvable
if and only if ga,b is a tritangent. The latter may be understood as well as a system
of equations in a, b, c0, c1, c2, and c3 encoding the existence of a tritangent of
the form above.

Using Magma, we compute the length of q[a, b, c0, c1, c2, c3] modulo the cor-
responding ideal I. This is twice the number of the tritangents detected.

The remaining one dimensional family of lines may be tested analogously
using the parametrizations ga : t 
→ [1 : a : t] and g : t 
→ [0 : 1 : t].

Remarks 3.1 a) To compute the length of q[a, b, c0, c1, c2, c3]/I, a Gröbner basis
of I is needed. The time required to compute such a basis over a finite field is
usually a few seconds. From the Gröbner basis, the tritangents may be read off,
explicitly.

b) Since the existence of a tritangent is a codimension one condition, one occa-
sionally finds tritangents on randomly chosen examples.

A test for conics tangent in six points. A non-degenerate conic in 2 allows a
parametrization of the form

c : t 
→ [(c0 + c1t + c2t
2) : (d0 + d1t + d2t

2) : (e0 + e1t + e2t
2)] .

With the sextic “f6 = 0”, all intersection multiplicities are even if and only if f6◦c
is a perfect square in q[t]. This may easily be checked by factoring f6 ◦ c.

For small q, that allows, at least, to search for conics which are defined over q

and tangent in six points. To achieve this, we listed all q2(q3− 1) non-degenerate
conics over q for q = 3 and 5.

Remark 3.2 A analogous general method to find conics defined over q does not
succeed. The required Gröbner basis computation becomes too large.

4. Upper bounds – The Frobenius operation on l-adic cohomology

The Lefschetz trace formula. The Frobenius operation on H2
ét(S p

, �) can be
analyzed as follows.

Count the points on S over pd and apply the Lefschetz trace formula [6] to
compute the trace of the Frobenius φ

pd
= φd. In our situation, this yields

Tr(φd) = #S ( pd)− p2d − 1 .
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We have Tr(φd) = λd
1+· · ·+λd

22 =: σd(λ1, . . . , λ22) when we denote the eigenvalues
of φ by λ1, . . . , λ22. Newton’s identity [8]

sk(λ1, . . . , λ22) =
1
k

k−1∑
r=0

(−1)k+r+1σk−r(λ1, . . . , λ22)sr(λ1, . . . , λ22)

shows that, doing this for d = 1, . . . , k, one obtains enough information to de-
termine the coefficient (−1)ksk of t22−k of the characteristic polynomial fp of
φ.

Observe that we also have the functional equation

(∗) p22fp(t) = ±t22fp(p2/t)

at our disposal. It may be used to convert the coefficient of ti into the one of
t22−i.

Methods for counting points. The number of the points may be determined by

#S ( q) =
∑

[x:y:z]∈ 2( q)

[
1 + χ

(
f6(x, y, z)

)]
.

Here, χ is the quadratic character. The sum is well-defined since f6(x, y, z) is
uniquely determined up to a sixth-power residue. To count the points naively, one
would need q2 + q + 1 evaluations of f6 and χ.

There are several ways to optimize. Here are two possibilities:

i) Symmetry: If f6 is defined over p then the summands for [x : y : z] and
φ([x : y : z]) are equal. This means, over pd , we may save a factor of d if,
on the affine chart “x = 1”, we put in for y only values from a fundamental
domain of the Frobenius.

ii) Decoupling: Suppose, f6 contains only monomials of the form xiy6−i or
xiz6−i. Then, on the affine chart “x = 1”, the form f6 may be written as
a sum of a function in y and a function in z.

In O(q log q) steps, for each of the two functions, we build up a table stating
how many times it adopts each of its values. Again, we may restrict one
of the tables to a fundamental domain of the Frobenius. We tabulate the
quadratic character, too. After these preparations, less than q2 additions
suffice to determine the number of points.

The advantage of a decoupled situation is, therefore, that an evaluation of
a polynomial in pd gets replaced by an addition.

Remark 4.1 Having implemented the point counting in C, these optimizations
allow us to determine the number of 310-rational points on a K3 surface S within
half an hour (without decoupling) on an AMD Opteron processor.
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In a decoupled situation, the number of 59-rational points may be counted
within two hours. In a few cases, we determined the numbers of points over 510 .
This took about two days. Without decoupling, the same counts would have taken
about one day or 25 days, respectively.

This shows that using the methods above we may effectively compute the
traces of φ

pd
= φd for d = 1, . . . , 9, (10).

An upper bound for rkPic(S
p
), counting up to d = 10.

We know that the characteristic polynomial of the Frobenius fp has a zero at p
since the pull-back of a line in 2 is a divisor defined over p. Suppose, we deter-
mined Tr(φd) for d = 1, . . . , 10. We may achieve an upper bound for rk Pic(S

p
)

as follows.

i) Assume the minus sign in the functional equation (∗). Then fp automatically
has coefficient 0 at t11. Therefore, the numbers of points counted suffice in this
case to determine fp, completely.

ii) Assume, on the other hand, that the plus sign is present in (∗). In this case,
the data collected immediately allow to compute all coefficients of fp except the
one at t11. Use the known zero at p to determine that final coefficient.

iii) Use the numerical test, described below, to decide which sign is actually
present.

iv) Factor fp(pt) into irreducible polynomials. Check which of the factors are
cyclotomic polynomials and add their degrees. That sum is an upper bound for
rk Pic(S

p
). If step iii) had failed then one has to work with both candidates for

fp and deal with the maximum.

Verifying rkPic(S
p
) = 2 with d ≤ 9.

Let S be a K3 surface over p given by Construction 2.2.i) or ii). We know that
the rank of the Picard group is at least 2. We suppose that the divisor constructed
by pull-back splits already over p. This ensures that p is a double zero of fp.
There is the following method to verify rk Pic(S

p
) = 2.

i) First, assume the minus sign in the functional equation (∗). This forces another
zero of fp at (−p). The data collected suffice to determine fp, completely. The
numerical test, described below, may indicate a contradiction.

Otherwise, the verification fails. (In that case, we could still find an upper bound
for rk Pic(S

p
) which is, however, at least equal to 4.)

ii) As we have the plus sign in (∗), the data immediately suffice to compute all
coefficients of fp with the exception of those at t10, t11, and t12. The functional
equation yields a linear relation for the three remaining coefficients of fp. From
the known double zero at p, one computes another linear condition.

iii) Let n run through all natural numbers such that ϕ(n) ≤ 20. (The largest
such n is 66.) Assume, in addition, that there is another zero of the form pζn.
This yields further linear relations. Inspecting this system of linear equations, one
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either finds a contradiction or determines all three remaining coefficients. In the
latter case, the numerical test may indicate a contradiction.

If each value of n is contradictory then rk Pic(S
p
) = 2.

Consequently, the equality rk Pic(S
p
) = 2 may be effectively provable from

Tr(φd) for d = 1, . . . , 9, (10).

A numerical test. Given a polynomial f of degree 22, we calculate all its zeroes
as floating point numbers. If at least one of them is clearly not of absolute value
p then f can not be the characteristic polynomial of the Frobenius for any K3
surface over p.

Remarks 4.2 i) This approach will always yield an even number for the upper
bound of the Picard rank. Indeed, the bound is

rk Pic(S
p
) ≤ dim(H2

ét(S p
, �))

−#{ zeroes of fp which are not of the form ζnp } .

The relevant zeroes come in pairs of complex conjugate numbers. Hence, for a K3
surface the bound is always even.

ii) There is a famous conjecture due to John Tate [7] which implies that the
canonical injection c1 : Pic(S

p
)→ H2

ét(S p
, �(1)) maps actually onto the sum

of all eigenspaces for the eigenvalues which are roots of unity. Together with the
conjecture of J.-P. Serre which says that the Frobenius operation on étale coho-
mology is always semisimple, this would imply that the bound above is actually
sharp.

It is a somewhat surprising consequence of the Tate conjecture that the Picard
rank of a K3 surface over p is always even. For us, this is bad news. The obvious
strategy to prove rk Pic(S ) = 1 for a K3 surface S over would be to verify
rk Pic(S

p
) = 1 for a suitable place p of good reduction. The Tate conjecture

indicates that there is no hope for such an approach.

5. How to prove rkPic(S ) = 1

Using the methods described above we can construct even upper bounds for the
Picard rank. On the other hand, we can generate lower bounds by explicitly stat-
ing divisors. In optimal situations this may establish an equality rk Pic(S

p
) = 2.

However, how to reach Picard rank 1 for a surface defined over ? Here we apply
a trick due to R. van Luijk [5, Remark 2].

Fact 5.1 (van Luijk) Assume that we are given a K3 surface S (3) over 3 and a
K3 surface S (5) over 5 which are both of geometric Picard rank 2. Suppose fur-
ther that the discriminants of the intersection forms on Pic(S (3)

3
) and Pic(S (5)

5
)

are essentially different, i.e., their quotient is not a perfect square in .
Then every K3 surface S such that its reduction at 3 is isomorphic to S (3)

and its reduction at 5 is isomorphic to S (5) is of geometric Picard rank one.
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Proof. The reduction maps ιp : Pic(S )→ Pic(S
p
) = Pic(S (p)

p
) are injective [3,

Example 20.3.6]. Observe that Pic(S ) is equal to the group of divisors on S
modulo numerical equivalence.

This immediately leads to the bound rk Pic(S ) ≤ 2. Assume, by contra-
diction, that equality holds. Then, the reductions of Pic(S ) are sublattices of
maximal rank in both, Pic(S

3
) = Pic(S (3)

3
) and Pic(S

5
) = Pic(S (5)

5
).

The intersection product is compatible with reduction. Therefore, the quo-
tients Disc Pic(S )/ Disc Pic(S (3)

3
) and Disc Pic(S )/ Disc Pic(S (5)

5
) are perfect

squares. This is a contradiction to the assumption. �

Remark 5.2 Suppose that S (3) and S (5) are K3 surfaces of degree two given by
explicit branch sextics in 2. Then, using the Chinese Remainder Theorem, they
can easily be combined to a K3 surface S over .

If one of them allows a conic tangent in six points and the other a tritangent
then the discriminants of the intersection forms on Pic(S (3)

3
) and Pic(S (5)

5
) are

essentially different as shown in Section 2.

Remark 5.3 Suppose S is a K3 surface over constructed that way. Then, S
cannot be isomorphic, not even over , to a K3 surface S′ ⊂ 3 of degree 4. In
particular, the explicit examples, which we will describe in the next sections, are
different from those of R. van Luijk [5].

Indeed, Pic(S ) = ·〈L 〉 and deg S = 2 mean that the intersection form
on Pic(S ) is given by 〈L ⊗n, L ⊗m〉 = 2nm. All self-intersection numbers of
invertible sheaves on S are of the form 2n2 which is always different from 4.

6. An explicit K3 surface of degree two

Examples 6.1 We consider two particular K3 surfaces over finite fields.

i) By X 0, we denote the surface over 3 given by the equation

w2 = (y3 − x2y)2

+(x2 + y2 + z2)(2x3y + x3z + 2x2yz + x2z2 + 2xy3 + 2y4 + z4)

= 2x5y + x5z + x4y2 + 2x4yz + x4z2 + x3y3 + x3y2z + 2x3yz2 + x3z3

+2x2y3z+x2y2z2+2x2yz3+2x2z4+2xy5+2xy3z2+2y4z2+y2z4+z6 .

ii) Further, let Y 0 be the K3 surface over 5 given by

w2 = x5y +x4y2 +2x3y3 +x2y4 +xy5 +4y6 +2x5z +2x4z2 +4x3z3 +2xz5 +4z6 .

Theorem 6.2 Let S be a K3 surface over such that its reduction modulo 3
is isomorphic to X 0 and its reduction modulo 5 is isomorphic to Y 0. Then,
rk Pic(S ) = 1.

Proof. We follow the strategy described in Remark 5.2. For the branch locus of
X 0, the conic given by x2 +y2 +z2 = 0 is tangent in six points. The branch locus
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of Y0 has a tritangent given by z−2y = 0. It meets the branch locus at [1 : 0 : 0],
[1 : 3 : 1], and [0 : 1 : 2].

It remains to show that rk Pic(X 0

3
) ≤ 2 and rk Pic(Y 0

5
) ≤ 2. To verify these

assertions, we used the methods described in Section 4. We counted points over
3d and 5d , respectively, for d ≤ 10. For Y 0, we could use the faster method

since the sextic form on the right hand side is decoupled. �

Corollary 6.3 Let S be the K3 surface over given by

w2 = −4x5y + 7x5z + x4y2 + 5x4yz + 7x4z2 + 7x3y3 − 5x3y2z + 5x3yz2

+ 4x3z3 + 6x2y4 + 5x2y3z − 5x2y2z2 + 5x2yz3 + 5x2z4 − 4xy5

+ 5xy3z2 − 3xz5 − 6y6 + 5y4z2 − 5y2z4 + 4z6 .

i) Then, rk Pic(S ) = 1.

ii) Further, S( ) �= ∅. For example, [2 : 0 : 0 : 1] ∈ S( ).

Remarks 6.4 i) For the K3 surface X 0, our calculations show the following.

The numbers of the points defined over 3d for d = 1, . . . , 10 are, in this order, 14,
92, 758, 6 752, 59 834, 532 820, 4 796 120, 43 068 728, 387 421 463, and 3 487 077 812.
The traces of the Frobenius φ

pd
= φd on H2

ét(X
0

3
, �) are equal to 4, 10, 28, 190,

784, 1 378, 13 150, 22 006, 973, and 293 410.

The sign in the functional equation is positive. For the decomposition of the
characteristic polynomial fp of the Frobenius, we find (after scaling to zeroes of
absolute value 1)

(t− 1)2(3t20 + 2t19 + 2t18 + 2t17+t16 − 2t13 − 2t12 − t11 − 2t10 − t9

− 2t8 − 2t7 + t4 + 2t3 + 2t2 + 2t + 3)/3

with an irreducible polynomial of degree 20. The assumption of the negative sign
leads to zeroes the absolute values of which range (without scaling) from 2.598
to 3.464.

ii) For the K3 surface Y 0, our calculations yield the following results.

The numbers of points over 5d are, in this order, 41, 751, 15 626,
392 251, 9 759 376, 244 134 376, 6 103 312 501, 152 589 156 251, 3 814 704 296 876,
and 95 367 474 609 376. The traces of the Frobenius on H2

ét(Y
0

5
, �) are 15, 125,

0, 1 625, −6 250, −6 250, −203 125, 1 265 625, 7 031 250, and 42 968 750.

The sign in the functional equation is positive. For the decomposition of the scaled
characteristic polynomial of the Frobenius, we find

(t− 1)2(5t20 − 5t19 − 5t18 + 10t17 − 2t16 − 3t15 + 4t14 − 2t13 − 2t12 + t11

+ 3t10 + t9 − 2t8 − 2t7 + 4t6 − 3t5 − 2t4 + 10t3 − 5t2 − 5t + 5)/5 .

The assumption of the negative sign leads to zeroes the absolute values of which
range (without scaling) from 3.908 to 6.398.
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7. K3 surfaces of degree 2 given by a symmetric (3× 3)-determinant

Examples 7.1

i) Let X be the surface over 3 given by the equation w2 = f6(x, y, z) for

f6 = det

(
2xy+2y2+yz 2x2+xy+xz+yz+2z2 2x2+xz+yz+z2

2x2+xy+xz+yz+2z2 2x2+xy xy+y2+yz+2z2

2x2+xz+yz+z2 xy+y2+yz+2z2 2x2+2xy+2y2+2yz

)

= 2x6 + 2x5y + 2x5z + 2x4y2 + x4yz + x3y3 + x3yz2 + x3z3 + 2x2y4

+ x2y3z + 2x2y2z2 + xy5 + xy2z3 + y6 + y5z + y2z4 + yz5 + 2z6 .

ii) Let Y be the K3 surface over 5 given by w2 = f6(x, y, z), where

f6 = det
(

4x2+4xz+y2 2x2+3z2 4x2+2xy+2xz+4y2+3yz+2z2

2x2+3z2 2x2+4xy+4y2+yz+3z2 4xy+2xz+y2+4yz+4z2

4x2+2xy+2xz+4y2+3yz+2z2 4xy+2xz+y2+4yz+4z2 4x2+xz+3z2

)

= 4x6 + 2x5y + x5z + x4y2 + x4z2 + x3y3

+ 4x3z3 + 2x2y4 + 2x2z4 + 4xy5 + xz5 + 4z6 .

Theorem 7.2 Let S be any K3 surface over such that its reduction modulo
3 is isomorphic to X and its reduction modulo 5 is isomorphic to Y . Then,
rk Pic(S ) = 1.

Proof. Consider the branch locus of X . The conic C, given by
x2 + xy + 2xz + z2 = 0, admits the parametrization

q : u 
→ [u2 : 2 : (2u2 + 2u)].

We find

f6(q(u)) = (u + 1)2(u5 + u4 + u3 + u + 1)2,

i.e., C is tangent in six points and the corresponding divisor on X splits already
over 3. The branch sextic of Y has a degenerate tritangent given by x = 0.

To verify that rk Pic(X
3
) ≤ 2 and rk Pic(Y

5
) ≤ 2, again, we used the meth-

ods described in Section 4. We counted points over 3d , respectively 5d , for
d ≤ 10. Observe that, for Y , we could use the faster method since the sextic form
on the right hand side is decoupled. �

Corollary 7.3 Let S be the K3 surface over given by w2 = f6(x, y, z) for f6 =

det
(

−6x2+5xy−6xz−4339y2−5yz 2x2−5xy−5xz−150y2−5yz−7z2 −x2−3xy+7xz−6y2−2yz+7z2

2x2−5xy−5xz−150y2−5yz−7z2 2x2+4xy−6y2+6yz+3z2 4xy−3xz+y2+4yz−z2

−x2−3xy+7xz−6y2−2yz+7z2 4xy−3xz+y2+4yz−z2 −x2+5xy+6xz+5y2+5yz+3z2

)

= 14x6 − 118x5y − 64x5z + 8 021x4y2 + 220x4yz − 114x4z2

− 20 249x3y3 − 47 700x3y2z − 635x3yz2 + 4x3z3

− 64 753x2y4 − 247 925x2y3z + 26 045x2y2z2 − 2 745x2yz3 − 153x2z4
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− 33 821xy5 − 107 100xy4z − 463 245xy3z2 − 62 450xy2z3 − 3 075xyz4 − 384xz5

+ 24 025y6−77 345y5z−143 880y4z2−201 885y3z3−39 455y2z4−1 055yz5−196z6.

i) Then, rk Pic(S ) = 1.

ii) Further, S( ) �= ∅. For example, [155 : 0 : 1 : 0] ∈ S( ).

Remarks 7.4 i) For the K3 surface X , our calculations show the following.

The numbers of the points defined over 3d for d = 1, . . . , 10 are, in this order, 14,
88, 800, 6 664, 59 114, 531 136, 4 782 344, 43 029 952, 387 550 223 and 3 486 755 578.
The traces of the Frobenius φ

pd
= φd on H2

ét(X 3
, �) are 5, 7, 71, 103, 65, −305,

−625, −16 769, 129 734, and −28 823.

The decomposition of the scaled characteristic polynomial is

(t− 1)2(3t20 + t19 + 2t18 + t16 + t15 + 2t14 + 2t13 + 3t12

+ 2t10 + 3t8 + 2t7 + 2t6 + t5 + t4 + 2t2 + t + 3)/3 .

It follows that the geometric Picard rank is equal to 2.

ii) For the K3 surface Y , our calculations yield the following results.

The numbers of points over 5d are, in this order, 33, 669, 15 522,
391 861, 9 768 668, 244 132 734, 6 103 019 942, 152 588 860 821, 3 814 709 624 898,
and 95 367 420 137 974. The traces of the Frobenius on H2

ét(Y 5
, �) are 8, 44,

−103, 1 236, 3 043, −7 891, −495 683, 970 196, 12 359 273, and −11 502 651.

The decomposition of the scaled characteristic polynomial is

(t− 1)2(5t20 + 2t19 + t18 + 5t17 + 2t16 + 2t15 + 5t14 + 8t13 + 4t12 + 2t11

+ 8t10 + 2t9+4t8 + 8t7 + 5t6 + 2t5 + 2t4 + 5t3 + t2 + 2t + 5)/5 .

Consequently, the geometric Picard rank is equal to 2.

Construction of symmetric (3× 3)-matrices with decoupled determinant.
A general ternary sextic has 28 coefficients. It is decoupled if 15 of these vanish.
Thus, a randomly chosen sextic form in q[x, y, z] is decoupled with a probability
of q−15. This is too low for our purposes.

On the other hand, we can think of decoupling as solving a nonlinear system
of 15 equations in 36 variables. One could try to attack this system by a Gröbner
base calculation. We use a mixture of both methods. More precisely, we do the
following.

Method 7.5 We construct the matrix M in the particular form

M :=

⎛
⎝ a(x, y, z) b(x, z) c1(x, y, z)

b(x, z) c2(x, y, z) c3(x, y, z)
c1(x, y, z) c3(x, y, z) d(x, z)

⎞
⎠ .

i) We choose the quadratic forms c1, c2, c3, and d, randomly.
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ii) In a second step, we have to fix the nine coefficients of the quadratic forms a
and b. The coefficients of det M at x6−i−jyizj for i, j > 0 are linear functions of
the coefficients of a and b. Observe that the summand −b2d does not contribute
to these critical coefficients.

Thus, we have to solve a system of 15 linear equations in nine variables. Naively,
such a system is solvable with a probability of q−6.

If it is not solvable then we go back to the first step.

Remarks 7.6 i) We randomly generated a sample of 30 surfaces over 3. For each
of them, the branch locus was smooth and had passed the two tests described in
Section 3, to exclude the existence of a tritangent and to ensure there was exactly
one conic over 3 tangent in six points.

We could establish the equality rk Pic(X
3
) = 2 in three of the examples. Example

7.1.i) reproduces one of them.

ii) Using the probabilistic method described above, we generated a sample of 50
surfaces over 5. We made sure that for each of them the branch sextic was
smooth, had exactly one tritangent, and no conic over 5 tangent in six points.
Further, it was decoupled by construction. It took Magma approximately one hour
to generate that sample.

Having counted points over 5d for d ≤ 9, we were able to establish the equality
rk Pic(Y

5
) = 2 in two of the examples. For those, we determined, in addition,

the numbers of points over 510 . Example 7.1.ii) reproduces one of the two.

8. K3 surface of degree 2 given by a symmetric (6× 6)-determinant

Examples 8.1 i) Let X ′ be the surface over 3 given by w2 = f6(x, y, z) for

f6 = det

⎡
⎢⎢⎢⎢⎢⎢⎣

x

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 2 2
0 1 0 1 0 1
0 0 2 1 1 2
0 1 1 1 1 1
2 0 1 1 2 2
2 1 2 1 2 0

⎞
⎟⎟⎟⎟⎟⎟⎠

+ y

⎛
⎜⎜⎜⎜⎜⎜⎝

0 2 1 1 2 1
2 2 2 2 2 2
1 2 0 1 1 0
1 2 1 1 1 1
2 2 1 1 2 2
1 2 0 1 2 0

⎞
⎟⎟⎟⎟⎟⎟⎠

+ z

⎛
⎜⎜⎜⎜⎜⎜⎝

2 1 1 1 2 0
1 1 0 1 2 1
1 0 2 1 1 2
1 1 1 0 0 1
2 2 1 0 2 2
0 1 2 1 2 0

⎞
⎟⎟⎟⎟⎟⎟⎠

⎤
⎥⎥⎥⎥⎥⎥⎦

= x6 + x5y + 2x5z + 2x4y2 + 2x4yz + 2x2y3z + x2z4

+ 2xy5 + 2xy4z + 2y6 + 2y5z + y2z4 + 2yz5 .

ii) Further, let Y ′ be the K3 surface over 5 given by w2 = f6(x, y, z) for

f6 = det

⎡
⎢⎢⎢⎢⎢⎢⎣

x

⎛
⎜⎜⎜⎜⎜⎜⎝

3 4 3 4 4 1
4 3 0 2 1 0
3 0 4 0 3 0
4 2 0 2 1 3
4 1 3 1 0 2
1 0 0 3 2 1

⎞
⎟⎟⎟⎟⎟⎟⎠

+ y

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 3 3 0 1
0 2 0 1 3 1
3 0 5 0 3 5
3 1 0 3 5 5
0 3 3 5 0 1
1 1 5 5 1 3

⎞
⎟⎟⎟⎟⎟⎟⎠

+ z

⎛
⎜⎜⎜⎜⎜⎜⎝

2 1 1 1 0 5
1 0 4 4 4 4
1 4 2 3 0 2
1 4 3 1 2 2
0 4 0 2 3 1
5 4 2 2 1 0

⎞
⎟⎟⎟⎟⎟⎟⎠

⎤
⎥⎥⎥⎥⎥⎥⎦
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= 2x6 + x5y + 2x4y2 + 3x4z2 + x3y3 + 2x3z3 + x2y4 + 3x2z4 + 2xy5 + 4z6 .

Theorem 8.2 Let S be any K3 surface over such that its reduction modulo
3 is isomorphic to X ′ and its reduction modulo 5 is isomorphic to Y ′. Then,
rk Pic(S ) = 1.

Proof. Consider the branch locus of X ′. For the conic C, given by
xz + y2 + 2yz + 2z2 = 0, there is the parametrization

q : u 
→ [(2u2 + u + 1) : u : 1].

We find

f6(q(u)) = (u2 + u + 2)2(u4 + u + 2)2,

i.e. C admits the property of being tangent in six points and the corresponding
divisor on X ′ splits already over 3. The branch sextic of Y ′ has a degenerate
tritangent given by x = 0.

To verify that rk Pic(X ′
3
) ≤ 2 and rk Pic(Y ′

5
) ≤ 2, again, we used the meth-

ods described in section 4. We counted points over 3d and 5d , respectively, for
d ≤ 10. Observe, for Y ′, we could use the faster method since the sextic form on
the right hand side is decoupled. �

Corollary 8.3 Let S be the K3 surface over given by w2 = f6(x, y, z) for f6 =

det

⎡
⎢⎣x

0
BBBBB@

−2382 −21 3 −6 −1 −4
−21 28 0 7 6 −5

3 0 −1 −5 −2 5
−6 7 −5 7 1 −2
−1 6 −2 1 5 2
−4 −5 5 −2 2 6

1
CCCCCA

+ y

0
BBBBB@

0 5 −2 −2 5 1
5 2 5 −4 −7 −4

−2 5 0 −5 −2 0
−2 −4 −5 −2 −5 −5

5 −7 −2 −5 5 −4
1 −4 0 −5 −4 3

1
CCCCCA

+ z

0
BBBBB@

2 1 1 1 5 0
1 −5 −6 4 −1 4
1 −6 2 −2 −5 2
1 4 −2 6 −3 7
5 −1 −5 −3 −7 −4
0 4 2 7 −4 0

1
CCCCCA

⎤
⎥⎦

= 76 139 167x6 + 231 184 081x5y + 210 075 725x5z

+ 25 609 337x4y2 + 487 337 315x4yz − 314 154 987x4z2

− 141 937 719x3y3 + 283 035 180x3y2z − 434 149 815x3yz2 − 5 367 468x3z3

− 175 763 034x2y4 + 168 686 090x2y3z

− 421 490 010x2y2z2 + 160 009 155x2yz3 − 153 566 957x2z4

− 90 295 273xy5 + 175 779 575xy4z − 285 747 180xy3z2

+ 327 585 255xy2z3 − 215 766 345xyz4 + 94 479 045xz5

+ 133 220y6 + 31 145y5z + 380 715y4z2 − 324 195y3z3 − 476 810y2z4

+ 40 2845yz5 − 174 261z6 .

i) Then, rk Pic(S ) = 1.

ii) Further, S( ) �= ∅. For example, [1286 : 1 : 1 : 1] ∈ S( ).
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Remarks 8.4 i) For the K3 surface X ′, our calculations show the following.

The numbers of the points defined over 3d for d = 1, . . . , 10 are, in this order, 12,
90, 783, 6 534, 59 697, 535 329, 4 793 661, 43 079 526, 387 521 091, and 3 487 248 045.
The traces of the Frobenius φ

pd
= φd on H2

ét(X
′
3
, �) are 3, 9, 54, −27, 648,

3 888, 10 692, 32 805, 100 602, and 463 644.

The decomposition of the scaled characteristic polynomial is

(t− 1)2(3t20 + 3t19 + 3t18 + 2t17 + 3t16 + 2t15 − 2t13 − 3t12 − 4t11

− 6t10 − 4t9 − 3t8 − 2t7 + 2t5 + 3t4 + 2t3 + 3t2 + 3t + 3)/3 .

Consequently, the geometric Picard rank is equal to 2.

ii) For the K3 surface Y ′, our calculations yield the following results.

The numbers of points over 5d are, in this order, 36, 666, 15 711,
391 706, 9 763 601, 244 152 021, 6 103 934 341, 152 589 189 186, 3 814 705 355 181,
and 95 367 412 593 451. The traces of the Frobenius on H2

ét(Y
′
5
, �) are 11, 41,

86, 1 081, −2 024, 11 396, 418 716, 1 298 561, 8 089 556, and −19 047 174.

The decomposition of the scaled characteristic polynomial is

(t− 1)2(5t20 − t19 + t18 + 2t17 + 3t15 + t14 − 2t13 + t12 − t11

+ 2t10 − t9 + t8 − 2t7 + t6 + 3t5 + 2t3 + t2 − t + 5)/5 .

It follows that the geometric Picard rank is equal to 2.

Construction of symmetric (6× 6)-matrices with decoupled determinant.

Method 8.5 a) We construct a symmetric (6× 6)-matrix M0 the entries of which
are linear forms only in y and z. The goal is that its determinant is decoupled,
i.e.

det M0 = ay6 + bz6

for certain a, b ∈ q, not both vanishing.

This leads to five conditions for the coefficients.

i) We choose all entries in M0 randomly except for (M0)11.

ii) The determinant is linear in the coefficients of (M0)11. Therefore, we have a
system of five linear equations in two variables. Such a system is solvable with a
probability of q−3 which is enough for our purposes.

If there is no solution then we return to step i).

b) We construct M in the form

M := M0 + xA

for A a symmetric matrix with entries in q.
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i) First, look at the monomials xyiz5−i for i = 1, . . . , 4, only. Insisting that their
coefficients vanish gives a system of four linear equations. In general, its solutions
form a 17-dimensional vector space.

ii) For decoupling, six further coefficients have to vanish. We are left with 17
parameters and six non-linear equations.

We choose the parameters randomly and iterate this procedure until a solution is
found. Naively, the probability to hit a solution is q−6.

Remarks 8.6 i) We randomly generated a sample of 50 surfaces over 3. For each
of them, the branch sextic was smooth and had passed the two tests described in
Section 3, to exclude the existence of a tritangent and to ensure there was exactly
one conic over 3 tangent in six points.

We established rk Pic(X ′
3
) = 2 in eleven of the examples. Example 8.1.i) is one

of them.

ii) Using the probabilistic method described above, we generated a sample of
120 surfaces over 5. For each of them, the branch sextic was decoupled, by
construction. We made sure, in addition, that it was smooth, had exactly one
tritangent, and no conic, defined over 5, which was tangent in six points. It took
Magma half a day to generate that sample.

Having counted points over 5d for d ≤ 9, we were able to establish the equality
rk Pic(Y ′

5
) = 2 in three of the examples. For those, we determined also the

number of points over 510 . Example 8.1.ii) reproduces one of the three.
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Beilinson Conjectures in the
non-commutative setting

e-mail: kaledin@mccme.ru

Abstract. We discuss a p-adic version of Beilinson’s conjecture and its
relationship with noncommutative geometry.

Introduction

Hodge theory is one of the most important computation tools in modern algebraic
geometry, and for many reasons; in these lectures, we will be concerned with only
one facet of the story – the properties of the so-called regulator map. This actually
has a long history which predates both Hodge theory and algebraic geometry and
includes, for instance, the well-known Dirichlet Unit Theorem. However, from the
modern viewpoint – and we will adopt the modern viewpoint – the regulator map
is a gadget which compares algebraic K-theory and certain cohomology groups
of algebraic varieties constructed by means of the Hodge theory. Algebraic K-
groups of a variety contain a lot of valuable information, but are notoriously hard
to compute; cohomology, on the other hand, is easily computable in most cases.
Thus it would be very important to be able to express one through the other.
This is what the regulator map does.

Of course, one needs to know that the comparison is exact, so that no in-
formation is lost in the process. This is essentially the content of the first of the
famous Beilinson conjectures made about twenty years ago ([B], [RSS]).

At the time of writing, there is still no significant progress in proving the
conjectures. However, we now understand them somewhat better. In particular,
while Beilinson was working with algebraic varieties defined over Q and their
cohomology with real coefficients, we now have a p-adic version of the story. The
goal of these lectures is to give a very brief introduction to a still more recent
discovery – it turns out that the p-adic version of the first of Beilinson conjectures
can be transfered to the setting of non-commutative varieties. We still cannot
prove anything; however, since the p-adic conjecture can be now formulated in
much larger generality, it becomes more accessible, and a lot of structure used
in the original version can be removed as redundant. Hopefully, this will allow
someone to concentrate on the essential heart of the problem, and maybe finally
solve it.

The paper follows very closely two lectures I gave at a summer school in Goet-
tingen in June 2007. The exposition is very threadbare – we only indicate proofs,
with details given elsewhere, and we try to concentrate on the ideas by cutting
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a lot of technical corners. We follow the most direct path we could find from the
definitions, to Beilinson conjectures, to the p-adic analog, to the non-commutative
p-adic version. For better or for worse, we choose brevity over completeness at
every turn.

Acknowledgements. I would like to thank Yu. Tschinkel for making these lec-
tures possible, and I would like to thank N. Hoffmann for a superb job of taking
down the notes and writing them up as a first draft. This research was partially
supported by CRDF grant RM1-2694-MO05.

1. Regulator maps and Beilinson conjectures

Let X be a smooth projective algebraic variety over C. Let

ch : K0(X) −→
⊕

i

H2i(Xan, Q)

be the Chern character map from the algebraic K-group K0(X) to the cohomol-
ogy of the underlying analytic space of X with rational coefficients. For most
varieties, the map is of course not even close to being surjective. What can be
said about its image? One constraint is well-known: if we denote by

Hi(Xan, C) =
⊕

p+q=i

Hp,q(X)

the Hodge decomposition, then every class [E ] ∈ K0(X) satisfies

ch([E ]) ∈
⊕

i

Hi,i(X).

Definition 1.1. A pure Q-Hodge structure of weight n consists of

(i) a Q-vector space VQ, and
(ii) a decreasing filtration F iVC on its complexification VC := VQ ⊗ C,

such that the following two conditions are satisfied:

(i) F iVC ∩ F jVC = 0 whenever i + j > n, and
(ii) VC =

⊕
i F iVC ∩ Fn−iVC.

Here the overline in V denotes complex conjugation on VC, i. e. the tensor
product VC → VC of the identity on VQ and the complex conjugation on C.

Example 1.2. The vector space Hn(X, Q) carries a natural pure Q-Hodge struc-
ture of weight n, given by the Hodge decomposition:

F iHn(X, C) =
⊕
j≥i

Hj,n−j(X).
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Assume that V is a pure Q-Hodge structure of weight 2i. Then the space of
(i, i)-classes in VQ is the kernel of the map

F iVC ⊕ VQ −→ VC

which is the difference of the two inclusions F iVC ↪→ VC and VQ ↪→ VC.
Applying this to the vector spaces V = Hi(X, Q), we see that the Chern

character maps into the direct sum of these kernels for all i ≥ 0.
Note that we can turn a pure Q-Hodge structure of weight n into one of weight

n + 2 by just renumbering the filtration. Thus we can turn the pure Q-Hodge
structure H2i(X, Q) into one of any given even weight; we denote by

H2i(X, Q(j))

the pure Q-Hodge structure of weight 2i − 2j thus obtained. In particular, this
produces a pure Q-Hodge structure H2i(X, Q(i)) of weight 0. Altogether, we get
a factorisation of the Chern character

K0(X) −→ ker
[
F 0VC ⊕ VQ −→ VC

] ⊆ V :=
⊕

i

H2i(X, Q(i)).

The famous Hodge conjecture states that this arrow is surjective.

To proceed further, recall that K0(X) is a part of Quillen’s higher K-theory
K

�

(X), which behaves like a cohomology theory (has Mayer-Vietoris sequences,
excision etc.) Can we extend the Chern character ch to K

�

(X)? Yes – as shown
in [B], based on earlier work by other people, there exists a regulator map

r : K
�

(X) −→ cone
(
F 0V

�

C ⊕ V
�

Q −→ V
�

C

)
, V

�

:=
⊕

j

H2j+ �

(X, Q(j)).

where, just as one would expect for a cohomology theory, we have replaced the
kernel above by a mapping cone. This cone

cone
(
F 0V

�

C ⊕ V
�

Q −→ V
�

C

)
, V

�

:=
⊕

j

H2j+ �

(X, Q(j))

has a name: it is called Deligne cohomology and denoted by H2j+ �

D (X, Q(j)).
(We note that the Deligne cohomology is usually defined as the hypercoho-

mology H
�

(X, Q(j)) of the complex

Q(j) : Q −→ OX −→ Ω1
X −→ Ω2

X −→ . . . −→ Ωj
X −→ 0.

In order to compare this definition with the one given above, one notes that the
first term Q in this complex yields V

�

Q , and that the rest of the complex yields up
to quasi-isomorphism the mapping cone of F 0V

�

C → V
�

C .)
Replacing the Q-lattices in the Deligne cohomology by R-vector spaces, we

obtain a version
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r : K
�

(X)⊗ R −→
⊕

j

H2j+ �

D (X, R(j)) (1)

of the regulator map above. Roughly speaking, the Beilinson conjecture asserts
that this is an isomorphism if X is defined over Q.

More precisely, there is one necessary modification: if a smooth projective
variety X is defined over Q, or even over R ⊂ C, then it has a real structure —
that is, an anti-complex involution ι : X → X. This involution acts on everything
in the story above, and in particular, on Deligne cohomology; one twists the action
of ι on H

�

D(X, R(j)) by (−1)j and replaces the right-hand side of (1) with the
subspace of ι-invariant vectors.

However, even with this modification, the Beilinson conjecture is false for a
stupid reason, since the left hand side of (1) is zero in negative degrees, and the
right-hand side is not. To kill off the parasitic cohomology classes, one has to
replace Deligne cohomology by the so-called Deligne-Beilinson cohomology.

Definition 1.3. A mixed R-Hodge structure consists of

(i) an R-vector space VR,
(ii) an increasing filtration W �VR, called the weight filtration, and
(iii) a decreasing filtration F

�

VC on VC := VR⊗R C, called the Hodge filtration,

such that the graded piece grW
i (V ) with the induced filtration F

�

is a pure Hodge
structure of weight i for all i.

Although the category of filtered vector spaces is not abelian, we have:

Fact 1.4. (i) Mixed R-Hodge structures form an abelian category.
(ii) This abelian category has homological dimension 1.

Example 1.5. The mixed R-Hodge structure R(j) consists of

(i) the vector space VR := R,
(ii) the weight filtration W−1VR = 0, W0VR = VR, and
(iii) the Hodge filtration F−jVC = VC, F 1−jVC = 0.

For any mixed R-Hodge structure V , one can check that

RHom
�

(R(0), V )

is (quasi-isomorphic to) the mapping cone of

(W0VC ∩ F 0VC)⊕W0VR −→W0VC.

This is the Deligne-Beilinson cohomology – it both gives a conceptual explanation
for the Deligne cohomology, and refines it by removing the “parasitic” terms. As
shown by Beilinson, the regulator map factors through a map from K

�

(X) ⊗ R

to the Deligne-Beilinson cohomology; what he actually conjectured was that this
refined regulator map is an isomorphism onto the subspace of ι-invariant vectors
when X is a smooth projective variety over Q.

To finish the section, here are some additional comments.

D. Kaledin / Beilinson Conjectures in the Non-Commutative Setting 81



(i) The Beilinson conjecture comprises both a Hodge-type conjecture which
says that the regulator map is surjective, and a generalization of a conjec-
ture by S. Bloch which says that the map is injective. Hodge-type conjec-
ture has a chance of being true even for varieties defined over R, but the
injectivity certainly fails unless X is defined over Q.

(ii) There are further conjectures about the determinant of the regulator map
in some appropriate basis and its relation to values of L-functions at in-
tegral points, but this lies outside the scope of the present paper (and a
reader who does not know or does not wish to know what an L-function
is may safely read on).

(iii) In the usual definition of the Hodge structure R(i), one modifies the em-
bedding VR → VC by multiplying it by (2π

√−1)i. This makes no sense
in our definition of Hodge structure; the only place where

√−1
i

actually
appears is in the action of the additional complex conjugation ι (this ex-
plains the twist by (−1)j on H

�

D(X, R(j))). The multiplier 2π is important
for the further Beilinson conjectures on special values; for the purposes of
the present paper, it can be ignored.

2. A p-adic version

There is a p-adic version of the above theory, due to Fontaine and Laffaille [FL],
Fontaine and Messing [FM], M. Gros [G1,G2].

We work over the ring of Witt vectors W := W (Fp), which is the maximal
unramified extension of Zp. Let FrW : W →W be the unique lift of the Frobenius
automorphism on Fp. Given a W -module M , we denote its Frobenius twist by

M (1) := M ⊗W,FrW
W.

Thus a W -linear map M (1) → M ′ is the same thing as a FrW -semilinear map
M →M ′.

Definition 2.1 ([FL]). A filtered Dieudonné module M consists of

(i) a finitely generated module M over the ring W (Fp),
(ii) a decreasing filtration F

�

M of M , and
(iii) W -linear maps ϕi : F iM (1) →M for all i,

such that the following two conditions are satisfied:

(i) ϕi|F i+1M = pϕi+1 for all i, and
(ii) the direct sum

⊕
i ϕi :

⊕
i F iM (1) →M is surjective.

Note that for any i and j ≥ i, ϕj is determined by ϕi if M is torsion-free.
However, it is useful also to include modules M with torsion, and then we need
all the ϕi.

Fact 2.2 ([FL]). (i) Filtered Dieudonné modules form an abelian category.
(ii) This abelian category has homological dimension 1.
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Example 2.3. The filtered Dieudonné module Zp(0) consists of

(i) the free W -module M := W ,
(ii) the trivial filtration F 0M = M , F 1M = 0, and
(iii) the Frobenius map ϕ0 := FrW : F 0M (1) →M .

From now on, let X be a smooth projective variety over W ; we assume p >
dim(X) (in order to be able to divide by i! when dealing with exterior i-forms
on X). Recall that the de Rham cohomology H

�

DR(X) of X is by definition the
hypercohomology of its de Rham complex.

Example 2.4. M := H
�

DR(X), together with the filtration F
�

M given by the
stupid filtration of the de Rham complex, is a filtered Dieudonné module.

About the proof. The main point is to construct the maps ϕi : F iM (1) →M . Let
X(1) be the Frobenius twist of X, i. e. the fibered product

X(1) −−−−→ X⏐⏐� ⏐⏐�
Spec W (Fp)

Fr∗W−−−−→ Spec W (Fp).

We make the simplifying assumption that there is a map

F̃r : X −→ X(1) (2)

which lifts the (absolute) Frobenius map at the special fiber. Then we get a map

F̃r
∗

: Ω
�

X(1) −→ Ω
�

X .

The induced map on hypercohomology is our ϕ0.
We claim that F̃r

∗
: Ω1

X(1) −→ Ω1
X vanishes modulo p. Indeed, the sheaf Ω1

is locally generated by exact forms df , and

F̃r
∗
(df) = d(F̃r

∗
(f)) = d(fp + pf ′) = pfp−1df + pdf ′ ≡ 0 mod p

for some function f ′. This shows that F̃r is divisible by p on Ω1; by multiplicativity,
it is then divisible by pi on Ωi. Thus we get a map 1/piF̃r on the truncated de
Rham complex Ω≥i; the induced map on hypercohomology is our ϕi.

This constructs the filtered Dieudonné module structure on H
�

DR(X) in the
case where a lift F̃r of the absolute Frobenius at the special fiber exists. In general,
there are obstructions against such a lift. There is a way of deducing the general
case from the special case treated here. However, we can then no longer guarantee
that ϕi maps F iM (1) to F iM ; all we can say is that it maps F iM (1) to M .

For any filtered Dieudonné module M , it is easy to check that

RHom(Zp(0),M)
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is (quasi-isomorphic to) the mapping cone of

F 0M (1) Id−ϕ0−−−−→M.

E. g. for RHom(Zp(0), Zp(0)), we get W
Id−FrW−−−−−−→ W , which is just Zp in degree

0.
The analogy with Beilinson’s definition of the Deligne cohomology leads to:

Definition 2.5 ([FM]). The syntomic cohomology of X is

RHom(Zp(0), H
�

DR(X)).

One immediate problem with this definition is that our Dieudonné modules
lack the weight filtration – thus what we get is a version of Deligne cohomology,
not of Deligne-Beilinson cohomology, and we cannot expect a version of Beilinson
conjectures to hold for the same stupid reason as in char 0. At present, it is not
known how to cure this. The best we can do is to introduce the following.

Definition 2.6. Assume that the operations ϕi on the de Rham cohomology groups
H

�

DR(X) preserve the Hodge filtration, φi(F i) ⊂ F i (for instance, this is the
case when X admits a lifting of the Frobenius, as in (2)). The reduced syntomic
cohomology of X is the mapping cone of the natural map

F 0M (1) Id−ϕ0−−−−→ F 0M,

where M = H
�

DR(X).

Unfortunately, the assumption needed to define reduced syntomic cohomol-
ogy is only rarely satisfied; in general, one has to deal with the full syntomic
cohomology which contains parasitic classes. Be it as it may, Michel Gros [G1,G2]
has constructed a regulator map

r : K
�

(X) −→ syntomic cohomology.

He also formulated a precise version of the Beilinson conjectures in this p-adic
setting (including those that deal with special values of L-functions).

3. The non-commutative setting

We still work over the ring of Witt vectors W = W (Fp). Let A be a flat W -algebra;
all our algebras are associative and unital, but not necessarily commutative. Our
goal is to construct

(i) an analogue of the de Rham cohomology for A,
(ii) a filtered Dieudonné module structure on it, and
(iii) a regulator map.
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At this point I should add a disclaimer. While my source for the material here
is [K1], a large part of it is an independent rediscovery of things discovered by
algebraic topogists about 15 years ago — mostly within the theory of the so-
called Topological Cyclic Homology and cyclotomic trace of Bökstedt, Hsiang and
Madsen (see [BHM], or a very good exposition in [HM]). However, at the moment
I don’t completely understand the precise relation to the topological story, and I
prefer to completely ignore this in these lectures.

3.1. Non-commutative de Rham cohomology

The main reference for this subsection is Loday’s book [L] (which is in particular
a reliable source for the many signs involved).

We consider A as a bimodule under left and right multiplication by A, or
in other words as a (left) A ⊗ Aopp-module (where Aopp denotes the opposite
algebra). This bimodule is in general not flat. E. g. if A is commutative, then this
bimodule A corresponds to the structure sheaf of the diagonal as a module over
the structure sheaf of Spec(A)× Spec(A).

Definition 3.1. The Hochschild homology of A is

HH �(A) := TorA⊗Aopp

� (A,A).

The diagonal bimodule A has a standard flat resolution C �(A)→ A, namely

. . .
b′−→ A⊗A⊗A

b′−→ A⊗A
b′−→ A, (3)

whose differential b′ :=
∑

i=1(−1)imi involves the multiplication m : A⊗A→ A;
mi is the multiplication at the i-th tensor sign.

Using this flat resolution C �(A)→ A to compute HH �(A), we get the complex

. . .
b−→ A⊗A⊗A

b−→ A⊗A
b−→ A (4)

whose differential b := b′ + (−1)nm0 contains the extra summand m0 := m1 ◦ σ,
where n is the number of A’s, and σ is the cyclic permutation

σ(a1 ⊗ . . .⊗ an−1 ⊗ an) := (−1)n−1an ⊗ a1 ⊗ . . .⊗ an−1.

The two complexes (3) and (4) can be put together to a periodic bicomplex
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−−−−→ A
1−−−−→ A

1−σ−−−−→ A −−−−→
b

�⏐⏐ b′
�⏐⏐ �⏐⏐b

−−−−→ A⊗A
1+σ−−−−→ A⊗A

1−σ−−−−→ A⊗A −−−−→
b

�⏐⏐ b′
�⏐⏐ �⏐⏐b

−−−−→ A⊗A⊗A
1+σ+σ2

−−−−−→ A⊗A⊗A
1−σ−−−−→ A⊗A⊗A −−−−→

b

�⏐⏐ b′
�⏐⏐ �⏐⏐b

. . . . . . . . .

b

�⏐⏐ b′
�⏐⏐ �⏐⏐b

−−−−→ A⊗n 1+σ+···+σn−1

−−−−−−−−−→ A⊗n 1−σ−−−−→ A⊗n −−−−→
b

�⏐⏐ b′
�⏐⏐ �⏐⏐b

(5)

which we denote by Per �(A).

Definition 3.2. HP �(A) is the homology of the total complex of Per �(A).

Remark 3.3. Since the bicomplex Per �(A) is unbounded in one direction, there
are two ways of forming its total complex: one that involves infinite direct sums
of its entries, and one that involves infinite products. We use products. This is
important – for instance, were the base field to have characteristic 0, the total
complex understood as a sum would have been acyclic.

Example 3.4. Suppose that A is commutative, that X := Spec(A) is smooth and
that p > dim(X). Then

HHi(A) = Ωi(X) and HPi(A) =
⊕

j

H2j+i
DR (X).

Thus HP �(A) contains less information then H
�

DR(X) in the commutative case
— we can only recover certain direct sums of Hn

DR(X) from the HPi(A), not all
the Hn

DR(X) themselves. However, as the reader will easily notice, it is exactly
these direct sums that are relevant for our story.

3.2. The filtered Dieudonné module structure.

The aim of this subsection is to turn HP �(A) into a filtered Dieudonné module.
Here the main problem is to find a non-commutative analogue of the Frobenius.

Even if we reduce everything mod p and replace A with the Fp-algebra A/p,
the naive guess does not work: the map x 
→ xp is not even additive modulo p.
However, we can analyze the difficulty by decomposing it into two maps

A
ϕ−→ A⊗p m−→ A, ϕ(a) := a⊗a . . .⊗a, m(a1⊗ . . .⊗ap) := a1 · . . . ·ap. (6)
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The first map is awful (not additive, etc.), but it is equally awful in the commu-
tative case; it is the multiplication map m which stops being an algebra map in
the non-commutative case and creates difficulties.

Fortunately — and this is the main idea — while this map m cannot be made
into an algebra map, it can be made to act on Hochschild and cyclic homology.

More precisely, we have two morphisms of complexes

b′−−−−→ A⊗3 b′−−−−→ A⊗2 b′−−−−→ A

m

�⏐⏐ m

�⏐⏐ �⏐⏐m

b′p−−−−→ (A⊗3)⊗p
b′p−−−−→ (A⊗2)⊗p

b′p−−−−→ A⊗p

(7)

and

b−−−−→ A⊗3 b−−−−→ A⊗2 b−−−−→ A

m

�⏐⏐ m

�⏐⏐ �⏐⏐m

bp−−−−→ (A⊗3)⊗p bp−−−−→ (A⊗2)⊗p bp−−−−→ A⊗p

(8)

where the differentials b′p :=
∑

i=1(−1)im⊗p
i and bp :=

∑
i=0(−1)im⊗p

i involve
the same multiplications mi as in (3) and (4) above, but raised to the p-th tensor
power, and

m : A⊗pn = A⊗n ⊗ . . .⊗A⊗n︸ ︷︷ ︸
p terms

−→ A⊗n

is the identity on the first n − 1 tensor factors A, and the multiplication on the
remaining pn− n + 1 factors. (If for example n = 2 and p = 3, then

m : (A⊗A)⊗ (A⊗A)⊗ (A⊗A)︸ ︷︷ ︸
multiply

−→ A⊗A (9)

sends (a11⊗a12)⊗ (a21⊗a22)⊗ (a31⊗a32) to a11⊗a12a21a22a31a32.) We can also
form a periodic bicomplex Perp

�(A), whose vertical differentials are bp and (b′)p,
and whose horizontal differentials are the same as in Per �(A) (with σ on A⊗np

being the cyclic permutation of order np).
We define the Hodge filtration F

�

on the complexes Per �(A) and Perp
�(A) by

the following rule

(i) For the 0-th filtration piece F 0HP �(A), we take everything in the bicom-
plex Per �(A) to the right of the column with b.

(ii) For the i-th filtration piece F iHP �(A), we shift this to the right by 2i
columns.

Fact 3.5. The morphisms of complexes (7) and (8) are quasi-isomorphisms, and
they extend to a quasiisomorphism of filtered complexes m : Perp

�(A)→ Per �(A).

D. Kaledin / Beilinson Conjectures in the Non-Commutative Setting 87



About the proof:. The upper rows both in (7) and (8) come from a simplicial
abelian group. The first statement is a very general property of simplicial abelian
groups, similar to barycentric subdivision. To obtain the second statement, one
has to use the notion of cyclic object which extends that of a simplicial object,
see e. g. [L, Ch. 6]. We say no more and refer the reader to [K2, Lemma 2.2] and
[K1, Lemma 1.14] for actual proofs.

As for the very bad map ϕ in (6), it turns out that it can be modified quite a
bit without changing anything – in particular, it can sometimes be replaced with
an actual algebra map. Namely, consider A⊗p as a representation of Z/pZ, the
generator τ ∈ Z/pZ acting by cyclic permutation of the tensor factors. The group
cohomology of this representation is computed by the periodic complex

−−−−→ A⊗p 1+τ+···+τp−1

−−−−−−−−−→ A⊗p 1−τ−−−−→ A⊗p −−−−→ .

The above map ϕ : A→ A⊗p, a 
→ a⊗ . . .⊗ a, induces an isomorphism

ϕ : A(1)/p −→ Hodd(Z/pZ, A⊗p) (10)

where A(1) := A⊗W,FrW
W is again the Frobenius twist.

Definition 3.6. A quasi-Frobenius map for A is a Z/pZ-equivariant algebra ho-
momorphism

ϕ : A(1) −→ A⊗p

which induces the standard isomorphism (10).

Example 3.7. Let A = W [G] be the group algebra of some (discrete) group
G. Then the map ϕ : A(1) → A⊗p induced by the diagonal embedding G →
G× . . .×G︸ ︷︷ ︸

p times

is a quasi-Frobenius map for A = W [G].

If we are given a quasi-Frobenius map ϕ for A, then we can construct the
filtered Dieudonné module structure on HP �(A) as follows:

(i) The Hodge filtration F
�

is as above.
(ii) The required map ϕ0 : F 0HP �(A(1))→ HP �(A) is induced by the follow-

ing morphism of bicomplexes ϕ0 : F 0 Per �(A) −→ Perp
�(A):

• On F 0/F 1, ϕ0 is given by powers of the quasi-Frobenius map ϕ.
• On F i/F i+1, the same times pi.

(iii) The required maps ϕi : F iHP �(A(1)) → HP �(A) are again obtained by
dividing an appropriate restriction of the morphism of bicomplexes ϕ0 by
pi.

It is easy to see that this is well-defined. Indeed, the power φn : A⊗n(1) →
A⊗pn of the quasi-Frobenius map φ commutes with the horizontal differential 1−σ
in the complexes Per �(A), Perp

�(A) on the nose; to make it send the differential
1 + σ + · · ·+ σn−1 to
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1 + σ + · · ·+ σnp−1 = (1 + σ + · · ·+ σn−1)(1 + τ + · · ·+ τp−1),

we have to multiply it by (1+τ +· · ·+τp−1), where τ is the generator of the Z/pZ-
action on A⊗pn. But since φ⊗n : A⊗n → A⊗np is Z/pZ-equivariant with respect
to the trivial Z/pZ-action on the left-hand side, this is equivalent to multiplying
by p.

In general, there is no quasi-Frobenius map, but there is a complicated pro-
cedure to still obtain such a filtered Dieudonné module structure, cf. [K1], [K3].
It yields the following:

(i) ϕ0 exists and is unique up to a quasi-isomorphism if the homological di-
mension of A is less than 2p, hom. dim.(A⊗Aopp) < 2p.

(ii) This structure is functorial.

We note that in general, the maps ϕ
�

do not preserve the filtration F
�

, but if
A admits a quasi-Frobenius map, then they do (this is similar to the case of
commutative algebraic varieties, where a similar role is palyed by the lifting map
(2)). Using the filtered Dieudonné module structure on HP �(A), we can define
the syntomic homology HP synt

� (A) as the mapping cone of

F 0HP �(A(1))
Id−ϕ0−−−−→ HP �(A).

If there is a quasi-Frobenius map ϕ, then we can define reduced syntomic homology
HP

synt
� (A), namely as the mapping cone of

F 0HP �(A(1))
Id−ϕ0−−−−→ F 0HP �(A).

Of course, the natural embedding F 0HP �(A) → HP �(A) induces a natural map
HP

synt
� (A)→ HP synt

� (A).

3.3. The regulator map.

We now turn to the construction of a regulator map. First, let us consider the
case A = W [G] for a (discrete) group G. Here we have

C �(W [G]) = C �(B̃G, W )

where the left-hand side is the standard complex which computes HH �, and the
right-hand side is the chain complex of the simplicial nerve B̃G of the groupoid
G/Gad, the quotient of the set G modulo the conjugation action of G.

Inside G/Gad, we have the “unity component” 1/Gad ⊂ G/Gad; its nerve
BG ⊂ B̃G is the usual classifying simplicial set of the group G, and we obtain
the inclusion C �(BG) ⊂ C �(B̃G). One checks easily that BG ⊂ B̃G is preserved
by the cyclic permutation σ needed to define the periodic cyclic complex (the
scientific formulation is “BG is a cyclic subset in B̃G”, see [L, Ch. 7]). Thus one
can define HP �(BG) together with a map HP �(BG)→ HP �(B̃G) = HP �(W [G]).
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Moreover, the quasi-Frobenius map of Example 3.7 preserves BG ⊂ B̃G, so that
we can define the reduced syntomic homology

HP
synt
� (BG).

Lemma 3.8. We have HP
synt
� (BG) ∼= H �(G, Zp).

Proof. On F 1, ϕ0 is divisible by p, so Id−ϕ0 is invertible. Thus it suffices to
consider the cone of

F 0/F 1 Id−ϕ0−−−−→ F 0/F 1.

These two complexes have entries A⊗n = W [Gn] for various n. Moreover, by defi-
nition, the map ϕ0 is induced by the identity map on the sets Gn, the components
of the simplicial set BG. Indeed, the inclusion BG ⊂ B̃G identifies Gn with the
subset of elements

〈g0, g1, . . . , gn〉 ∈ Gn+1

such that g0 · g1 · · · · · gn = 1, and

m(φ(〈g0, g1, . . . , gn〉)) = m(〈g0, g1, . . . , gn, g0, g1, . . . , gn, . . . , g0, g1, . . . , gn〉),

with p factors in the right-hand side; plugging this into (9), we obtain

m(φ(〈g0, g1, . . . , gn〉)) = 〈g0, g1, . . . , gn(g0 · g1 · . . . · · · gn)p−1〉 = 〈g0, g1, . . . , gn〉.

But in the difference Id−ϕ0, one term is FrW -semilinear, whereas the other is
W -linear. Thus we obtain many copies of the cone of Id−FrW : W → W . Re-
placing each of these copies (quasi-isomorphically) by Zp, we obtain a complex
that computes H �(G, Zp).

This Lemma, astonishingly trivial as it may be, is the crucial part in the
construction. The rest is a standard and well-known procedure, see e. g. [L]. For
any n ≥ 1, we let Mn(A) be the ring of (n × n) quadratic matrices over A, and
we let GLn(A) ⊆ Mn(A) be its group of invertible elements. Then the canonical
ring homomorphism

W [GLn(A)] −→Mn(A)

and the canonical maps BG ⊂ B̃G etc. yield two maps

HP
synt
� (B GLn(A)) −→ HP synt

�

(
W [GLn(A)]

) −→ HP synt
� (Mn(A)).

Due to the Morita invariance of HP synt
� , the right-hand side does not depend

on n, so that we can pass to the limit with respect to the natural embeddings
GLn(A)→ GLn+1(A) and obtain a map
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HP
synt
� (B GL∞(A)) −→ HP synt

� (A).

This is the desired regulator map. Indeed, according to the Lemma 3.8, its source
is

HP
synt
� (B GL∞(A)) ∼= H �(B GL∞(A), Zp) ∼= H �(B GL+

∞(A), Zp),

Quillen’s plus-construction for K-theory, and its target is HP synt
� (A).

Remark 3.9. To re-iterate: since the weight filtration is missing here, we cannot
expect this regulator map to be an isomorphism. In the commutative setting
and in char 0, this was healed by the passage from Deligne to Deligne-Beilinson
cohomology. We don’t know yet how to do this here. A reader who has an idea is
kindly requested to contact the author.
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Looking for rational curves on
cubic hypersurfaces
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notes by Ulrich DERENTHAL

Abstract. We study rational points and rational curves on varieties over
finite fields. The main new result is the construction of rational curves
passing through a given collection of points on smooth cubic hypersur-
faces over finite fields.

1. Introduction

The aim of these lectures is to study rational points and rational curves on vari-
eties, mainly over finite fields Fq. We concentrate on hypersurfaces Xn of degree
≤ n + 1 in Pn+1, especially on cubic hypersurfaces.

The theorem of Chevalley–Warning (cf. Esnault’s lectures) guarantees ratio-
nal points on low degree hypersurfaces over finite fields. That is, if X ⊂ Pn+1 is
a hypersurface of degree ≤ n + 1, then X(Fq) �= ∅.

In particular, every cubic hypersurface of dimension ≥ 2 defined over a finite
field contains a rational point, but we would like to say more.

• Which cubic hypersurfaces contain more than one rational point?
• Which cubic hypersurfaces contain rational curves?
• Which cubic hypersurfaces contain many rational curves?

Note that there can be rational curves on X even if X has a unique Fq-point.
Indeed, f : P1 → X could map all q + 1 points of P1(Fq) to the same point in
X(Fq), even if f is not constant.

So what does it mean for a variety to contain many rational curves? As an
example, let us look at CP2. We know that through any 2 points there is a line,
through any 5 points there is a conic, and so on. So we might say that a variety XK

contains many rational curves if through any number of points p1, . . . , pn ∈ X(K)
there is a rational curve defined over K.

However, we are in trouble over finite fields. A smooth rational curve over
Fq has only q + 1 points, so it can never pass through more than q + 1 points in
X(Fq). Thus, for cubic hypersurfaces, the following result, proved in Section 9,
appears to be optimal:
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D. Kaledin and Y. Tschinkel (Eds.)

IOS Press, 2008
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Theorem 1.1. Let X ⊂ Pn+1 be a smooth cubic hypersurface over Fq. Assume that
n ≥ 2 and q ≥ 8. Then every map of sets φ : P1(Fq)→ X(Fq) can be extended to
a map of Fq-varieties Φ : P1 → X.

In fact, one could think of stronger versions as well. A good way to formulate
what it means for X to contain many (rational and nonrational) curves is the
following:

Conjecture 1.2. [KS03] X ⊂ Pn+1 be a smooth hypersurface of degree ≤ n + 1
defined over a finite field Fq. Let C be a smooth projective curve and Z ⊂ C a
zero-dimensional subscheme. Then any morphism φ : Z → X can be extended to
C. That is, there is a morphism Φ : C → X such that Φ|Z = φ.

More generally, this should hold for any separably rationally connected variety
X, see [KS03]. We define this notion in Section 4.

The aim of these notes is to explore these and related questions, especially
for cubic hypersurfaces. The emphasis will be on presenting a variety of methods,
and we end up outlining the proof of two special cases of the Conjecture.

Theorem 1.3. Conjecture (1.2) holds in the following two cases.

1. [KS03] For arbitrary X, when q is sufficiently large (depending on
dimX, g(C) and deg Z), and

2. for cubic hypersurfaces when q ≥ 8 and Z contains only odd degree points.

As a warm-up, let us prove the case when X = Pn. This is essentially due to
Lagrange. The case of quadrics is already quite a bit harder, see (4.7).

Example 1.4 (Polynomial interpolation). Over Fq, let C be a smooth projective
curve, Z ⊂ C a zero-dimensional subscheme and φ : Z → Pn a given map.

Fix a line bundle L on C such that deg L ≥ |Z| + 2g(C) − 1 and choose an
isomorphism OZ

∼= L|Z . Then φ can be given by n + 1 sections φi ∈ H0(Z, L|Z).
From the exact sequence

0→ L(−Z)→ L→ L|Z → 0

we see that H0(C,L) � H0(Z, L|Z). Thus each φi lifts to Φi ∈ H0(C,L) giving
the required extension Φ : C → Pn.

1.5 (The plan of the lectures). In Section 2, we study hypersurfaces with a unique
point. This is mostly for entertainment, though special examples are frequently
useful.

Then we prove that a smooth cubic hypersurface containing a K-point is
unirational over K. That is, there is a dominant map g : Pn ��� X. This of course
gives plenty of rational curves on X as images of rational curves on Pn. Note
however, that in general, g : Pn(K) ��� X(K) is not onto. (In fact, one expects
the image to be very small, see [Man86, Sec.VI.6].) Thus unirationality does not
guarantee that there is a rational curve through every K-point.

As a generalization of unirationality, the notion of separably rationally con-
nected varieties is introduced in Section 4. This is the right class to study the
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existence of many rational curves. Spaces parametrizing all rational curves on a
variety are constructed in Section 5 and their deformation theory is studied in
Section 6.

The easy case of Conjecture 1.2 is when Z is a single K-point. Here a complete
answer to the analogous question is known over R or Qp. Over Fq, the Lang-Weil
estimates give a positive answer for q large enough; this is reviewed in Section 7.

The first really hard case of (1.2) is when C = P1 and Z = {0,∞}. The
geometric question is: given X with p, p′ ∈ X(Fq), is there a rational curve defined
over Fq passing through p, p′? We see in Section 8 that this is much harder than
the 1-point case since it is related to Lefschetz-type results on the fundamental
groups of open subvarieties. We use this connection to settle the case for q large
enough and p, p′ in general position.

Finally, in Section 9 we use the previous result and the “third intersection
point map” to prove Theorem 1.1.

Remark 1.6. The first indication that the 2-point case of (1.2) is harder than
the 1-point case is the different behavior over R. Consider the cubic surface S
defined by the affine equation y2 + z2 = x3 − x. Then S(R) has two components
(a compact and an infinite part).

• If p, p′ lie in different components, there is no rational curve over R through
p, p′, since RP1 is connected.
• If p, p′ lie in the same component, there is no topological obstruction. In

fact, in this case an R-rational curve through p, p′ always exists, see [Kol99,
1.7].

2. Hypersurfaces with a unique point

The first question has been answered by Swinnerton-Dyer. We state it in a seem-
ingly much sharpened form.

Proposition 2.1. Let X be a smooth cubic hypersurface of dimension ≥ 2 defined
over a field K with a unique K-point. Then dimX = 2, K = F2 and X is unique
up to projective equivalence.

Proof. We show in the next section that X is unirational. Hence, if K is infinite,
then X has infinitely many K-points. So this is really a question about finite
fields.

If dimX ≥ 3 then |X(K)| ≥ q + 1 by (2.3). Let us show next that there is no
such surface over Fq for q ≥ 3.

Assume to the contrary that S contains exactly one rational point x ∈ S(Fq).
There are q3 hyperplanes in P3 over Fq not passing through x.

The intersection of each hyperplane with S is a curve of degree 3, which is
either an irreducible cubic curve, or the union of a line and a conic, or the union
of three lines. In the first case, the cubic curve contains a rational point (if C
contains a singular point, this points is defined over Fq; if C is smooth, the Weil
conjectures show that |#C(Fq) − (q + 1)| ≤ 2

√
q, so #C(Fq) = 0 is impossible);
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in the second case, the line is rational and therefore contains rational points; in
the third case, at least one line is rational unless all three lines are conjugate.

By assumption, for each hyperplane H not passing through x, the intersection
S∩H does not contain rational points. Therefore, S∩H must be a union of three
lines that are not defined over Fq, but conjugate over Fq.

This gives 3q3 lines on S. However, over an algebraically closed field, a cubic
surface contains exactly 27 lines. For q ≥ 3, we have arrived at a contradiction.

Finally we construct the surface over F2, without showing uniqueness. That
needs a little more case analysis, see [KSC04, 1.39].

We may assume that the rational point is the origin of an affine space on
which S is given by the equation

f(x, y, z) = z + Q(x, y, z) + C(x, y, z),

with Q (resp. C) homogeneous of degree 2 (resp. 3). If C vanishes in (x, y, z),
then S has a rational point (x : y : z) on the hyperplane P2 at infinity. Since
C must not vanish in (1, 0, 0), the cubic form C must contain the term x3, and
similarly y3, z3. By considering (1, 1, 0), we see that it must also contain x2y or
xy2, so without loss of generality, we may assume that it contains x2y, and for
similar reasons, we add the terms y2z, z2x. To ensure that C does not vanish at
(1, 1, 1), we add the term xyz, giving

C(x, y, z) = x3 + y3 + z3 + x2y + y2z + z2x + xyz.

Outside the hyperplane at infinity, we distinguish two cases: We see by considering
a tangent plane (z = 0) that it must intersect S in three conjugate lines. We
conclude that Q(x, y, z) = z(ax + by + cz) for certain a, b, c ∈ F2. For z �= 0, we
must ensure that f does not vanish at the four points (0, 0, 1), (1, 0, 1), (0, 1, 1),
(1, 1, 1), resulting in certain restrictions for a, b, c. These are satisfied by a = b = 0
and c = 1. Therefore, f(x, y, z) = z + z2 + C(x, y, z) with C as above defines a
cubic surface over F2 that has exactly one F2-rational point.

There are various ways to check that the cubic is smooth. The direct compu-
tations are messy by hand but easy on a computer. Alternatively, one can note
that S does contain 3 · 23 + 3 = 27 lines and singular cubics always have fewer
than 27.

Remark 2.2. A variation of the argument in the proof shows, without using the
theorem of Chevalley–Warning, that a cubic surface S defined over Fq must con-
tain at least one rational point:

If S does not contain a rational point, the intersection of S with any of
the q3 + q2 + q + 1 hyperplanes in P3 consists of three conjugate lines, giving
3(q3 + q2 + q + 1) ≥ 45 > 27 lines, a contradiction.

Exercise 2.3. Using Chevalley–Warning, show that for a hypersurface X ⊂ Pn+1

of degree n + 1 − r, the number of Fq-rational points is at least |Pr(Fq)| = qr +
· · ·+ q + 1.

Question 2.4. Find more examples of hypersurfaces X ⊂ Pn+1 of degree at most
n + 1 with #X(Fq) = 1.

J. Kollár / Looking for Rational Curves on Cubic Hypersurfaces 95



Example 2.5 (H.-C. Graf v. Bothmer). We construct hypersurfaces X ⊂ Pn+1

over F2 containing exactly one rational point.
We start by constructing an affine equation. Note that the polynomial

f := x0 · · ·xn+1 vanishes in every x ∈ Fn+2
2 except (1, . . . , 1), while g :=

(x0 − 1) · · · (xn+1 − 1) vanishes in every point except (0, . . . , 0). Therefore, the
polynomial h := f + g + 1 vanishes only in (0, . . . , 0) and (1, . . . , 1).

The only monomial of degree at least n+2 occurring in f and g is x0 · · ·xn+1,
while the constant term 1 occurs in g but not in f . Therefore, h is a polynomial of
degree n + 1 without constant term. We construct the homogeneous polynomial
H of degree n + 1 from h by replacing each monomial xi1xi2 · · ·xir

of degree
r ∈ {1, . . . , n+1} of h with i1 < · · · < ir by xk+1

i1
xi2 · · ·xir of degree n+1 (where

k = n + 1− r). Since ak = a for any k ≥ 1 and a ∈ F2, we have h(x) = H(x) for
any x ∈ Fn+2

2 ; the homogeneous polynomial H vanishes exactly in (0, . . . , 0) and
(1, . . . , 1).

Therefore, H defines a degree n+1 hypersurface Pn+1 containing exactly one
F2-rational point (1 : · · · : 1).

Using a computer, we can check for n = 2, 3, 4 that H defines a smooth
hypersurface of dimension n. Note that for n = 2, the resulting cubic surface is
isomorphic to the one constructed in Proposition 2.1. For n ≥ 5, it is unknown
whether H defines a smooth variety.

Example 2.6. Let α1 be a generator or Fqm/Fq with conjugates αi. It is easy to
see that

X(α) :=
(∏

i

(x1 + αix2 + · · ·+ αm−1
i xm) = 0

)
⊂ Pm

has a unique Fq-point at (1 : 0 : · · · : 0). X(α) has degree m, it is irreducible over
Fq but over Fqm it is the union of m planes.

Assume now that q ≤ m − 1. Note that xq
i xj − xix

q
j is identically zero on

Pm(Fq). Let H be any homogeneous degree m element of the ideal generated by
all the xq

i xj − xix
q
j . Then H is also identically zero on Pm(Fq), thus

X(α, H) :=
(∏

i

(x1 + αix2 + · · ·+ αm−1
i xm) = H

)
⊂ Pm

also has a unique Fq-point at (1 : 0 : · · · : 0).
By computer it is again possible to find further examples of smooth hyper-

surfaces with a unique point, but the computations seem exceedingly lengthy for
m ≥ 6.

Remark 2.7. Let X ⊂ Pn+1 be a smooth hypersurface of degree d. Then the
primitive middle Betti number is

(d− 1)n+2 + (−1)n

d
+ 1 + (−1)n ≤ dn+1.

Thus by the Deligne-Weil estimates
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∣∣#X(Fq)−#Pn(Fq)
∣∣ ≤ dn+1qn/2.

Thus we get that for d = n + 1, there are more then #Pn−1(Fq) points in X(Fq)
as soon as q ≥ (n + 1)2+

2
n .

3. Unirationality

Definition 3.1. A variety X of dimension n defined over a field K is called unira-
tional if there is a dominant map φ : Pn ��� X, also defined over K.

Exercise 3.2. [Kol02, 2.3] Assume that there is a dominant map φ : PN ��� X for
some N . Show that X is unirational.

The following result was proved by Segre [Seg43] in the case n = 2, by Manin
[Man86] for arbitrary n and general X when K is not a finite field with “too few”
elements, and in full generality by Kollár [Kol02].

Theorem 3.3. Let K be an arbitrary field and X ⊂ Pn+1 a smooth cubic hyper-
surface (n ≥ 2). Then the following are equivalent:

1. X is unirational over K.
2. X(K) �= ∅.
Proof. Let us start with the easy direction: (1) ⇒ (2). The proof of the other

direction will occupy the rest of the section.
If K is infinite, then K-rational points in Pn are Zariski-dense, so φ is defined

on most of them, giving K-rational points of X as their image.
If K is a finite field, φ might not be defined on any K-rational point. Here,

the result is a special case of the following.

Lemma 3.4 (Nishimura). Given a smooth variety Y defined over K with Y (K) �= ∅
and a rational map φ : Y ��� Z with Z proper, we have Z(K) �= ∅.
Proof (after E. Szabó). We proceed by induction on the dimension of Y . If
dimY = 0, the result is clear. If dimY = d > 0, we extend φ : Y ��� Z to
φ′ : Y ′ ��� Z, where Y ′ is the blow-up of Y in p ∈ Y (K). Since a rational map
is defined outside a closed subset of codimension at least 2, we can restrict φ′ to
the exceptional divisor, which is isomorphic to Pd−1. This restriction is a map
satisfying the induction hypothesis. Therefore, X(K) �= ∅.
3.5 (Third intersection point map). Let C ⊂ P2 be a smooth cubic curve. For
p, p′ ∈ C the line 〈p, p′〉 through them intersects C in a unique third point, denote
it by φ(p, p′). The resulting morphism φ : C × C → C is, up to a choice of the
origin and a sign, the group law on the elliptic curve C.

For an arbitrary cubic hypersurface X defined over a field K, we can construct
the analogous rational map φ : X × X ��� X as follows. If p �= p′ and if the
line 〈p, p′〉 does not lie completely in X, it intersects X in a unique third point
φ(p, p′). If XK̄ is irreducible, this defines φ on an open subset of X ×X.
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It is very tempting to believe that out of φ one can get an (at least birational)
group law on X. This is, unfortunately, not at all the case. The book [Man86]
gives a detailed exploration of this direction.

We use φ to obtain a dominant map from a projective space to X, relying on
two basic ideas:

• Assume that Y1, Y2 ⊂ X are rational subvarieties such that dimY1 +
dimY2 ≥ dimX. Then, if Y1, Y2 are in “general position,” the restriction of
φ gives a dominant map Y1×Y2 ��� X. Thus X is unirational since Y1×Y2

is birational to a projective space.
• How can we find rational subvarieties of X? Pick a rational point p ∈ X(K)

and let Yp be the intersection of X with the tangent hyperplane Tp of X in
p. Note that Yp is a cubic hypersurface of dimension n−1 with a singularity
at p.
If p is in “general position,” then Yp is irreducible and not a cone. Thus
π : Yp ��� Pn−1, the projection from p, is birational and so Yp is rational.

From this we conclude that if X(K) has at least 2 points in “general position,”
then X is unirational. In order to prove unirationality, one needs to understand
the precise meaning of the above “general position” restrictions, and then figure
out what to do if there are no points in “general position.” This is especially a
problem over finite fields.

Example 3.6. [Hir81] Check that over F2, F4 and F16 all points of (x3
0 +x3

1 +x3
2 +

x3
3 = 0) lie on a line. In particular, the curves Yp are reducible whenever p is over

F16. Thus there are no points in “general position.”

3.7 (End of the proof of (3.3)). In order to prove (3.3), we describe 3 constructions,
working in increasing generality.

(3.7.1) Pick p ∈ X(K). If Yp is irreducible and not a cone, then Yp is birational
over K to Pn−1. This gives more K-rational points on Yp. We pick p′ ∈ Yp(K) ⊂
X(K), and if we are lucky again, Yp′ is also birational over K to Pn−1. This
results in

Φ1,p,p′ : P2n−2 bir��� Yp × Yp′ ��� X,

where the first map is birational and the second map is dominant.
This construction works when K is infinite and Yp is irreducible and not a

cone.
(3.7.2) Over K, it might be impossible to find p ∈ X(K) such that Yp is

irreducible. Here we try to give ourselves a little more room by passing to a
quadratic field extension and then coming back to K using the third intersection
point map φ.

Given p ∈ X(K), a line through p can intersect X in two conjugate points
s, s′ defined over a quadratic field extension K ′/K. If Ys, Ys′ (the intersections
of X with the tangent hyperplanes in s resp. s′) are birational to Pn−1 over K ′,
consider the map

Φ1,s,s′ : Ys × Ys′ ��� X.
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So far Φ1,s,s′ is defined over K ′.
Note however that Ys, Ys′ are conjugates of each other by the Galois involution

of K ′/K. Furthermore, if z ∈ Ys and z̄ ∈ Ys′ is its conjugate then the line φ(z, z)
is defined over K. Indeed, the Galois action interchanges z, z hence the line 〈z, z〉
is Galois invariant, hence the third intersection point Φ1,s,s′(z, z) is defined over
K.

That is, the involution (z1, z2) 
→ (z̄2, z̄1) makes Ys×Ys′ into a K-variety and
Φ1,s,s′ then becomes a K-morphism. Thus we obtain a dominant map

Φ2,p,L : RK′/KPn−1 ��� X

where RK′/KPn−1 is the Weil restriction of Pn−1 (cf. Example 3.8).
This construction works when K is infinite, even if Yp is reducible or a cone.

However, over a finite field, it may be impossible to find a suitable line L.
As a last try, if none of the lines work, let’s work with all lines together!
(3.7.3) Consider the universal line through p instead of choosing a specific

line. That is, we are working with all lines at once. To see what this means, choose
an affine equation such that p is at the origin:

L(x1, . . . , xn+1) + Q(x1, . . . , xn+1) + C(x1, . . . , xn+1) = 0,

where L is linear, Q is quadratic and C is cubic. The universal line is given
by (m1t, . . . , mnt, t) where the mi are algebraically independent over K and the
quadratic formula gives the points s, s′ at

t =
−Q(m1, . . . , mn, 1)±√

D(m1, . . . , mn, 1)
2C(m1, . . . , mn−1, 1)

,

where D = Q2 − 4LC is the discriminant.
Instead of working with just one pair Ys, Ys′ , we work with the universal

family of them defined over the field

K
(
m1, . . . , mn,

√
D(m1, . . . , mn, 1)

)
It does not matter any longer that Ys may be reducible for every m1, . . . , mn ∈

K since we are working with all the Ys together and the generic Ys is irreducible
and not a cone.

Thus we get a map

Φ3,p : Pn × Pn−1 × Pn−1 bir��� R
K
(
m1,...,mn,

√
D
)
/K

(
m1,...,mn

)Pn−1 ��� X.

The last step is the following observation. Unirationality of XK changes if we
extend K. However, once we have a K-map P3n−2 ��� X, its dominance can be
checked after any field extension. Since Φ3,p incorporates all Φ2,p,L, we see that
the K-map Φ3,p is dominant if Φ2,p,L is dominant for some K̄-line L.

Thus we can check dominance over the algebraic closure of K, where the
techniques of the previous cases work.
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There are a few remaining points to settle (mainly that Yp is irreducible
and not a cone for general p ∈ X(K̄) and that Φ1,p,p′ is dominant for general
p, p′ ∈ X(K̄)). These are left to the reader. For more details, see [Kol02, Section 2].

Example 3.8. We give an explicit example of the construction of the Weil restric-
tion. The aim of Weil restriction is to start with a finite field extension L/K and
an L-variety X and construct in a natural way a K-variety RL/KX such that
X(L) =

(
RL/KX

)
(K).

As a good example, assume that the characteristic is �= 2 and let L = K(
√

a)
be a quadratic field extension with G := Gal(L/K) = {id, σ}. Let X be an
L-variety and Xσ its conjugate over K.

Then X ×Xσ is an L-variety. We can define a G-action on it by

σ : (x1, x
σ
2 ) 
→ (x2, x

σ
1 ).

This makes X ×Xσ into the K-variety RL/KX.
We explicitly construct RL/KP1, which is all one needs for the surface case

of (3.3).
Take the product of two copies of P1 with the G-action

((s1 : t1), (sσ
2 : tσ2 )) 
→ ((s2 : t2), (sσ

1 : tσ1 )).

Sections of O(1, 1) invariant under G are

u1 := s1s
σ
2 , u2 := t1t

σ
2 , u3 := s1t

σ
2 + sσ

2 t1, u4 :=
1√
a
(s1t

σ
2 − sσ

2 t1).

These sections satisfy u2
3−au2

4 = 4u1u2, and in fact, this equation defines RL/KP1

as a subvariety of P3 over K.
Thus RL/KP1 is a quadric surface with K-points (e.g., (1 : 0 : 0 : 0)), hence

rational over K.
Let us check that (RL/KP1)(K) = P1(L). Explicitly, one direction of this

correspondence is as follows. Given (x1 +
√

ax2 : y1 +
√

ay2) ∈ P1(L) with
x1, x2, y1, y2 ∈ K, we get the G-invariant point

(
(x1 +

√
ax2 : y1 +

√
ay2), (x1 −

√
ax2 : y1 −

√
ay2)

) ∈ ((X ×Xσ)(L))G.

From this, we compute

u1 = x2
1 − ax2

2, u2 = y2
1 − ay2

2 , u3 = 2(x1y1 − ax2y2), u4 = 2(x2y1 − x1y2).

Then (u1 : u2 : u3 : u4) ∈ RL/KP1(K).
For the precise definitions and for more information, see [BLR90, Section 7.6]

or [Kol02, Definition 2.1].

In order to illustrate the level of our ignorance about unirationality, let me
mention the following problem.
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Question 3.9. Over any field K, find an example of a smooth hypersurface X ⊂
Pn+1 with deg X ≤ n + 1 and X(K) �= ∅ that is not unirational. So far, no such
X is known.

The following are 2 further incarnations of the third intersection point map.

Exercise 3.10. Let Xn be an irreducible cubic hypersurface. Show that S2X is
birational to X × Pn, where S2X denotes the symmetric square of X, that is,
X ×X modulo the involution (x, x′) 
→ (x′, x).

Exercise 3.11. Let Xn be an irreducible cubic hypersurface defined over K and
L/K any quadratic extension. Show that there is a map RL/KX ��� X.

4. Separably rationally connected varieties

Before we start looking for rational curves on varieties over finite fields, we should
contemplate which varieties contain plenty of rational curves over an algebraically
closed field. There are various possible ways of defining what we mean by lots of
rational curves, here are some of them.

4.1. Let X be a smooth projective variety over an algebraically closed field K.
Consider the following conditions:

1. For any given x, x′ ∈ X, there is f : P1 → X such that f(0) = x, f(∞) =
x′.

2. For any given x1, . . . , xm ∈ X, there is f : P1 → X such that
{x1, . . . , xm} ⊂ f(P1).

3. Let Z ⊂ P1 be a zero-dimensional subscheme and fZ : Z → X a morphism.
Then fZ can be extended to f : P1 → X.

4. Conditions (3) holds, and furthermore f∗TX(−Z) is ample. (That is, f∗TX

is a sum of line bundles each of degree at least |Z|+ 1.)
5. There is f : P1 → X such that f∗TX is ample.

Theorem 4.2. [KMM92b], [Kol96, Sec.4.3] Notation as above.

1. If K is an uncountable field of characteristic 0 then the conditions 4.1.1–
4.1.5 are equivalent.

2. For any K, condition 4.1.5 implies the others.

Definition 4.3. Let X be a smooth projective variety over a field K. We say that
X is separably rationally connected or SRC if the conditions 4.1.1–4.1.5 hold for
XK .

Remark 4.4. There are 2 reasons why the conditions 4.1.1–4.1.5 are not always
equivalent.

First, in positive characteristic, there are inseparably unirational varieties.
These also satisfy the conditions 4.1.1–4.1.2, but usually not 4.1.5. For instance,
if X is an inseparably unirational surface of general type, then 4.1.5 fails. Such
examples are given by (resolutions of) a hypersurface of the form zp = f(x, y) for
deg f � 1.
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Second, over countable fields, it could happen that (4.1.1) holds but X has
only countably many rational curves. In particular, the degree of the required f
depends on x, x′. These examples are not easy to find, see [BT05] for some over
Fq. It is not known if this can happen over Q or not.

Over countable fields of characteristic 0, we must require the existence of
f : P1 → X of bounded degree in these conditions in order to obtain equivalence
with 4.1.5.

Example 4.5. Let S ⊂ P3 be a cubic surface. Over the algebraic closure, S is the
blow-up of P2 in six points. Considering f mapping P1 to a line in P2 not passing
through any of the six points, we see that S is separably rationally connected.

More generally, any rational surface is separably rationally connected.
It is not quite trivial to see that for any normal cubic surface S that is not

a cone, there is a morphism to the smooth locus f : P1 → Sns such that f∗TS is
ample.

Any normal cubic hypersurface is also separably rationally connected, except
cones over cubic curves. To see this, take repeated general hyperplane sections
until we get a normal cubic surface S ⊂ X which is not a cone. The normal bundle
of S in X is ample, hence the f : P1 → Sns found earlier also works for X.

In characteristic 0, any smooth hypersurface X ⊂ Pn+1 of degree ≤ n + 1 is
SRC; see [Kol96, Sec.V.2] for references and various stronger versions. Probably
every normal hypersurface is also SRC, except for cones.

In positive characteristic the situation is more complicated. A general hyper-
surface of degree ≤ n + 1 is SRC, but it is not known that every smooth hyper-
surface of degree ≤ n + 1 is SRC. There are some mildly singular hypersurfaces
which are not SRC, see [Kol96, Sec.V.5].

4.6 (Effective bounds for hypersurfaces). Let X ⊂ Pn+1 be a smooth SRC hy-
persurface over K̄. Then (4.2) implies that there are rational curves through any
point or any 2 points. Here we consider effective bounds for the degrees of such
curves.

First, if deg X < n+1 then through every point there are lines. For a general
point, the general line is also free (cf. (5.2)).

If deg X = n + 1 then there are no lines through a general point, but usu-
ally there are conics. However, on a cubic surface there are no irreducible conics
through an Eckart point p. (See (7.5) for the definition and details.)

My guess is that in all cases there are free twisted cubics through any point,
but this may be difficult to check. I don’t know any reasonable effective upper
bound.

For 2 general points x, x′ ∈ X, there is an irreducible rational curve of degree
≤ n(n + 1)/(n + 2 − deg X) by [KMM92a]. The optimal result should be closer
to n + 1, but this is not known. Very little is known about non-general points.

Next we show that (1.2) depends only on the birational class of X. The proof
also shows that (4.1.3) is also a birational property.

Proposition 4.7. Let K be a field and X, X ′ smooth projective K-varieties which
are birational to each other. Then, if (1.2) holds for X, it also holds for X ′.
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Proof. Assume for notational simplicity that K is perfect. Fix embeddings
X ⊂ PN and X ′ ⊂ PM and represent the birational maps φ : X ��� X ′ and
φ−1 : X ′ ��� X with polynomial coordinate functions.

Given f ′
Z : Z → X ′, we construct a thickening Z ⊂ Zt ⊂ C and fZt : Zt → X

such that if f : C → X extends fZt
then f ′ := φ ◦ f extends f ′

Z .
Pick a point p ∈ Z and let Ôp

∼= L[[t]] be its complete local ring where
L = K(p). Then the corresponding component of Z is SpecK L[[t]]/(tm) for some
m ≥ 1.

By choosing suitable local coordinates at f ′
Z(p) ∈ X ′, we can define its com-

pletion by equations

yn+i = Gi(y1, . . . , yn) where Gi ∈ L[[y1, . . . , yn]].

Thus f ′
Z is given by its coordinate functions

ȳ1(t), . . . , ȳn(t), · · · ∈ L[[t]]/(tm).

The polynomials ȳi for i = 1, . . . , n can be lifted to yi(t) ∈ L[[t]] arbitrarily.
These then determine liftings yn+i(t) = Gi(y1(t), . . . , yn(t)) giving a map F ′ :
SpecK L[[t]]→ X ′. In particular, we can choose a lifting such that φ−1 is a local
isomorphism at the image of the generic point of SpecK L[[t]]. Thus φ−1 ◦F ′ and
φ ◦ φ−1 ◦ F ′ are both defined and φ ◦ φ−1 ◦ F ′ = F ′.

Using the polynomial representations for φ, φ−1, write

φ−1 ◦ (1, y1(t), . . . , yn(t), . . . ) = (x0(t), . . . , xn(t), . . . ), and
φ ◦ (x0(t), . . . , xn(t), . . . ) = (z0(t), . . . , zn(t), . . . ).

Note that (z0(t), . . . , zn(t), . . . ) and (1, y1(t), . . . , yn(t), . . . ) give the same map
F ′ : SpecK L[[t]] → X ′, but we map to projective space. Thus all we can say is
that

yi(t) = zi(t)/z0(t) ∀ i ≥ 1.

Assume now that we have (x∗
0(t), . . . , x

∗
n(t), . . . ) and the corresponding

φ ◦ (x∗
0(t), . . . , x

∗
n(t), . . . ) = (z∗0(t), . . . , z∗n(t), . . . ).

such that

xi(t) ≡ x∗
i (t) mod ts ∀ i.

Then also

zi(t) ≡ z∗i (t) mod ts ∀ i.

In particular, if s > r := mult0 z0(t), then mult0 z∗0(t) = mult0 z0(t) and so

y∗
i (t) :=

z∗i (t)
z∗0(t)

≡ yi(t) mod
(
ts−r

)
.
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That is, if F ∗ : SpecK L[[t]]→ X agrees with φ−1 ◦F ′ up to order s = r +m then
φ ◦ F ∗ agrees with F ′ up to order m = s− r.

We apply this to every point in Z to obtain the thickening Z ⊂ Zt ⊂ C and
fZt

: Zt → X as required.

5. Spaces of rational curves

Assume that X is defined over a non-closed field K and is separably rationally
connected. Then X contains lots of rational curves over K, but what about ra-
tional curves over K? We are particularly interested in the cases when K is one
of Fq, Qp or R.

5.1 (Spaces of rational curves). Let X be any variety. Subvarieties or subschemes
of X come in families, parametrized by the Chow variety or the Hilbert scheme.
For rational curves in X, the easiest to describe is the space of maps Hom(P1, X).

Pick an embedding X ⊂ PN and let Fi be homogeneous equations of X.
Any map f : P1 → PN of fixed degree d is given by N + 1 homogeneous

polynomials (f0(s, t), . . . , fN (s, t)) of degree d in two variables s, t (up to scaling
of these polynomials). Using the coefficients of f0, . . . , fN , we can regard f as a
point in P(N+1)(d+1)−1.

We have f(P1) ⊂ X if and only if the polynomials Fi(f0(s, t), . . . , fN (s, t))
are identically zero. Each Fi gives d · deg Fi + 1 equations of degree deg Fi in the
coefficients of f0, . . . , fN .

If f0, . . . , fN have a common zero, then we get only a lower degree map. We
do not count these in Homd(P1, X). By contrast we allow the possibility that
f ∈ Homd(P1, X) is not an embedding but a degree e map onto a degree d/e
rational curve in X. These maps clearly cause some trouble but, as it turns out,
it would be technically very inconvenient to exclude them from the beginning.

Thus Homd(P1, X) is an open subset of a subvariety of P(N+1)(d+1)−1 defined
by equations of degree ≤ maxi{deg Fi}.

Hom(P1, X) is the disjoint union of the Homd(P1, X) for d = 1, 2, . . . .
Therefore, finding a rational curve f : P1 → X defined over K is equivalent

to finding K-points on Hom(P1, X).
In a similar manner one can treat the space Hom(P1, X, 0 
→ x) of those maps

f : P1 → X that satisfy f(0) = x or Hom(P1, X, 0 
→ x,∞ 
→ x′), those maps
f : P1 → X that satisfy f(0) = x and f(∞) = x′.

5.2 (Free and very free maps). In general, the local structure of the spaces
Hom(P1, X) can be very complicated, but everything works nicely in certain im-
portant cases.

We say that f : P1 → X is free if f∗TX is semi-positive, that is a direct sum
of line bundles of degree ≥ 0. We see in (6.4) that if f is free then Hom(P1, X)
and Hom(P1, X, 0 
→ f(0)) are both smooth at [f ].

We say that f : P1 → X is very free if f∗TX is positive or ample, that is,
a direct sum of line bundles of degree ≥ 1. This implies that Hom(P1, X, 0 
→
f(0),∞ 
→ f(∞)) is also smooth at [f ].
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Remark 5.3. Over a nonclosed field K there can be smooth projective curves C
such that CK̄

∼= P1
K̄

but C(K) = ∅, thus C is not birational to P1
K . When we

work with Hom(P1, X), we definitely miss these curves. There are various ways
to remedy this problem, but for us this is not important.

Over a finite field K, every rational curve is in fact birational to P1
K , thus we

do not miss anything.

To get a feeling for these spaces, let us see what we can say about the irre-
ducible components of Homd(P1, X) for cubic surfaces.

Example 5.4. Let S ⊂ P3 be a cubic surface defined over a non-closed field K.
Consider Homd(P1, S) for low values of d.

• For d = 1, over K, there are 27 lines on S, so Hom1(P1, S) has 27
components which may be permuted by the action of the Galois group
G = Gal(K/K).
• For d = 2, over K, there are 27 one-dimensional families of conics, each

obtained by intersecting S with the pencil of planes containing a line on S.
These 27 families again may have a non-trivial action of G.

• For d = 3, over K, there are 72 two-dimensional families of twisted cubics
on S (corresponding to the 72 ways to map S to P2 by contracting 6 skew
lines; the twisted cubics are preimages of lines in P2 not going through any
of the six blown-up points). Again there is no reason to assume that any
of these 72 families is fixed by G.
However, there is exactly one two-dimensional family of plane rational cubic
curves on S, obtained by intersecting S with planes tangent to the points
on S outside the 27 lines. This family is defined over K and is geometrically
irreducible.

All this is not very surprising. A curve C on S determines a line bundle
OS(C) ∈ Pic(S) ∼= Z7, hence we see many different families in a given degree
because there are many different line bundles of a given degree. It turns out
that, for cubic surfaces, once we fix not just the degree but also the line bundle
L = OS(C), the resulting spaces HomL(P1, X) are irreducible.

This, however, is a very special property of cubic surfaces and even for smooth
hypersurfaces X it is very difficult to understand the irreducible components of
Hom(P1, X). See [HRS04,HS05,HRS05,dJS04] for several examples.

Thus, in principle, we reduced the question of finding rational curves de-
fined over K to finding K-points of the scheme Hom(P1, X). The problem is that
Hom(P1, X) is usually much more complicated than X.

5.5 (Plan to find rational curves). We try to find rational curves defined over a
field K in 2 steps.

1. For any field K, we will be able to write down reducible curves C and
morphisms f : C → X defined over K and show that f : C → X can be
naturally viewed as a smooth point [f ] in a suitable compactification of
Hom(P1, X) or Hom(P1, X, 0 
→ x).
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2. Then we argue that for certain fields K, a smooth K-point in a compact-
ification of a variety U leads to a K-point inside U .
There are 2 main cases where this works.

(a) (Fields with an analytic inverse function theorem)
These include R, Qp or the quotient field of any local, complete
Dedekind domain, see [GR71]. For such fields, any smooth point in
Ū(K) has an analytic neighborhood biholomorphic to 0 ∈ Kn. This
neighborhood has nontrivial intersection with any nonempty Zariski
open set, hence with U .

(b) (Sufficiently large finite fields)
This method relies on the Lang-Weil estimates. Roughly speaking these
say that a variety U over Fq has points if q � 1, where the bound on q
depends on U . We want to apply this to U = Homd(P1, X). We know
bounds on its embedding dimension and on the degrees of the defining
equations, but very little else. Thus we need a form of the Lang-Weil
estimates where the bound for q depends only on these invariants.

We put more detail on these steps in the next sections, but first let us see an
example.

Example 5.6. Let us see what we get in a first computation trying to find a degree
3 rational curve through a point p on a cubic surface S over Fq.

The intersection of S with the tangent plane at p usually gives a rational
curve Cp which is singular at p. If we normalize to get n : P1 → C, about half the
time, n−1(p) is a conjugate pair of points in Fq2 . This is not what we want.

So we have to look for planes H ⊂ P3 that pass through p and are tangent
to S at some other point. How to count these?

Projecting S from p maps to P2 and the branch curve B ⊂ P2 has degree
4. Moreover, B is smooth if p is not on any line. The planes we are looking for
correspond to the tangent lines of B.

By the Weil estimates, a degree 4 smooth plane curve has at least q+1−6
√

q
points. For q > 33 this guarantees a point in B(Fq) and so we get a plane H
through p which is tangent to S at some point.

However, this is not always enough. First, we do not want the tangency to be
at p. Second, for any line L ⊂ S, the plane spanned by p and L intersects S in L
and a residual conic. These correspond to double tangents of B. The 28 double
tangents correspond to 56 points on B. Thus we can guarantee an irreducible
degree 3 rational curve only if we find an Fq-point on B which different from these
56 points. This needs q > 121 for the Weil estimates to work. This is getting quite
large!

Of course, a line is a problem only if it is defined over Fq and then the
corresponding residual conic is a rational curve over Fq passing through p, unless
the residual conic is a pair of lines. In fact, if we look for rational curves of degree
≤ 3, then q > 33 works.

I do not know what the best bound for q is. In any case, we see that even
this simple case leads either to large bounds or to case analysis.

The current methods work reasonably well when q � 1, but, even for cubic
hypersurfaces, the bounds are usually so huge that I do not even write them down.
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Then we see by another method that for cubics we can handle small values of
q. The price we pay is that the degrees of the rational curves found end up very
large.

It would be nice to figure out a reasonably sharp answer at least for cubics,
Just to start the problem, let me say that I do not know the answer to the
following.

Question 5.7. Let X be a smooth cubic hypersurface over Fq and p, p′ ∈ X(Fq)
two points. Is there a degree ≤ 9 rational curve defined over Fq passing through
p and p′?

Exercise 5.8. Let S ⊂ P3 be the smooth cubic surface constructed in (2.1). Show
that S does not contain any rational curve of degree ≤ 8 defined over F2.

Hints. First prove that the Picard group of S is generated by the hyperplane
sections. Thus any curve on S has degree divisible by 3.

A degree 3 rational curve would be a plane cubic, these all have at least 2
points over F2.

Next show that any rational curve defined over F2 must have multiplicity 3
or more at the unique p ∈ S(F2). A degree 6 rational curve would be a complete
intersection of S with a quadric Q. Show that S and Q have a common tangent
plane at p and then prove that S ∩Q has only a double point if Q is irreducible.

6. Deformation of combs

Example 6.1. Let S be a smooth cubic surface over R and p a real point of S.
Our aim is to find a rational curve defined over R passing through p. It is easy
to find such a rational curve C defined over C. Its conjugate C̄ then also passes
through p. Together, they define a curve C + C̄ ⊂ S which is defined over R. So
far this is not very useful.

We can view C + C̄ as the image of a map φ0 : Q0 → S where Q0 ⊂ P2 is
defined by x2+y2 = 0. Next we would like to construct a perturbation φε : Qε → S
of this curve and of this map. It is easy to perturb Q0 to get “honest” rational
curves over R, for instance Qε := (x2 + y2 = εz2).

The key question is, can we extend φ0 to φε? Such questions are handled by
deformation theory, originated by Kodaira and Spencer. A complete treatment of
the case we need is in [Kol96] and [AK03] is a good introduction.

The final answer is that if H1(Q0, φ
∗
0TS) = 0, then φε exists for |ε| � 1.

This allows us to obtain a real rational curve on S, and with a little care we can
arrange for it to pass through p.

In general, the above method gives the following result:

Corollary 6.2. [Kol99] Given XR such that XC is rationally connected, there is a
real rational curve through any p ∈ X(R).

We would like to apply a similar strategy to XK such that XK is separably
rationally connected. For a given x ∈ X(K), we find a curve g1 : P1 → X
defined over K such that g1(0) = x, with conjugates g2, . . . , gm. Then C :=
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g1(P1)+ · · ·+ gm(P1) is defined over K. Because of the singularity of C in x, it is
harder to find a smooth deformation of C. It turns out that there is a very simple
way to overcome this problem: we need to add a whole new P1 at the point x and
look at maps of curves to X which may not be finite.

Definition 6.3. Let X be a variety over a field K. An m-pointed stable curve of
genus 0 over X is an object (C, p1, . . . , pm, f) where

1. C is a proper connected curve with pa(C) = 0 defined over K having only
nodes,

2. p1, . . . , pm are distinct smooth points in C(K),
3. f : C → X is a K-morphism, and
4. C has only finitely many automorphisms that commute with f and fix

p1, . . . , pm. Equivalently, there is no irreducible component Ci ⊂ CK̄ such
that f maps Ci to a point and Ci contains at most 2 special points (that
is, nodes of C or p1, . . . , pm).

Note that if f : C → X is finite, then (C, p1, . . . , pm, f) is a stable curve of
genus 0 over X, even if (C, p1, . . . , pm) is not a stable m-pointed genus 0 curve in
the usual sense [FP97].

We have shown how to parametrize all maps P1 → X by the points of a scheme
Hom(P1, X). Similarly, the methods of [KM94] and [Ale96] show that one can
parametrize all m-pointed genus 0 stable curves of degree d with a single scheme
M0,m(X, d). For a map (C, p1, . . . , pm, f), the corresponding point in M0,m(X, d)
is denoted by [C, p1, . . . , pm, f ].

Given K-points x1, . . . , xm ∈ X(K), the family of those maps f : C → X
that satisfy f(pi) = xi for i = 1, . . . , m forms a closed scheme

M0,m(X, pi 
→ xi) ⊂M0,m(X).

See [AK03, sec.8] for more detailed proofs.

The deformation theory that we need can be conveniently compacted into
one statement. The result basically says that the deformations used in (6.1) exist
for any reducible rational curve.

Theorem 6.4. (cf. [Kol96, Sec.II.7] or [AK03]) Let f : (p1, . . . , pm ∈ C)→ X be
an m-pointed genus 0 stable curve. Assume that X is smooth and

H1(C, f∗TX(−p1 − · · · − pm)) = 0.

Then:

1. There is a unique irreducible component

Comp(C, p1, . . . , pm, f) ⊂M0,m(X, pi 
→ f(pi))

which contains [C, p1, . . . , pm, f ].
2. [C, p1, . . . , pm, f ] is a smooth point of Comp(C, p1, . . . , pm, f). In particu-

lar, if f : (p1, . . . , pm ∈C)→X is defined over K then Comp(C, p1, . . . , pm, f)
is geometrically irreducible.
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3. There is a dense open subset

Smoothing(C, p1, . . . , pm, f) ⊂ Comp(C, p1, . . . , pm, f)

which parametrizes free maps of smooth rational curves, that is

Smoothing(C, p1, . . . , pm, f) ⊂ Homfree(P1, X, pi 
→ f(pi))

(We cheat a little in (6.4.2). In general [C, p1, . . . , pm, f ] is smooth only in the
stack sense; this is all one needs. Moreover, in all our applications [C, p, f ] will be
a smooth point.)

The required vanishing is usually easy to check using the following.

Exercise 6.5. Let C = C1 + · · ·+ Cm be a reduced, proper curve with arithmetic
genus 0 and p ∈ C a smooth point. Let C1, · · · , Cm be its irreducible components
over K̄. Let E be a vector bundle on C and assume that H1(Ci, E|Ci

(−1)) = 0
for every i. Then H1(C,E(−p)) = 0.

In particular, if f : C → X is a morphism to a smooth variety and if each
f |Ci

is free then H1(C, f∗TX(−p)) = 0.

Definition 6.6 (Combs). A comb assembled from a curve B (the handle) and m
curves Ci (the teeth) attached at the distinct points b1, . . . , bm ∈ B and ci ∈ Ci

is a curve obtained from the disjoint union of B and of the Ci by identifying the
points bi ∈ B and ci ∈ Ci. In these notes we only deal with the case when B and
the Ci are smooth, rational.

A comb can be pictured as below:

b1 b2 bm
� � �

C1 C2 Cm

B

· · · · · ·

Comb with m-teeth

Assume now that we have a Galois extension L/K and gi : (0 ∈ P1)→ (x ∈ X),
a conjugation invariant set of maps defined over L.

We can view this collection as just one map as follows. The maps [gi] ∈
Hom(P1, X) form a 0-dimensional reduced K-scheme Z. Then the gi glue together
to a single map

G : Z × (0 ∈ P1) = (Z ⊂ P1
Z)→ (x ∈ X).

Let j : Z ↪→ P1
K be an embedding. We can then assemble a comb with handle

P1
K and teeth P1

Z . Let us denote it by
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Comb(g1, . . . , gm).

(The role of j is suppressed, it will not be important for us.)
If K is infinite, an embedding j : Z ↪→ P1

K always exists. If K is finite, then
Z may have too many points, but an embedding exists whenever Z is irreducible
over K.

Indeed, in this case Z = SpecK K(a) for some a ∈ K̄. Thus K[t] → K(a)
gives an embedding Z ↪→ A1

K .

Everything is now ready to obtain rational curves through 1 point.

Corollary 6.7. [Kol99] Given a separably rationally connected variety X defined
over a local field K = Qp or K = Fq((t)), there is a rational curve defined over
K through any x ∈ X(K).

Proof. Given x ∈ X(K), pick a free curve g1 : (0 ∈ P1) → (x ∈ X) over K̄
with conjugates g2, . . . , gm. As in (6.6), assemble a K-comb

f : (0 ∈ Comb(g1, . . . , gm))→ (x ∈ X).

Using (6.4), we obtain

Smoothing(C, 0, f) ⊂ Homfree(P1, X, 0 
→ f(p))

and by (6.4.2) we see that (5.5.2.a) applies. Hence we get K-points in Smoothing(p ∈
C, f), as required.

The finite field case, corresponding to (5.5.2.b), is treated in the next section.

7. The Lang-Weil estimates

Theorem 7.1. [LW54] Over Fq, let U ⊂ PN be the difference of two subvarieties
defined by several equations of degree at most D. If U0 ⊂ U is a geometrically
irreducible component, then

∣∣#U0(Fq)− qdim U0
∣∣ ≤ C(N, D) · qdim U0− 1

2 ,

where the constant C(N, D) depends only on N and D.

Notes on the proof. The original form of the estimate in [LW54] assumes
that U0 is projective and it uses deg U0 instead of D. These are, however, minor
changes.

First, if V ⊂ PN is an irreducible component of W which is defined by
equations of degree at most D, then it is also an irreducible component of some
W ′ ⊃W which is defined by N − dimV equations of degree at most D. Thus, by
Bézout’s theorem, deg V ≤ DN−dim V .

Thus we have a bound required for #Ū0(Fq) and we need an upper bound
for the complement #(Ū0 \ U0)(Fq). We assumed that Ū0 \ U0 is also defined by
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equations of degree at most D. A slight problem is, however, that it may have
components which are geometrically reducible. Fortunately, an upper bound for
#V (Fq) is easy to get.

Exercise 7.2. Let V ⊂ PN be a closed, reduced subscheme of pure dimension r
and degree d. Show that if q ≥ d then V does not contain PN (Fq). Use this to
show that there is a projection π : V → Pr defined over Fq which is finite of
degree d. Conclude from this that

#V (Fq) ≤ d ·#Pr(Fq) = d · (qr + · · ·+ q + 1).

7.3 (Application to Homd(P1, X)). We are looking for rational curves of degree
d on a hypersurface X ⊂ Pn+1 of degree m. We saw in (5.1) that Homd(P1, X)
lies in P(n+2)(d+1)−1 (hence we can take N = (n + 2)(d + 1)− 1) and its closure
is defined by equations of degree m.

The complement of Homd(P1, X) in its closure consists of those (f0, . . . , fN )
with a common zero. One can get explicit equations for this locus as follows. Pick
indeterminates λi, μj . Then f0, . . . , fN have a common zero iff the resultant

Res(
∑

iλifi,
∑

jμjfj)

is identically zero as a polynomial in the λi, μj . This gives equations of degree 2d
in the coefficients of the fi. Thus we can choose D = max{m, 2d}.

Finally, where do we find a geometrically irreducible component of the space
Homd(P1, X)? Here again a smooth point [f ] in a suitable compactification of
Hom(P1, X) gives the answer by (7.4). Similar considerations show that our meth-
ods also apply to Homd(P1, X, 0 
→ p).

Exercise 7.4. Let W be a K-variety and p ∈ W a smooth point. Then there
is a unique K-irreducible component Wp ⊂ K which contains p and Wp is also
geometrically irreducible if either p is K-point or K is algebraically closed in
K(p).

As a first application, let us consider cubic surfaces.

Example 7.5 (Cubic surfaces). Consider a cubic surface S ⊂ P3, defined over
K = Fq. We would like to use these results to get a rational curve through any
p ∈ S(Fq).

We need to start with some free rational curves over K̄.
The first such possibility is to use conics. If L ⊂ S is a line, then the plane

spanned by p and L intersects S in L plus a residual conic CL. C is a smooth and
free conic, unless p lies on a line.

In general, we get 27 conics and we conclude that if q is large enough, then
through every point p ∈ S(Fq) which is not on a line, there is rational curve of
degree 2 · 27 = 54, defined over Fq.

If p lies on 1 (resp. 2) lines, then we get only 16 (resp. 8) smooth conics, and
so we get even lower degree rational curves.

However, when p lies on 3 lines (these are called Eckart points) then there is
no smooth conic through p.
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Let us next try twisted cubics. As we saw in (5.4), we get twisted cubics from
a morphism S → P2 as the birational transforms of lines not passing through any
of the 6 blown up points. Thus we get a 2-dimensional family of twisted cubics
whenever p is not on one the 6 lines contracted by S → P2.

If p lies on 0 (resp. 1, 2, 3) lines, we get 72 (resp. 72−16, 72−2 ·16, 72−3 ·16)
such families.

Hence we obtain that for every p ∈ S(Fq), the space Homd(P1, X, 0 
→ p) has
a geometrically irreducible component for some d ≤ 3 · 72 = 216.

As in (7.3), we conclude that if q is large enough, then through every point
p ∈ S(Fq), there is rational curve of degree at most 216, defined over Fq.

Example 7.6 (Cubic hypersurfaces). Consider a smooth cubic hypersurface Xn ⊂
Pn+1, defined over K = Fq and let p ∈ X(Fq) be a point.

If p lies on a smooth cubic surface section S ⊂ X, then we can assemble
a K-comb of degree ≤ 216 and, as before, we can use it to get rational curves
through p.

Over a finite field, however, there is no guarantee that X has any smooth
cubic surface sections. What can we do then?

We can use a generic cubic surface section through p. This is then defined over
a field extension L = K(y1, . . . , ys) where the yi are algebraically independent
over K. By the previous considerations we can assemble an L-comb and conclude
that Homd(P1, X, 0 
→ p) has a smooth L-point for some d ≤ 3 · 72 = 216.

By (7.4), this implies that it also has a geometrically irreducible component,
and we can then finish as before.

It is now clear that the methods of this section together with (4.6) imply the
following:

Theorem 7.7. Let X ⊂ Pn+1 be a smooth SRC hypersurface of degree m ≤ n + 1
defined over a finite field Fq. Then there is a C(n) such that if q > C(n) then
through every point in X(Fq) there is a rational curve defined over Fq.

Exercise 7.8. Prove the following consequence of (7.1):
Let f : U → W be a dominant morphism over Fq. Assume that W and the

generic fiber of f are both geometrically irreducible. Then there is a dense open
set W 0 such that f

(
U(Fqm)

) ⊃W 0(Fqm) for m� 1.

8. Rational curves through two points and Lefschetz-type theorems

8.1 (How not to find rational curves through two points). Let us see what happens
if we try to follow the method of (6.7) for 2 points. Assume that over K we
have a rational curve C1 through p, p′. Then C1 is already defined over a finite
Galois extension K ′ of K. As before, consider its conjugates of C2, . . . , Cm under
G := Gal(K ′/K), and attach copies C ′

1, . . . , C
′
m to two copies of P1, one over p

and one over p′. This results in a curve Y0 which is defined over K and may be
deformed to a smooth curve Yε, still passing through p, p′.
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The problem is that although all the K-irreducible components of Y0 are
rational, it has arithmetic genus m − 1, hence the smooth curve Yε has genus
m− 1.

Note that finding curves of higher genus through p, p′ is not very interest-
ing. Such a curve can easily be obtained by taking the intersection of X with
hyperplanes through p, p′.

In fact, no other choice of Y0 would work, as shown by the next exercise.

Exercise 8.2. Let C be a reduced, proper, connected curve of arithmetic genus 0
defined over K. Let p �= p′ ∈ C(K) be 2 points. Then there is a closed sub-curve
p, p′ ∈ C ′ ⊂ C such that C ′ is connected and every K-irreducible component of
C ′ is isomorphic to P1

K .

In this section we first connect the existence of rational curves through two
points with Lefschetz-type results about the fundamental groups of open subsets
of X and then use this connection to find such rational curves in certain cases.

Definition 8.3. Let K be a field, X a normal, projective variety and

CU
φ→X

π ↓↑ s
U

(8.3.1)

a smooth family of reduced, proper, connected curves mapping to X with a section
s. For x ∈ X, set Us→x := s−1φ−1(x), parametrizing those maps that send the
marked point to x, and

CUs→x

φx→X
πx ↓↑ sx

Us→x

(8.3.2)

the corresponding family.
We say that the family (8.3.1) satisfies the Lefschetz condition if, for general

x ∈ X(K̄), the map φx is dominant with geometrically irreducible generic fiber.
Sometimes it is more convenient to give just

U
π← CU

φ→ S, (8.3.3)

without specifying the section s : U → CU . In this case, we consider the family
obtained from the universal section. That is,

CU ×U CU
φ1→X

π2 ↓↑ s1

CU

(8.3.4)

where π2(c, c′) = c′, φ1(c, c′) = φ(c) and s1(c) = (c, c).
If x ∈ X then Ux = φ−1(x) = s−1

1 φ−1
1 (x) is the set of triples (C, c, φ|C) where

C is a fiber of π and c a point of C such that φ(c) = x.
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Similarly, if x, x′ ∈ X then Ux,x′ := φ−1(x) ×U φ−1(x′) is the set of all
(C, c, c′, φ|C) where C is a fiber of π and c, c′ points of C such that φ(c) = x and
φ(c′) = x′. Informally (and somewhat imprecisely) Ux,x′ is the family of curves
in U that pass through both x and x′.

Thus the family (8.3.4) satisfies the Lefschetz condition iff (CU )x,x′ is geo-
metrically irreducible for general x, x′ ∈ X(K̄).

Exercise 8.4 (Stein factorization). Let g : U → V be a morphism between irre-
ducible and normal varieties. Then g can be factored as

g : U
c→W

h→ V

where W is normal, h is finite and generically étale and there is an open and
dense subset W 0 such that c−1(w) is geometrically irreducible for every w ∈W 0.

Thus g : U → V is dominant with geometrically irreducible generic fiber iff g
can not be factored through a nontrivial finite and generically étale map W → V .

The Appendix explains how the Lefschetz condition connects with the Lef-
schetz theorems on fundamental groups of hyperplane sections. For now let us
prove that a family satisfying the Lefschetz condition leads to rational curves
through 2 points.

Example 8.5. Let S ⊂ P3 be a smooth cubic surface. Let U ← CU → S be
the family of rational hyperplane sections. Note that CU → S is dominant with
geometrically irreducible generic fiber. Furthermore, for general p ∈ S(K̄), the
map φp is dominant, generically finite and has degree 12.

On the other hand, let U be an irreducible family of twisted cubics on S.
Then U satisfies the Lefschetz condition. As discussed in (5.4), U corresponds
to the family of lines in P2 not passing through the 6 blown-up points. Thus Ux

consists of lines in P2 through x, hence φx : CUx
→ S is birational. Thus it cannot

factor through a nontrivial finite cover.

Theorem 8.6. Let X be a smooth projective variety over Fq. Let U ⊂ Homfree(P1, X)
be a geometrically irreducible smooth subset, closed under Aut(P1). Assume that

U
π← U × P1 φ→ X satisfies the Lefschetz condition.
Then there is an open subset Y 0 ⊂ X ×X such that for m� 1 and (x, x′) ∈

Y 0(Fqm) there is a point u ∈ U(Fqm) giving a rational curve

φu : P1 → X such that φu(0) = x, φu(∞) = x′.

Proof. Set s(u) = (u, 0) and consider the map

Φ2 := (φ ◦ s ◦ π, φ) : U × P1 → X ×X.

Note that on Us→x×P1 this is just φx followed by the injection X ∼= {x}×X ↪→
X ×X.

If the generic fiber of Φ2 is geometrically irreducible, then by (8.4) and (7.8),
there is an open subset Y 0 ⊂ X ×X such that for m� 1 and for every (x, x′) ∈
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Y 0(Fqm) there is a (u, p) ∈ U(Fqm) × P1(Fqm) such that Φ2(u, p) = (x, x′). This
means that φu(0) = x and φu(p) = x′. A suitable automorphism γ of P1 sends
(0,∞) to (0, p). Thus φu ◦ γ is the required rational curve.

If the generic fiber of Φ2 is geometrically reducible, then Φ2 factors through a
nontrivial finite cover W → X ×X. For general x ∈ X, the restriction redWx →
{x} ×X is nontrivial and Us→x → redWx is dominant. This is impossible by the
Lefschetz condition.

Next we discuss how to construct families that satisfy the Lefschetz condition.

Lemma 8.7. Let U
π← CU

φ→ X be a smooth family of reduced, proper, generically
irreducible curves over K̄ such that Ux is irreducible for general x ∈ X. Let
W ⊂ U be a locally closed smooth subset and W × P1 ∼= DW ⊂ CW a subfamily.
Let U0 ⊂ U be an open dense subset. If

W
π← DW

φ→ X

satisfies the Lefschetz condition, then so does

U0 π← CU0
φ→ X.

Proof. Assume that contrary. Then there is a nontrivial finite and generically
étale map Z → X such that the restriction φ|CU0

x
: CU0

x
→ X factors through Z.

Since Ux is irreducible, so is Z.
Let gC : CU×X Z → CU be the projection. By assumption, there is a rational

section s : CU0
x
→ CU ×X Z. Let B ⊂ CU ×X Z be the closure of its image. Then

gC |B : B → CU is finite and an isomorphism over CU0
x
. Thus gC |B : B → CU is

an isomorphism at every point where CU is smooth (or normal). In particular, s
restricts to a rational section sW : DW ��� CU ×X Z.

Repeating the previous argument, we see that sW is an everywhere defined
section, hence φ|DW

factors through Z, a contradiction.

Corollary 8.8. Let X be a smooth projective variety over a perfect field K. If there
is a K̄-family of free curves

U1
π1← U1 × P1 φ1→ X

satisfying the Lefschetz condition then there is a K-family of free curves

U
π← U × P1 φ→ X

satisfying the Lefschetz condition.

Proof. As usual, the first family is defined over a finite Galois extension; let
U1, . . . , Um be its conjugates.

Consider the family of all K̄-combs
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Comb(U) :=
{
Comb(φ1,u1 , . . . , φm,um

)
}

where ui ∈ Ui and φ1(u1, 0) = · · · = φm(um, 0) with 0 a marked point on the
handle. (We do not assume that the ui are conjugates of each other.) Each comb
is defined by choosing u1, . . . , um as above and m distinct points in P1 \ {0}.

Thus Comb(U) ⊂ M0,1(X) is defined over K. Furthermore, for each x ∈ X,
Comb(U)x ⊂M0,1(X, 0 
→ x) is isomorphic to an open subset of

(P1)m × U1,x × · · · × Um,x,

hence irreducible.
By (6.4), there is a unique irreducible component Smoothing(U) ⊂M0,1(X)

containing Comb(U) and Smoothing(U) is defined over K.
We can now apply (8.7) with W := Comb(U) and DW → W the first tooth

of the corresponding comb. This shows that Smoothing(U) satisfies the Lefschetz
condition.

Example 8.9 (Cubic hypersurfaces). We have already seen in (8.5) how to get a
family of rational curves on a smooth cubic surface S that satisfies the Lefschetz
condition:

For general p ∈ S, there are 72 one-parameter families of twisted cubics
C1, . . . , C72 through p. Assemble these into a 1-pointed comb and smooth them
to get a family U(S) of degree 216 rational curves. (In fact, the family of degree
216 rational curves on S that are linearly equivalent to OS(72) is irreducible, and
so equals U(S), but we do not need this.)

Let us go now to a higher dimensional cubic X ⊂ Pn+1. Let G denote the
Grassmannian of 3-dimensional linear subspaces in Pn+1. Over G we have S→ G,
the universal family of cubic surface sections of X. For any fiber S = L3 ∩X we
can take U(S). These form a family of rational curves U(S) on X and we obtain

U(S) π← U(S)× P1 φ→ X.

We claim that it satisfies the Lefschetz condition. Indeed, given x, x′ ∈ X, the
family of curves in U(S) that pass through x, x′ equals

U(S)x,x′ =
⋃

x,x′∈L3

(
U(L3 ∩X)

)
x,x′ .

The set of all such L3-s is parametrized by the Grassmannian of lines in Pn−1,
hence geometrically irreducible. The general L3 ∩ X is a smooth cubic surface,
hence we already know that the corresponding U(L3 ∩X)x,x′ is irreducible. Thus
U(S)x,x′ is irreducible.

Although we did not use it for cubics, let us note the following.

Theorem 8.10. [Kol00,Kol03] Let X be a smooth, projective SRC variety over a
field K. Then there is a family of rational curves defined over K
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U
π← U × P1 φ→ X

that satisfies the Lefschetz condition.

8.11 (Going from 2 points to many points). It turns out that going from curves
passing through 2 general points to curves passing through m arbitrary points
does not require new ideas.

Let us see first how to find a curve through 2 arbitrary points x, x′ ∈ X.
We have seen in Section 5 how to produce very free curves in Hom(P1, X, 0 
→

x) and in Hom(P1, X, 0 
→ x′). If m� 1 then we can find ψ ∈ Hom(P1, X, 0 
→ x)
and ψ′ ∈ Hom(P1, X, 0 
→ x′) such that (8.6) produces a rational curve φ : P1 →
X passing through ψ(∞) and ψ′(∞).

We can view this as a length 3 chain

(ψ, φ, ψ′) : P1 ∨ P1 ∨ P1 → X

through x, x′. Using (6.4), we get a family of free rational curves through x, x′

and, again for m� 1 a single free curve through x, x′.
How to go from 2 points to m points x1, . . . , xm? For each i > 1 we already

have very free curves a gi : P1 → X such that gi(0) = x1 and gi(∞) = xi. We can
assemble a comb with (m− 1) teeth φ : Comb(g2, . . . , gm)→ X.

By (6.4), we can smooth it in

M0,m(X, p1 
→ x1, · · · , pm 
→ xm)

to get such rational curves.

Appendix. The Lefschetz condition and fundamental groups

The classical Lefschetz theorem says that if X is a smooth, projective variety
over C and j : C ↪→ X is a smooth curve obtained by intersecting X with
hypersurfaces, then the natural map

j∗ : π1(C)→ π1(X) is onto.

Later this was extended to X quasi-projective. Here j∗ need not be onto for every
curve section C, but j∗ is onto for general curve sections. In particular we get the
following. (See [GM88] for a general discussion and further results.)

Theorem 8.12. Let Xn be a smooth, projective variety over C and |H| a very ample
linear system. Then, for every open subset X0 ⊂ X and general H1, . . . , Hn−1 ∈
|H|,

π1

(
X0 ∩H1 ∩ · · · ∩Hn−1

)→ π1(X) is onto.

It should be stressed that the notion of “general” depends on X0.
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If X is a hypersurface of degree≥ 3 then the genus of the curves H1∩· · ·∩Hn−1

is at least 1. We would like to get a similar result where {H1 ∩ · · · ∩ Hn−1} is
replaced by some family of rational curves.

The following argument shows that if a family of curves satisfies the Lefschetz
condition, then (8.12) also holds for that family.

Pick a family of curves U
π← CU

φ→ X with a section s : U → CU that satisfies
the Lefschetz condition.

Given a generically étale g : Z → X, there is an open X0 ⊂ X such that
Z0 := g−1(X0)→ X0 is finite and étale.

Pick a general point p ∈ X0. There is an open subset U0
p ⊂ Up such that

φ−1
p (X0)→ Up is topologically a locally trivial fiber bundle over C0

Up
→ U0

p with
typical fiber C0

u = Cu ∩ φ−1(X0) where u ∈ U is a general point.
Thus there is a right split exact sequence

π1(C0
u)→ π1(C0

Up
) � π1(U0

p )→ 1,

where the splitting is given by the section s. Since s(Up) gets mapped to the point
p by φ, π1(C0

Up
) gets killed in π1(X0). Hence

im[π1(C0
u)→ π1(X0)] = im[π1(C0

Up
)→ π1(X0)].

Since CUp
→ X is dominant, im[π1(C0

Up
) → π1(X0)] has finite index in π1(X0).

We are done if the image is π1(X0). Otherwise the image corresponds to a non-
trivial covering Z0 → X0 and φp factors through Z0. This, however, contradicts
the Lefschetz condition.

A more detailed consideration of the above argument shows that (8.12) is
equivalent to the following weaker Lefschetz-type conditions:

1. The generic fiber of CU → X is geometrically irreducible, and
2. for general x ∈ X, Ux is geometrically irreducible and CUx

→ X is domi-
nant.

In positive characteristic the above argument has a problem with the claim
that something is “topologically a locally trivial fiber bundle” and indeed the two
versions are not quite equivalent. In any case, the purely algebraic version of (8.3)
works better for us.

9. Descending from Fq2 to Fq

Our methods so far constructed rational curves on hypersurfaces over Fq for
q � 1. Even for cubics, the resulting bounds on q are huge. The aim of this section
is to use the third intersection point map to construct rational curves on cubic
hypersurfaces over Fq from rational curves on cubic hypersurfaces over Fq2 . The
end result is a proof of (1.1). The price we pay is that the degrees of the rational
curves become larger as q gets smaller.
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9.1 (Descent method). Let X be a cubic hypersurface, C a smooth curve and
φ : C(Fq)→ X(Fq) a map of sets.

Assume that for each p ∈ C(Fq) there is a line Lp through φ(p) which inter-
sects X in two further points s(p), s′(p). These points are in Fq2 and we assume
that none of them is in Fq, hence s(p), s′(p) are conjugate over Fq. This gives a
lifting of φ to φ2 : C(Fq) → X(Fq2) where φ2(p) = s(p). (This involves a choice
for each p but this does not matter.)

Assume that over Fq2 there is an extension of φ2 to Φ2 : C → X. If Φ̄2 denotes
the conjugate map, then Φ̄2(p) = s′(p).

Applying the third intersection point map (3.5) to the Weil restriction (3.8)
we get an Fq-map

h : RFq2/Fq
C → X.

Since C is defined over Fq, the Weil restriction has a diagonal

j : C ↪→ RFq2/Fq
C

and Φ := h ◦ j : C → X is the required lifting of φ.
Thus, in order to prove (1.1), we need to show that

1. (1.1) holds for q � 1, and
2. for every x ∈ X(Fq) there is a line L as required.

Remark 9.2. In trying to use the above method over an arbitrary field K, a
significant problem is that for each point p we get a degree 2 field extension
K(s(p))/K but we can use these only if they are all the same. A finite field
has a unique extension of any given degree, hence the extensions K(s(p))/K are
automatically the same.

There are a few other fields with a unique degree 2 extension, for instance
R, Q((t)) or Fp((t)) for p �= 2.

If we have only 1 point p, then the method works over any field K. This is
another illustration that the 1 point case is much easier.

In the finite field case, the method can also deal with odd degree points of C
but not with even degree points.

9.3 (Proof of (9.1.1)). We could just refer to (8.11) or to [KS03, Thm.2], but I
rather explain how to prove the 2 point case using (8.6) and the above descent
method.

Fix c, c′ ∈ C(Fq). By (8.6), there is an open subset Y 0 ⊂ X × X such that
the following holds

(∗) If Fqm ⊃ Fq is large enough then for every (x, x′) ∈ Y 0(Fqm) there is an
Fqm -map Ψ : C → X such that Ψ(c) = x and Ψ(c′) = x′.

Assume now that we have any x, x′ ∈ X(Fqm). If we can choose the lines
L through x and L′ through x′ such that (s(x), s(x′)) ∈ Y 0, then the descent
method produces the required extension Ψ : C → X over Fqm .

By the Lang-Weil estimates, Y 0(Fqm) has about q2nm points. If, for a line L
through x, one of the other two points of X∩L is in Fqm then so is the other point.
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Thus we have about 1
2qnm lines where s(x), s′(x) are in X(Fqm). Accounting for

the lines tangent to X gives a contribution O(q(n−1)m). Thus about 1
4 of all line

pairs (L, L′) work for us.

The proof of (9.1.2) is an elaboration of the above line and point counting
argument.

Lemma 9.4. Let X ⊂ Pn+1 be a normal cubic hypersurface and p ∈ X(Fq) a
smooth point. Assume that n ≥ 1 and q ≥ 8. Then

1. either there is a line defined over Fq through p but not contained in X that
intersects X in two further smooth points s, s′ ∈ X(Fq2) \X(Fq),

2. or projecting X from p gives an inseparable degree 2 map X ��� Pn. In
this case q = 2m and X is singular.

Proof. Start with the case n = 1. Thus C := X is plane cubic which we allow to
be reducible.

Consider first the case when C = L∪Q a line through p and a smooth conic
Q. There are q +1 Fq-lines through p, one is L and at most 2 of them are tangent
to Q, unless projecting Q from p is purely inseparable. If all the remaining q − 2
lines intersect Q in two Fq-points, then Q has 2 + 2(q − 2) = 2q − 2 points in Fq.
This is impossible for q > 3. In all other reducible cases, C contains a line not
passing through p. (Since C is smooth at p, C can not consist of 3 lines passing
through p.)

Assume next that C is irreducible and smooth. If projection from p is sepa-
rable, then at most 4 lines through p are tangent to C away from p and one is
tangent at p. If all the remaining q− 4 lines intersect C in two Fq-points, then C
has 5 + 2(q − 4) = 2q − 3 points in Fq. For q ≥ 8 this contradicts the Hasse-Weil
estimate #C(Fq) ≤ q + 1 + 2

√
q. The singular case works out even better.

Now to the general case. Assume that in affine coordinates p is the origin and
write the equation as

L(x1, . . . , xn+1) + Q(x1, . . . , xn+1) + C(x1, . . . , xn+1) = 0.

Let us show first that there is a line defined over Fq through p but not contained
in X that intersects X in two further smooth points s, s′.

If the characteristic is 2, then projection from p is inseparable iff Q ≡ 0. If
Q is not identically zero, then for q ≥ 3 there are a1, . . . , an+1 ∈ Fq such that
(L·Q)(a1, . . . , an+1) �= 0. The corresponding line intersects X in 2 further distinct
points, both necessarily smooth.

If the characteristic is �= 2, then the line corresponding to a1, . . . , an+1 ∈
Fq has a double intersection iff the discriminant Q2 − 4LC vanishes. Note that
Q2 − 4LC vanishes identically only if X is reducible. Thus, for q ≥ 5 there
are a1, . . . , an+1 ∈ Fq such that (L · (Q2 − 4LC))(a1, . . . , an+1) �= 0. As before,
the corresponding line intersects X in 2 further distinct points, both necessarily
smooth.

It is possible that for this line s, s′ ∈ X(Fq2) \X(Fq) and we are done. If not
then s, s′ ∈ X(Fq). We can choose the line to be (x1 = · · · = xn = 0) and write
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s = (0, . . . , 0, sn+1) and s′ = (0, . . . , 0, s′n+1). Our aim now is to intersect X with
the planes

P (a1, . . . , an) := 〈(0, . . . , 0, 1), (a1, . . . , an, 0)〉

for various a1, . . . , an ∈ Fq and show that for one of them the intersection does
not contain a line not passing through p. Then the curve case discussed above
finishes the proof.

Set x′
n+1 = xn+1 − sn+1. At s the equation of X is

Ls(x1, . . . , x
′
n+1) + Qs(x1, . . . , x

′
n+1) + Cs(x1, . . . , x

′
n+1) = 0.

Since X is irreducible, Ls does not divide either Qs or Cs. Ls contains x′
n+1 with

nonzero coefficient since the vertical line has intersection number 1 with X. We
can use Ls to eliminate x′

n+1 from Qs and Cs. As we saw, one of these is nonzero,
let it be Bs(x1, . . . , xn). Similarly, at s′ we get B′

s(x1, . . . , xn).
If X∩P (a1, . . . , an) contains a line through s (resp. s′) then Bs(a1, . . . , an) =

0 (resp. B′
s(a1, . . . , an) = 0). Thus we have the required (a1, . . . , an), unless Bs ·B′

s

is identically zero on Pn−1(Fq). This happens only for q ≤ 5.

Exercise 9.5. Let H(x1, . . . , xn) be a homogeneous polynomial of degree d. If H
vanishes on Fn

q and q ≥ d then H is identically zero.

Exercise 9.6. Set F (x0, . . . , xm) =
∑

i
=j x2n

i xj . Show that F vanishes on Pm(F2n)
and for m odd it defines a smooth hypersurface.
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Abstract. A. Weil proved that the geometric Frobenius π = F a of an

abelian variety over a finite field with q = pa elements has absolute value√
q for every embedding. T. Honda and J. Tate showed that A �→ πA

gives a bijection between the set of isogeny classes of simple abelian
varieties over Fq and the set of conjugacy classes of q-Weil numbers.

Higher-dimensional varieties over finite fields,
Summer school in Göttingen, June 2007

Introduction

We could try to classify isomorphism classes of abelian varieties. The theory
of moduli spaces of polarized abelian varieties answers this question completely.
This is a geometric theory. However in this general, abstract theory it is often
not easy to exhibit explicit examples, to construct abelian varieties with required
properties.

A coarser classification is that of studying isogeny classes of abelian varieties. A
wonderful and powerful theorem, the Honda-Tate theory, gives

a complete classification of isogeny classes of abelian varieties over a finite field,

see Theorem 1.2.
The basic idea starts with a theorem by A. Weil, a proof for the Weil conjec-

ture for an abelian variety A over a finite field K = Fq, see 3.2:

the geometric Frobenius πA of A/K is an algebraic integer
which for every embedding ψ : Q(πA)→ C has absolute value | ψ(πA) |= √q.

For an abelian variety A over K = Fq the assignment A 
→ πA associates to A its
geometric Frobenius πA; the isogeny class of A gives the conjugacy class of the
algebraic integer πA, and

conversely an algebraic integer which is a Weil q-number
determines an isogeny class, as T. Honda and J. Tate showed.
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Geometric objects are constructed and classified up to isogeny by a simple alge-
braic invariant. This arithmetic theory gives access to a lot of wonderful theorems.
In these notes we describe this theory, we give some examples, applications and
some open questions.

Instead of reading these notes it is much better to read the wonderful and clear
[73]. Some proofs have been worked out in more detail in [74].

In §§ 1 ∼ 15 material discussed in the course is described. In the appendices §§
16 ∼ 22 we have gathered some information we need for statements and proofs
of the main result. I hope all relevant notions and information needed for under-
standing the main arguments of these notes can be found in the appendices.

Material discussed below will be contained eventually in [GM]. That book by G.
van der Geer and B. Moonen can be used as a reference for all material we need,
and for all results we discuss. However, as a final version of this book is not yet
available, we also give other references. In referring to [GM] we will usually not
be precise as the final numbering can be different from the one available now.

Further recommended reading:
Abelian varieties: [47], [35], [15] Chapter V.
Honda-Tate theory: [73], [29], [74].
Abelian varieties over finite fields: [72], [75], [77], [64].
Group schemes: [62], [49].
Endomorphism rings and endomorphism algebras: [68], [24], [72], [75], [54].
CM-liftings: [56], [11].

Contents:
§§ 1 – 13: material for this course,
§§ 14, 15: examples and exercises,
§§ 16 – 21: appendices giving definitions and background,
§ 22: questions and open problems.

Some notation. In definitions and proofs below we need various fields, in various
disguises. We use K, L, M, P, k, Fq, Fp = F, P, m.

We write K for an arbitrary field, usually the base field, in some cases of
arbitrary characteristic, however most of the times a finite field. We write k for an
algebraically closed field. We write g for the dimension of an abelian variety, unless
otherwise stated. We write p for a prime number. We write � for a prime number,
which usually is different from the characteristic of the base field, respectively
invertible in the sheaf of local rings of the base scheme. We write F = Fp. We use
the notation M for a field, sometimes a field of definition for an abelian variety
in characteristic zero.

We will use L as notation for a field, usually the center of an endomorphism
algebra; we will see that in our cases this will be a totally real field or a CM-field.
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We write P for a CM-field, usually of degree 2g over Q. We write P for a prime
field: either P = Q or P = Fp.

A discrete valuation on a base field usually will be denoted by v, whereas a
discrete valuation on a CM-field usually will be denoted by w. If w divides p, the
normalization chosen will be given by w(p) = 1.

For a field M we denote by ΣM the set of discrete valuations (finite places) of
M . If moreover M is of characteristic zero, we denote by Σ(p)

M the set of discrete
valuations with residue characteristic equal to p.

We write lim←i for the notion of “projective limit” or “inverse limit”.
We write colimi→ for the notion of “inductive limit” or “direct limit”.

1. Main topic/survey

1.1. Definition. Let p be a prime number, n ∈ Z>0; write q = pn. A Weil q-number
π is an algebraic integer such that for every embedding ψ : Q(π)→ C we have

| ψ(π) | =
√

q.

We say that π and π′ are conjugated if there exists an isomorphism Q(π) ∼= Q(π′)
mapping π to π′.
Notation: π ∼ π′.
Equivalently: the minimum polynomials of π and π′ over Q are equal. We write
W (q) for the set conjugacy classes of Weil q-numbers.

In this definition | · | denotes the complex absolute value given by | a + b
√−1 |=√

a2 + b2 for a, b ∈ R. We will show that for any Weil q-number π there exists an
element π = ρ(π) ∈ Q(π) such that for any ψ : Q(π)→ C the number ψ(π) is the
complex conjugate of ψ(π); moreover we show that π·π = q.

As Weil proved, we will see that the geometric Frobenius πA, see 3.1, of a simple
abelian variety over the finite field Fq is a Weil q-number, see Theorem 3.2. We
will see that

A ∼ B ⇒ πA ∼ πB ,

i.e. abelian varieties defined over the same finite field K isogenous over K define
conjugated Weil numbers. We will write

{ simple abelian variety over K}/ ∼K =: M(K, s)

for the set of isogeny classes of simple abelian varieties over K.

1.2. Theorem (Honda, Serre and Tate). Fix a finite field K = Fq. The assignment
A 
→ πA induces a bijection

{simple abelian variety over K}/ ∼K=M(K, s) ∼−→ W (q), A 
→ πA
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from the set of K-isogeny classes of K-simple abelian varieties defined over K
and the set W (q) of conjugacy classes of Weil q-numbers.
See [73].

The fact

• that the map is defined follows by Weil,
• the map is injective by Tate, and
• surjective by Honda and Tate.

This map will be denoted by

W :M(K, s) −→ W (q).

This theorem will be the main topic of these talks. We encounter various notions
and results, which will be exposed below (sometimes in greater generality than
strictly necessary to understand this beautiful theorem).

1.3. Definition. We say that a Weil q-number π is effective if there exists an
abelian variety A simple over Fq such that π ∼ πA. I.e. π is effective if it is in the
image of the map W : A 
→ πA/ ∼.

We indicate the steps in a proof of 1.2, which will be elaborated below. Write
K = Fq, with q = pn.

ONE (Weil) For a simple abelian variety A over a finite field K = Fq the Weil
conjecture implies that πA is a Weil q-number, see Section 3, especially Theorem
3.2. Hence the map

{simple abelian variety over K} −→ W (K), A 
→ πA

is well-defined.

TWO (Tate) For simple abelian varieties A, B defined over a finite field we
have:

A ∼ B ⇐⇒ πA ∼ πB .

See 5.3. Note that A ∼ B only makes sense if A and B are defined over the
same field. Note that πA ∼ πB implies that A and B are defined over the same
finite field. This shows that the map W : M(Fq, s) → W (q) is well-defined and
injective. See Sections 4, 5, especially Theorem 5.3.

THREE (Honda) Suppose given π ∈ W (q). There exists a finite extension
K = Fq ⊂ K ′ := FqN and an abelian variety B′ over K ′ with πN = πB′ .
See [29], Theorem 1. This step says that for every Weil q-number there exists
N ∈ Z>0 such that πN is effective. See Section 10 , especially Theorem 10.4.
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FOUR (Tate) If π ∈ W (q) and there exists N ∈ Z>0 such that πN is effective,
then π is effective. See Section 10, especially 10.5 - 10.9.

This result by Honda plus the last step shows that (A mod ∼) 
→ (πA mod ∼)
is surjective.

These four steps together show that the map

W : {simple abelian variety over K}/ ∼K = M(K, s) ∼−→ W (q)

is bijective, thus proving the main theorem of Honda-Tate theory.

In 1966/1967 Serre wrote a letter to Tate in which he explained a proof of the
Manin conjecture; see Section 11. That method proved the surjectivity result
proved by Honda. Therefore, sometimes the theory discussed here can be called
the Honda-Serre-Tate theory. As Serre’s proof was never published we can also
use the terminology Honda-Tate theory.

We will see several examples. Here are three special cases, which we mention now
in order to convey the flavor of the aspects we will encounter.

1.4. Motivation/Some examples. See 15.5. Consider the following examples.
(1) Choose q = pn, and choose i ∈ Z>0. Let π := ζi·√q, where ζi is a primitive
i−th root of unity.
(2) Choose coprime positive integers d > c > 0, and choose p. Let π be a zero of

T 2 + pcT + pd+c.

(3) Let β :=
√

2 +
√

3, and q = pn. Let π be a zero of

T 2 − βT + q.

In all these cases we see that π is a Weil q-number. How can we see that these
numbers are the Weil number belonging to an isogeny class of an abelian variety
simple over Fq? Using Theorem 1.2 this follows; however these examples might
illustrate that this theorem is non-trivial. If such an isogeny class exists what is
the dimension of these abelian varieties? How can we compute this dimension?
What are the p-adic properties of such an abelian variety? See 5.4, 5.5.

2. Weil numbers and CM-fields

2.1. Definition. A field L is said to be a CM-field if

• L is a finite extension of Q (i.e. L is a number field),
• there is a subfield L0 ⊂ L such that L0/Q is totally real, i.e. every ψ0 :

L0 → C gives ψ0(L0) ⊂ R, and
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• L/L0 is quadratic totally imaginary, i.e. [L : L0] = 2 and for every ψ : L→
C we have ψ(L) �⊂ R.

Remark. The quadratic extension L/L0 gives an involution ρ ∈ Aut(L/L0). For
every embedding ψ : L→ C this involution on a CM-field L corresponds with the
restriction of complex conjugation on C to ψ(L).

2.2. Proposition. Let π be a Weil q-number.

(R) Either for at least one ψ : Q(π)→ C we have ψ(π) ∈ R; in this case we have:
(Re) n is even,

√
q ∈ Q, and π = +pn/2, or π = −pn/2, or

(Ro) n is odd,
√

q ∈ Q(
√

p), and ψ(π) = ±pn/2.
In particular in case (R) we have ψ(π) ∈ R for every ψ.

(C) Or for every ψ : Q(π) → C we have ψ(π) �∈ R (equivalently: for at least one
ψ we have ψ(π) �∈ R). In case (C) the field Q(π) is a CM-field.

See 15.9, where we explain these cases in the Honda-Tate theory.

Proof. The claims in (R) follow from the fact that ±pn/2 are precisely those real
numbers with absolute value, taken in C, are equal to

√
q.

If at least one embedding ψ gives ψ(π) �∈ R, then we are not in case (R),
hence all embeddings have this property. Then

ψ(π)·ψ(π) = q.

Write β := π + q
π . Then for every ψ we have

ψ(β) = ψ(π) + (q/ψ(π)) =
q

ψ(π)
+ ψ(π) = ψ(β).

Hence L0 := Q(β) is totally real. For any Weil q-number π with ψ(π) �∈ R we
have

β := π +
q

π
, (T − ψ(π))(T − ψ(π) ) = T 2 − βT + q ∈ Q(β)[T ].

In this case ψ(π) �∈ R for every ψ, and L0 := Q(β) is totally real and L/L0 is
totally complex. Hence L is a CM-field. �

2.3. Remark. We see a characterization of Weil q-numbers:

β := π +
q

π
is a totally real integer,

and either π =
√

q ∈ R or π is a zero of

T 2 − β·T + q, with | ψ(β) |< 2
√

q for any ψ : Q(β)→ R.

Using this it is easy to construct Weil q-numbers, see Section 15 for some examples.
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3. The Weil conjecture for abelian varieties over a finite field

3.1. The geometric Frobenius. For a scheme A→ S over a base S → Spec(Fp) in
characteristic p there is the relative Frobenius

FA/S : A −→ A(p);

see 21.2. If moreover A/S is a group scheme this is a homomorphism. If S =
Spec(Fpn) there is a canonical identification A(pn) ∼=S A, and we define:

πA :=
(

A
FA/S−→ A(p)

F
A(p)/S−→ A(p2) −→ · · · −→ A(pn) = A

)
.

This endomorphism is called the geometric Frobenius of A/Fpn . Sometimes we
will write (in abused notation) “ πA = Fn ”.

3.2. Theorem (Weil). Let A be a simple abelian variety over K = Fq; consider
the endomorphism πA ∈ End(A), the geometric Frobenius of A/Fq. The alge-
braic number πA is a Weil q-number, i.e. it is an algebraic integer and for every
embedding ψ : Q(πA)→ C we have

| ψ(π) | =
√

q.

See [78], page 70; [79], page 138; [47], Theorem 4 on page 206. Using the following
two propositions we give a proof of this theorem.

3.3. Proposition. For any polarized abelian variety A over a field the Rosati-
involution † : D → D := End0(A) is positive definite bilinear form on D, i.e. for
any non-zero x ∈ D we have Tr(x·x†) > 0. �
See [47], Th. 1 on page 192, see [15], Th. 17.3 on page 138. For the notation D
and for the notion of the Rosati involution defined by a polarization, see Section
16, in particular 16.3 and 16.5.

3.4. Proposition. For a simple abelian variety A over K = Fq we have

πA·(πA)† = q.

Here † : D → D := End0(A) is the Rosati-involution.

One proof can be found in [47], formula (i) on page 206; also see [15], Coroll. 19.2
on page 144.

Another proof of 3.4 can be found in 5.21, 7.34 and Section 15 of [GM]. To this
end we study Verschiebung, see 21.3, defined for commutative flat group schemes
over a base in characteristic p. The (relative) Frobenius and the Verschiebung
homomorphism for abelian varieties are related by two properties:

for any abelian variety B we have
(
B

F−→ B(p) V−→ B
)

= p,
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also V ·F = p·1B(p) , and

(
FB/S : B → B(p)

)t

=
(
VBt/S : (B(p))t → Bt

)
;

see 21.10. For the definition of the dual abelian scheme, and for the notation At

see 16.2. From this we see that

πAt · (πA)t =
(
F(At)(pn−1) · · ·FAt

) (
FA(pn−1) · · ·FA

)t =

= F(At)(pn−1)

(· · · (F(At)(p) (FAt · VAt)V(At)(p)

) · · · )V(At)(pn−1) = pn = q.

In abused notation we could write: πAt · (πA)t = Fn·(Fn)t = Fn·V n = pn. �3.4

3.5. We give a proof of 3.2 using 3.4 and 3.3. We use that L = Q(πa) is the center
of D, see 5.4 (1). Hence † on D induces an involution on L. Hence † induces an
involution †R on L ⊗Q R. This algebra is a finite product of copies of R and of
C. Using 3.3 we conclude that the involution †R is a positive definite R-linear
involution on this product. We see that this implies that †R is the identity on
every real factor, stabilizes every complex factor, and is the complex conjugation
on those factors. Conclusion:

∀x ∈ L, ∀ ψ : L→ C ⇒ ψ(x†) = ψ(x).

Hence

q = ψ(q) = ψ
(
πA·(πA)†

)
= ψ(πA)·ψ(πA).

Hence

| ψ(πA) | =
√

q.

�3.2

3.6. Definition/Notation. Let A be a simple abelian variety over K = Fq. We
have seen that πA ∈ End(A) =: D. As A is simple, D is a division algebra, and
Q(πA) ⊂ D is a number field (a finite extension of Q). We have seen that πA is a
Weil q-number. We will say that πA is the Weil q-number attached to the simple
abelian variety A.

3.7. Simple and absolutely simple. We give an example of an abelian variety A
over a field which is K-simple, such that for some extension K ′ ⊃ K the abelian
variety A⊗K ′ is not simple, i.e. A is not absolutely simple.

Choose q = pn. Let i ∈ Z>0, and let ζ = ζi be a primitive i-th root of unity.
Define π = ζ·√q. Clearly π is a Weil q-number. Using Th. 1.2, we know there
exists an abelian variety A over K, which is simple such that πA ∼ π. Assume
i > 2; note that for any N which is a multiple of 2i we have Q = Q(πN ) � Q(π).
We will see: in this case g := dim(A) > 1, and A⊗ FqN ∼ (E ⊗ FqN )g where E is
a supersingular curve defined over Fp. Hence in this case A is not K-simple.
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3.8. Remark/Definition. We say that an abelian variety A over a field K is isotypic
if there exists an abelian variety B simple over K and an isogeny A ∼ Bμ for
some μ ∈ Z>0; in this case we will define πA := πB ; note that fA = (fB)μ (for
the definition of fA see 16.8).

We have just seen that the property “ A is simple ” can get lost under a field
extension. However

if A is isotypic over K and Fq = K ⊂ K ′ is an extension then A⊗K ′ is isotypic;

see 10.8.

Moreover, if K is a finite field and [K ′ : K] = N then (πA)N = πA⊗K′ ,

i.e. the formation A 
→ πA commutes under base extension with exponentiation
as explained.

4. Abelian varieties with CM

4.1. smCM We say that an abelian variety X over a field K admits suffi-
ciently many complex multiplications over K, abbreviated by “smCM over K”, if
End0(X) contains a commutative semi-simple subalgebra of rank 2·dim(X) over
Q.

Equivalently: for every simple abelian variety Y over K which admits a non-
zero homomorphism to X the algebra End0(Y ) contains a field of degree 2·dim(Y )
over Q.

If no confusion is possible we say “A admits smCM” omitting “over K”.
However we should be careful; it is possible that A, defined over K, does not
admit smCM, but that there exists a field extension K ⊂ K ′ such that A⊗K K ′

admits smCM (over K ′).

Equivalently. Suppose A ∼ ΠBi, where each of the Bi is simple. We say that A
admits smCM, if every End0(Bi) contains a CM-subfield of degree 2·dim(Bi) over
Q.

For other characterizations, see [18], page 63 and [44], page 347.

4.2. Note that if a simple abelian variety A of dimension g over a field of char-
acteristic zero admits smCM then its endomorphism algebra L = End0(X) is a
field, in fact a CM-field of degree 2g over Q; see 5.9. We will use he notion “CM-
type” in the case of an abelian variety A over C which admits smCM, and where
the type is given, i.e. the action of the endomorphism algebra on the tangent
space tA,0

∼= Cg is part of the data, see 13.1. See 13.12: we do use CM-types in
characteristic zero, but we do not define (and we do not use) such a notion over
fields of positive characteristic.

Note that there exist (many) abelian varieties A admitting smCM defined
over a field of positive characteristic, such that End0(A) is not a field.
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We could use the terminology “A has complex multiplication” to denote the cases
with End(A) � Z. However this could be misleading, and in these notes we will
not use this terminology.

It can be proved that if a simple abelian variety A admits smCM in the sense
defined above, then D = End0(A) contains a CM-field of degree 2·dim(A) over
Q. Note that a field E with E ⊂ End0(A) and [E : Q] = 2·dim(A) however need
not be a CM-field; see 15.7.

Terminology. Let ϕ ∈ End0(A). Then dϕ is a K-linear endomorphism of the
tangent space of A at 0 ∈ A. See 16.9. If the base field is K = C, this is just
multiplication by a complex matrix x. Suppose A(C) ∼= Cg/Λ where Λ is a lattice
in Cg. For ϕ ∈ End0(A) the linear map dϕ leaves Λ ⊂ Cg invariant. Conversely
any complex linear map complex linear map x : Cg → Cg leaving invariant Λ
defines an endomorphism ϕ of A with x = dϕ.

Consider g = 1, i.e. A is an elliptic curve and ϕ ∈ End(A). If ϕ �∈ Z then
x ∈ C and x �∈ R. Therefore an endomorphism of an elliptic curve over C which
is not in Z can be called “a complex multiplication”. Later this terminology was
extended to all abelian varieties.

Warning. Sometimes the terminology “an abelian variety with CM” is used, when
one wants to say “admitting smCM”; we will not adopt that confusing termi-
nology. An elliptic curve E has End(E) � Z if and only if it admits smCM.
However it is easy to give an abelian variety A which “admits CM”, meaning
that End(A) � Z, such that A does not admit smCM. However we will use the
terminology “a CM-abelian variety” for an abelian variety which admits smCM.

It can happen that an abelian variety A over a field K does not admit smCM,
and that A⊗K ′ does admit smCM.

4.3. Exercise. Show that for any elliptic curve E defined over Q we have End(E) =
Z.

Show there exists an abelian surface A over Q with Z �= End(A) = End(A⊗
Q).

Show there exists an abelian variety A over a field k such that Z � End(A)
and such that A does not admit smCM.
See 15.6, 18.10.

4.4. Remark. An abelian variety over a field of characteristic zero which admits
smCM is defined over a number field. See [69], Proposition 26 on page 109. Also
see [51].

We will see that a theorem of Tate, see Theorem 5.4 implies that an abelian
variety defined over a finite field does admit smCM. By Grothendieck we know
that an abelian variety which admits smCM up to isogeny is defined over a finite
field, see 4.5.

4.5. Remark. The converse of Tate’s result 5.4 (2) is almost true; see 5.7.
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It is easy to give an example of an abelian variety, over a field of characteristic
p, with smCM which is not defined over a finite field. E. g. see 5.8.

4.6. Lemma. Let K be a field, and let A be an abelian variety simple over K which
admits smCM. Choose a CM-field P with [P : Q] = 2·dim(A) inside End0(A).
(This is possible by Lemma 10.1.) Then there exists a K-isogeny A ∼K B such
that OP ↪→ End(B), where OP is the ring of integers of P . �See [80], page 308.

In [80] we also find: if A in positive characteristic admits smCM by a CM-field L,
and the ring of integers OL is contained in End(A) then A can be defined over a
finite field, see [80], Th. 1.3. This gives a new proof of Theorem 4.5, see [80], Th.
1.4.

4.7. Definition CM-type. Let P be a CM-field of degree 2g. Let C be an al-
gebraically closed field of characteristic zero. The set Hom(P, C) has 2g ele-
ments. For any ϕ : P → C the homomorphism ϕ·ρ is different from ϕ. A subset
Φ ⊂ Hom(P, C) is called a CM-type for P if Hom(P, C) = Φ

∐
ρ(Φ). Equivalently:

For every ϕ : P → C either ϕ ∈ Φ or ϕ·ρ ∈ Φ.

4.8. Let A be an abelian variety simple over C which admits smCM. Let
P = End0(A). This is a CM-field of degree 2·dim(A). The action of P on the
tangent space tA,0 splits as a direct sum of one-dimensional representations (as
P is commutative and C is algebraically closed of characteristic zero). Hence this
representation is given by Φ = {ϕ1, · · · , ϕg}. One shows this is a CM-type (i.e.
these homomorphisms ϕi : P → C are mutually different and either ϕ ∈ Φ or
ϕ·ρ ∈ Φ). For the converse construction see 19.6.

5. Tate: The structure of End0(A): abelian varieties over finite fields.

Main references: [72], [73]. Also see the second printing of [47], especially Appendix
1 by C. P. Ramanujam.

5.1. For a simple abelian variety over a field K the algebra End0(A) is a division
algebra. By the classification of Albert, see 18.2, we know the structure theorem
of such algebras 18.4. Moreover, as Albert, Shimura and Gerritzen showed, for
any algebra D in the list by Albert, and for any characteristic, there is an abelian
variety having D as endomorphism algebra. However over a finite field not all
types do appear, there are restrictions; see 2.2, 15.9.

For an element β ∈ Q we write IrrQ(β) = Irr(β) ∈ Q[T ] for the irreducible, monic
polynomial having β as zero, the minimum polynomal of β.

5.2. Tate described properties of the endomorphism algebra of a simple abelian
variety over K = Fq, with q = pn. We write πA for the geometric Frobenius
of A, and fA = fA,πA

for the characteristic polynomial of πA. We write Write
IrrQ(πA) = Irr(πA) ∈ Z[T ] for the minimum polynomial of πA over Q. For the
definition of a characteristic polynomial of an endomorphism, see 16.8.
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The following theorems are due to Tate; these results (and much more) can
be found: [72], Theorem 1 on page 139, [72], Theorem 2 on page 140 and [73], Th.
1 on page 96, [47], Appendix 1.

5.3. Theorem (Tate). Let A be an abelian variety over the finite field K = Fq.
The characteristic polynomial fA,πA

= fA ∈ Z[T ] of πA ∈ End(A) is of degree
2· dim(A), the constant term equals qdim(A) and fA(πA) = 0.

If an abelian variety A is K-simple then fA is a power of the minimum
polynomial Irr(πA) ∈ Z[T ].

Let A and B be abelian variety over K = Fq. Then:

A is K-isogenous to an abelian subvariety of B iff fA divides fB.

In particular

A ∼K B ⇐⇒ fA = fB .

Remark. Note that for an abelian variety A over a finite field the characteristic
polynomial fA of πA ∈ End(A) is a power of an irreducible polynomial then A is
isotypic (not necessarily simple); it seems that a statement in [74] in Th. 1.1 of
“The theorem of Honda and Tate” needs a small correction on this point.

For an abelian variety A over a field the endomorphism algebra End0(A) is a
semi-simple ring. If moreover A is K-simple, then D = End0(A) is a division ring
(hence a simple ring).

5.4. Theorem (Tate). Suppose A is a simple abelian variety over the finite field
K = Fq.
(1) The center of D := End0(A) equals L := Q(πA).
(2) Moreover

2g = [L : Q]·
√

[D : L],

where g is the dimension of A. Hence: every abelian variety over a finite field
admits smCM. See 4.1. We have:

fA = (Irr(πA))
√

[D:L]
.

(3)

Q ⊂ L := Q(πA) ⊂ D = End0(A).

The central simple algebra D/L

• does not split at every real place of L,
• does split at every finite place not above p.
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• For a discrete valuation w of L with w | p the invariant of D/L is given by

invw(D/L) =
w(πA)
w(q)

·[Lw : Qp] mod Z,

where Lw is the local field obtained from L by completing at w. Moreover

invw(D/L) + invw(D/L) = 0 mod Z,

where w = ρ(w) is the complex conjugate of w.

5.5. Corollary/Notation. Using Brauer theory, see Section 17, and using this the-
orem by Tate we see that the structure of D follows once π = πA is given. In
particular the dimension g of A follows from π. We will say that D is the algebra
determined by the Weil number π.
For a given Weil q-number the division algebra with invariants as described by
the theorem will be denoted by D = D(π). We write e(π) = [Q(π) : Q], and
r(π)2 = [D(π) : Q(π)] and g(π) = e(π)·r(π)/2.
Note that g(π) ∈ Z. Indeed, in case (Re) we have e = 1, r = 2. In all other cases
we have that e is even. See 15.9.

5.6. Corollary. Let A be an abelian variety over a finite field. Then A admits
smCM.
It suffices to show this in case A is simple. A splitting field of the central simple
algebra Q(πA) = L ⊂ D = End0(A) is a field of degree 2g, where g = dim(A). �

Note that this splitting field in general need not be, but can can be chosen to be
a CM-field, see 10.1.
The converse of this corollary is almost true.

5.7. Theorem (Grothendieck). Let K be a field with prime field P. Let A be an
abelian variety over K which admits smCM (over K). Write k = K. There exists
an isogeny B ∼ A⊗K k such that B is defined over a finite extension of P.
See [51], [80], Th. 1.4. Note that if char(K) = 0 any abelian variety with smCM
is defined over a finite extension of P = Q, i.e. over a number field, see [69], Prop.
26 on page 109. However in positive characteristic there are examples where this
is not the case.

5.8. An easy example. There exists a non-finite field K, and an abelian variety
A over K which admits smCM, such that A cannot be defined over a finite field.
In this case there does not exist a CM-lift of A to characterisitc zero.
Indeed, choose any abelian variety B over a finite field K ′ such that (αp × αp) =
N ⊂ B. One can take for B the product of two supersingular elliptic curves. More
generally one can take any abelian variety C over F = Fp with f(C) ≤ g − 2;
there exists a finite field K ′ and an abelian variety B/K ′ having the property
required above such that BF is in the F-isogeny class of C. Choose K = K ′(t).
Let (1, t) : αp → NK . Define A = BK/(1, t)(αp). Show that A cannot be defined
over a finite field. Observe that B admits smCM by [72], see [73], Th. 1 (2);
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hence A admits smCM. A CM-lifting of A is defined over a number field, by [69],
Prop. 26 on page 109; this would show that A can be defined over a finite field,
a contradiction.

We will see that the idea of the example above is the basis for a proof of Th. 12.4.

5.9. Remark/Exercise. Let A be an abelian variety of dimension g simple over a
field K. Write D = End0(A).
(1) If char(K) = 0 and A admits smCM then D is a field.
(2) If K is finite and the p-rank f = f(A) satisfies f ≥ g − 1, “A is ordinary or
A is almost ordinary”, then D is commutative; e.g. see [54], Proposition 3.14.
(3) There are many examples where K is finite, f(A) < g − 1, and D is not
commutative.
(4) There are many examples of a simple abelian variety over a field k, with either
char(k) = 0 or char(k) = p and A ordinary such that D is not commutative; see
18.4

5.10. Lemma. Let M be a field, and π ∈M sep be a separable algebraic element over
M . Let N ∈ Z>0. Let M ′/M be the Galois closure over M(π)/M . Let {γ1, · · · , γe}
be the set of conjugates of π in M ′. Then:

M(πN ) � M(π) ⇐⇒ ∃z, i, j : 1 �= z ∈M ′, 1 ≤ i < j ≤ e, zN = 1,
γj/γi = z.

I thank Yuri Zarhin for drawing my attention to this fact.
Proof. Note that #({γ1, · · · , γe}) = [M(π) : M ]. As [M(πN ) : M ] equals the
number of mutually different elements in {γN

1 , · · · , γN
e } the result follows. �

5.11. Proposition. Let A be an abelian variety simple over a finite field K. Let
N ∈ Z>0 and [K ′ : K] = N . Then

End(A) � End(A⊗K ′) ⇐⇒ M(πN ) � M(π).

Note that the last condition is described in the previous lemma.
Proof. Note that End(A⊗K ′)/End(A) is torsion free. Hence End(A) � End(A⊗
K ′) iff End0(A) � End0(A⊗K ′). Hence this proposition is a corollary of 5.4. �

5.12. Remark. there are two “reasons” (or a combination of both) explaining
End(A) � End(A⊗K ′).

It can happen that (although A is k-simple) A⊗K ′ is not K ′-simple.
It can happen that A ⊗ K ′ is K ′-simple but that under K ⊂ K ′ the endo-

morphism ring gets bigger.
Both cases do appear. For some examples see 15.15, 15.16, 15.19.
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6. Injectivity

6.1. Exercise/Construction. Let K be a field, and let A and B be abelian varieties
over K. Assume there exists an isogeny ϕ : A → B. Choose an integer N > 0
which annihilates (the finite group scheme which is) Ker(ϕ). Show there exists an
isogeny ψ : B → A such that ψ·ϕ = N ·1A. Construct

Φ : End0(A) −→ End0(B), Φ(x) :=
1
N
·ϕ·x·ψ.

(1) Show that Φ is a homomorphism. Construct Ψ by Ψ(y) = ψ·y·ϕ/N . Show
Ψ·Φ = Id and Φ·Ψ = Id. Conclude that

Φ : End0(A) ∼−→ End0(B)

is an isomorphism.
(2) Show that Φ is independent of the choice of ψ and N .
(3) Show that ϕ·ψ = N ·1B.
Remark. Take A = B, and an isogeny ϕ ∈ End(A). We have constructed the
inverse ϕ−1 in End0(A).

6.2. Exercise. Let A ∼ B be a K-isogeny of simple abelian varieties over a fi-
nite field K = Fq; using the construction 6.1 this isogeny gives an isomorphism
Q(πA) ∼= Q(πB). Show that this maps πA tot πB.

6.3. By Theorem 3.2 by Weil we see that for a simple abelian variety A over
K = Fq indeed πA is a Weil q-number. If A and B are K- isogenous, πA and πB

are conjugated. Hence

W : {simple abelian variety over K}/ ∼K −→ W (q), A 
→ πA,

is well-defined.
We have seen in 5.3 (2) that Tate showed that A and B are K-isogenous if

and only if fA = fB . Hence this map W is injective.

7. Abelian varieties with good reduction

References: [48], [12], [67], [63], [6], [53], [13].
This section mostly contains references to known (non-trivial) results.

7.1. Definition. Let A be an abelian variety over a field K. Let v be a discrete
valuation of K. We say that A has good reduction at v if there exists an abelian
scheme A → Spec(Ov) with generic fiber A⊗K ∼= A.

We say that A has potentially good reduction at v if there exist a finite ex-
tension K ⊂ K ′, a discrete valuation v′ over v such that A′ := A⊗K ′ has good
reduction at v′.
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7.2. The Néron minimal model. Let Let A be an abelian variety over a field K.
Let v be a discrete valuation of K. Consider the category of smooth morphisms
Y → Spec(Ov) = S and the contravariant functor on this category given by

Y/S 
→ HomK(Y ×S Spec(K), A).

We say that A → S is the Néron minimal model, abbreviation: Nmm, of A at v
if it represents this functor.

7.3. Theorem (Néron). For every A/K and every v the Néron minimal model of
A at v exists. �
See [48]; see [15], Section VIII.

7.4. Theorem (Chevalley). Let G be a group variety over a perfect field m. (That
is: this is an algebraic group scheme G → Spec(m) which is connected, and
geometrically reduced.) There exists a filtration by subgroup varieties G1 ⊂ G2 ⊂
G over m such that G1 is a torus (i.e. G1 ⊗m is isomorphic with a product of
copies of Gm), G2/G1 is affine, unipotent and G/G2 is an abelian variety.
See [12]; see [13], Th. 1.1 on page 3. �

7.5. Definition. Let A be an abelian variety over a field K. Let v be a discrete
valuation of K. Let A0

kv
be the connected component containing 0 of the special

fiber of the Néron minimal model A. We say that A has stable reduction at v if in
the Chevalley decomposition of A0

kv
the unipotent part is equal to zero. We say A

has potentially stable reduction at v ∈ ΣK if there exist a finite extension K ⊂ K ′,
a discrete valuation v′ over v such that A′ := A⊗K ′ has stable reduction at v′.

7.6. We refer to the literature, especially to [63], for the notions of �-adic rep-
resentations, algebraic monodromy, and the fact that for an abelian variety the
�-adic monodromy at a discrete valuation of the base field is quasi-unipotent.

As a corollaries of these ideas on can prove:

7.7. Theorem (The Néron-Ogg-Shafarevich criterion). Suppose A has stable, re-
spectively good reduction at v and B ∼K A. Then B has stable, respectively good
reduction at v. �

7.8. Theorem (Grothendieck). Every A/K has potentially stable reduction at ev-
ery v ∈ ΣK . �

7.9. Corollary. Let A be an abelian variety over a field K which admits smCM.
At every v ∈ ΣK the abelian variety A has potentially good reduction.
Sketch of a proof. After extending of the base field and choosing v again we
can assume that A has stable reduction at v, where the residue class field of
v is perfect. Up to isogeny we can write A ∼ ∏

Bi, with every Bi simple. By
the Néron-Ogg-Shafarevich criterion we conclude every Bi has stable reduction.
Hence it suffice to show: if A is K-simple + has stable reduction at v + admits
smCM then A has good reduction at v.

LetA be its Nmm, and let G = A0
kv

be the connected component of the special
fiber of A → Spec(Ov). By properties of the Nmm we conclude that End0(A) ⊂
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End(G). Consider the Chevalley decomposition in this case G1 = G2 ⊂ G. Let μ
be the dimension of G1. We obtain homomorphisms

End0(A)→ End(G1), End0(A)→ End(G/G1).

If μ = dim(G1) > 0 it follows that End0(A) → End(G1) ⊂ Mat(μ, Z); it follows
that this homomorphism is injective; given the fact that A admits smCM we derive
a contradiction. Hence μ = 0. Alternative argument: if μ > 0, the dimension of
B = G/G1 is strictly smaller than dim(A) and the fact that A has smCM shows
there does not exist a homomorphism End0(A) → End0(B). This contradiction
shows μ = 0, and hence A admits good reduction at v. �

7.10. Remark. Also see 15.10. Let R be a normal integral domain, A → S =
Spec(R) an abelian scheme, and R → K a homomorphism to a field K. Write
AK = A⊗R K. We obtain a homomorphism

End(A) −→ End(AK).

This homomorphism is injective.
In general this homomorphism is not surjective.
If R is normal and K is the field of fractions of R the homomorphism is

surjective (hence bijective).
If � is a prime not equal to the characteristic of K, the additive factor group

End(AK)/End(A) has no �-torsion.
There are many examples where R → R/I = K gives a factor group

End(AK)/End(A) which does have p-torsion, where p = char(K).

8. p-divisible groups

Also see Section 20.

8.1. For an abelian variety A over a base S and a prime number � which is
invertible in the structure sheaf on S one defines the �-Tate module T�(A) :=
lim←i A[�i]. This is a pro-group scheme. It can also be viewed as a local system
with fiber Z� under the fundamental group of S.

For an arbitrary prime number (not necessarily invertible on the base) we choose
another strategy:

8.2. Definition. Let S be a scheme. Let h ∈ Z≥0. A p-divisible group, of height
h, over S is an inductive system of finite flat group schemes Gi → S, i ∈ Z≥0 ,
such that:

• the rank of Gi → S equals ph·i;
• pi annihilates Gi;
• there are inclusions Gi ↪→ Gi+1 such that
• Gi+1[pi] = Gi.
• Consequently Gi+j/Gi = Gj .
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We will write G = colimi→Gi; this limit considered in the category of inductive
systems of finite group schemes. A p-divisible group is also called a Barsotti-Tate
group.

Examples. (1) For any abelian scheme A → S (over any base), and any integer
n ∈ Z>0 the group scheme A[n]→ S is a finite flat group scheme of rank n2g over
S, where g = dim(A); see [47], proposition on page 64, see [15], V, Theorem 8.2
on page 115. Hence

{A[pi] | i ∈ Z≥0}

is a p-divisible group of height 2g. This will be denoted by A[p∞]. This nota-
tion should be understood symbolically: there is no morphism “×∞” and hence,
strictly speaking, no “kernel” A[p∞].
(2) Consider Gm,S → S, the multiplicative group over any base scheme S. Then

Gm,S [pi] =: Gi = μpi,S , and this defines Gm,S [p∞]→ S,

a p-divisible group over S of height one.
(3) Consider Qp/Zp, which is a profinite group, which can be given by
colimi→(Z/pi). By considering the constant group schemes (Z/pi)

S
we obtain a

p-divisible group (Qp/Zp)
S
.

8.3. The Serre dual of a p-divisible group. Let G = {Gi | i ∈ Z≥0}/S be a p-
divisible group over some base scheme S. The surjections Gi+1 � Gi+1/G1 = Gi

define by Cartier duality inclusions (Gi)D ↪→ (Gi+1)D; see 16.5. This defines a
p-divisible group

Gt := {(Gi)D | i} → S,

which is called the Serre dual of G→ S.
Note that G 
→ Gt is a duality for p-divisible groups, which is is defined

by purely algebraic methods. We see a duality A 
→ At for abelian schemes,
see 16.2, which is a (non-trivial) geometric theory. Notation is chosen in this
way, because the duality theorem connects these two operation in a natural way:
At[p∞] = A[p∞]t, see 16.6; note that this fact is more involved than this simple
notation suggests.

8.4. Exercise. Show that (Gm,S [p∞])t = Qp/Zp
S
.

9. Newton polygons

For a p-divisible group X or an abelian variety A over a field of characteristic p
the Newton polygon ζ = N (X), respectively ξ = N (A) := N (A[p∞]) is defined,
see Section 21. In this section we give an easier definition in case we work with an
abelian variety over a finite field, and we show that this coincides with the more
general definition as recorded in Section 21.
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9.1. Notation. Let K = Fq be a finite field, q = pn and let A be an abelian
variety over K of dimension g. We have defined the geometric Frobenius π =
πA ∈ End(A); this endomorphism has a characteristic polynomial fA ∈ Z[T ], see
16.8; this is a monic polynomial of degree 2g.

Suppose that A is simple. The algebraic integer πA is a zero of its minimum
polynomial Irr(π) ∈ Z[T ]; this is a monic polynomial, and its degree equals e =
[Q(π) : Q]. In this case fA = (Irr(π))r, where r2 is the degree of D = End0(A)
over its centre L = Q(π).

Suppose fA =
∑

j bjT
2g−j . We define ξ = ξ(A) as a lower convex hull, written

as lch():

ξ(A) = lch ({(j, vp(bj)/n) | o ≤ j ≤ 2g}) .

This is the Newton polygon of fA compressed by the factor n. Note that if A is
simple with Irr(πA) =

∑
i ciT

e−i then ξ(A) = lch({(r·i, r·vp(ci)/n) | 0 ≤ i ≤ e}).
9.2. Theorem. Let A be an abelian variety isotypic over a finite field K = Fq, with
q = pn. As above we write π = πA, the geometric Frobenius of A, and L = Q(π)
with [L : Q] = e and D = End0(A) with [D : L] = r2 and dim(A) = g = er/2. Let
X = A[p∞]. Consider the set Σ(p)

L of discrete valuations of L dividing the rational
prime number p. Let L ⊂ P ⊂ D, where P is a CM-field of degree 2g (existence
assured by 10.1. If necessary we replace A be a K-isogenous abelian variety (again
called A) such that OP ⊂ End(A), see 4.6. Then also OL ⊂ End(A).
(1) The decomposition

D ⊗Qp =
∏

w∈Σ
(p)
L

Dw, OL =
∏
OLw ,

gives a decomposition X =
∏

w Xw.
(2) The height of Xw equals [Lw : Qp]·r.
(3) The p-divisible group Xw is isoclinic of slope γw equal to w(πA)/w(q); note
that q = pn.
(4) Let w be the discrete valuation of L obtained from w by complex conjugation
on the CM-field L; then γw + γw = 1.
See [77]. We will give a proof of one of the details.
Proof. (3) Fix w ∈ Σ(p)

L , and write Y = Xw. Write w(πA)/n = d/h with
gcd(d, h) = 1. The kernel of

Y
F−→ Y (p) F−→ · · · F−→ Y (pnh)

will be denoted by Y [Fnh]
Claim. Y [Fnh] = Y [pnd].
The action of π on Y is given by Fn. We see that w(Fnh/pnd) = 0. This proves
that this quotient (in OL) acts by a unit on Y , which proves the claim. �

By the Dieudonné-Manin theory we know that Y ⊗ F ∼ ∏
Gdi,ci ⊗ F. We

know that Gdi,ci [F
ci+di ] = Gdi,ci [p

di ]. By the claim this proves that in this de-
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composition only factors (di, ci) = (d, h − d) do appear, see 21.22. This proves
proves that Y is isoclinic of slope equal to d/h. �(3)

9.3. Corollary. The polygon ξ(A) constructed in 9.1 for an abelian variety A over
a finite field equals the Newton polygon N (A), as defined in Section 21.

9.4. Remark. Let A be an abelian variety over a finite field K. By the Dieudonné-
Manin theory we know that A[p∞] = X has the property that there exists a
p-divisible group Y over Fp such that X ⊗K F ∼ Y ⊗Fp F. Hence ξ(A) = N (A) =
N (Y ) as we have seen above. We could try to prove the corollary above by
comparing the minimum polynomial of πA and the same of Y over some common
finite field. However in general one cannot compute fA from the characteristic
polynomial of Y/Fp, as is shown by examples below.

9.5. (1) Let E be a supersingular elliptic curve over a finite field K = Fq; see
21.8. We will see, 14.6, that there exists a root of unity ζi such that πE ∼ ζi

√
q.

Hence π′ := πE⊗K′ = qi, with K ′ = Fq′ , where q′ = q2i = p2ni. We can choose
Y/Fq with FY = ±√p and Y ⊗ F ∼= E[p∞]⊗ F. Note the curious fact that in this
case for a finite exension we have equality: (FY )2ni = π′.
(2) Let E be an ordinary elliptic curve over a finite field K = Fq, with fE ∈ Z[T ]
the characteristic polynomial of πE . For Y = G(1,0)+G(0,1) we have E[p∞]⊗K F ∼=
Y ⊗Fp F. However, for every finite field K ′ ⊃ K the p-divisible groups E[p∞]⊗K K ′

and Y ⊗Fp K ′ are not isomorphic. In this case the minimum polynomial of the
geometric Frobenius of E ⊗ K ′ is different from the same of Y ⊗ K ′, although
N (E) = N (Y ).

9.6. The Shimura-Taniyama formula. Suppose given an abelian variety A of CM-
type (P, Φ) over a number field M having good reduction at a discrete valuation
v ∈ ΣM . Can we compute from these data the slopes of the geometric Frobenius
π0 of the reduction A0/Kv over the residue class field of v ? The formula of
Shimura and Taniyama precisely gives us this information.

Let A be the Nmm of A at v. We have

P = End0(A) = End0(A) ↪→ End0(A0).

Let � be a prime different form the characteristic of Kv. We see that P ⊗ Q� ⊂
End0(A) ⊗ Q�. As P : Q] = 2·dim(A) it follows that P ⊂ End0(A) is its own
centralizer; hence L := Q(πA0) ⊂ P . Moreover π := πA0 is integral over Z; hence
π ∈ OP .

Let C be an algebraically closed field containing Qp. We have

H := Hom(P, C), Hw = Hom(Pw, C), H =
∐

w∈Σ
(p)
P

Hw.

We define Φw := Φ ∩Hw. Write Kv = Fq. With these notations we have:

9.7. Theorem (the Shimura-Taniyama formula).
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∀w ∈ ΣP , w | p,
w(π)
w(q)

=
#(Φw)
#(Hw)

.

See [69], §13; see [40], Corollary 2.3.
Tate gave a proof based on “CM-theory for p-divisible groups”. See [73],Lemma
5; see [74], Shimura-Taniyama formula by B. Conrad, Theorem 2.1. �
See 13.12 for a further discussion.

10. Surjectivity

In this section we prove surjectivity of the map W : M(K, s) → W (q), hence
finishing a proof for Theorem 1.2. We indicate the structure of the proof by
subdividing it into the various steps.

Step (1) Proving W is surjective means showing every Weil number is effective,
see 1.3. We start with a choice q = pn, and with the choice of a Weil q-number π.
In case π ∈ R we know effectivity. From now on we suppose that π is non-real.

Step (2) A Weil q-number π determines a number field Q(π) = L and a division
algebra D = D(π); see 5.5. In the case considered π is non-real and L is a CM-field.

Step (3) We choose a CM-field P ⊂ D of degree 2g over Q, which is possible by
the following lemma.

10.1. Lemma. Suppose given a CM-field L and a central division algebra L ⊂ D.
There exists L ⊂ P ⊂ D where P is a CM-field splitting D/L. See [73], Lemme
2 on page 100. �
See Exercise 15.7

Step (4) Given π and L ⊂ P ⊂ D = D(π) as above we will choose a CM-type Φ
for P such that

∀w ∈ Σ(p)
L , w | p,

w(π)
w(q)

=
#(Φw)
#(Hw)

.

Here Σ(p)
L is the set of finite places of L dividing p. We have a decomposition

L⊗Qp =
∏

Lw; hence a decomposition

H := Hom(L, Qp) =
∐

Hom(Lw, Qp);
write Hw = Hom(Lw, Qp); Φ =

∐
Φw.

The set Φ ⊂ H defines the sets Φw ⊂ Hw; conversely {Φw | w ∈ Σ(p)
L } determines

Φ.

Claim. The involution ϕ 
→ ϕ·ρ has no fixed points on H := Hom(L, Qp).
Proof. Embeddings Q ↪→ C and Q ↪→ Qp give an identification H = Hom(L, C),
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compatible with −·ρ. We know that ρ on L is complex conjugation on every
embedding L ↪→ C. Hence, if we would have ϕ = ϕ·ρ we conclude that ϕ(L) ⊂ R.
However a CM-field is totally complex. This contradiction shows that −·ρ has no
fixed point on Hom(L, C) = H = Hom(L, Qp). �

Construction. Notation will be chosen in relation with 9.2. For every w ∈ Σ(p)
L we

define:

• βw = w(π)/w(q);
• hw = [Lw : Qp]·r, where r = rπ =

√
[D(π) : Q(π)];

• dw := hw·βw.

Note that complex conjugation induces (for every embedding) an involution
ρ : P → P , which restricts to an involution ρ : L → L which is also complex
conjugation on L. We see that ρ(w) = w or ρ(w) �= w.

If ρ(w) = w we conclude that βw = 1/2. In this case we choose for Φw ⊂ Hw

any subset such that #(Φw) = #(Hw)/2 and Φw ∩ Φw·ρ = ∅; this is possible as
−·ρ has no fixed point on H.

If ρ(w) �= w we make a choice Φw ⊂ Hw such that #(Φw) = dw, and we
define Φρ(w) = Hρ(w)−Φw·ρ; this ends a choice for the pair {w, ρ(w)}. This ends
the construction.

Step (5) Given the CM-type (P, Φ) as above, in particular Φw ∩ Φw·ρ = ∅ and
#(Φw) = dw for every w, we construct B over M as follows.

10.2. We choose a number field M , an abelian variety B defined over M , and
v ∈ Σ(p)

M with residue class field Kv := Ov/mv ⊃ Fq such that End0(B) = P , with
Φ as CM-type, and such that B has good reduction at v.
Notation. Write [Kv : Fq] = m; write Bv for the abelian variety defined over Kv

obtained by reduction of B at v.
Proof. By 19.6 we construct an abelian variety B′ over C of CM-type (P, Φ). By
[69], Proposition 26 on page 109 we know that B′′ can be defined over a number
field. We can choose a finite extension so that all complex multiplications are
defined over that field. By 7.9 we know that an abelian variety with smCM has
potentially good reduction; hence we can choose a finite extension of the base field
and achieve good reduction everywhere. We choose a discrete valuation dividing
p. Conclusion: after a finite extension we can achieve that B is an abelian variety
defined over a number field M , with B ⊗M C ∼= B′, and v ∈ Σ(p)

M such that all
properties mentioned above are satisfied.

10.3. Lemma. Let E be a number field, i.e. [E : Q] < ∞. A root of unity ζ ∈ E

has the properties:
(i) for every ψ : E → C we have | ζ |= 1,
(ii) for every finite prime w we have w(ζ) = 0.
Conversely an element ζ ∈ E satisfying (i) and (ii) is a root of unity. �
See [28], page 402 (page 520 in the second printing).
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Step (6) Suppose given π, and (P, Φ) and B/M as constructed above. There
exist s ∈ Z>0 and an s-root of unity ζs such that

πm = ζs·πBv .

This implies that

πms = πs
Bv

= πBv⊗Fqms .

Hence πN is effective with N := ms.
Proof. We have π ∈ OL ⊂ P . Also we have πBv ∈ OP . Let ζ := πm/πBv , where
[Kv : Fq] = m. As πm and πBv are Weil #(Kv)-numbers condition (i) of the
previous lemma is satisfied. For every prime not above p these numbers are units,
hence condition (ii) is satisfied for primes of P not dividing p. For every w ∈ Σ(p)

P

we can apply the Shimura-Taniyama formula, see 9.7, to πBv ; for the restriction
of w to L we can apply 9.2 (3) to π; these shows that w(ζ) = 1 for every w ∈ Σ(p)

P .
Hence the conditions mentioned in the previous lemma are satisfied. By the lemma
ζ ∈ OP is a root of unity, say ζ = ζs. Hence πN is effective for N := ms. This
means that πN = πms = πBv⊗Fqms is effective. �

The arguments in this section up to here in fact prove the following fundamental
theorem.

10.4. Theorem (Honda). Let K = Fq. Let A0 be an abelian variety, defined and
simple over K. Let L ⊂ End0(A0) be a CM-field of degree 2g over Q. There
exists a finite extension K ⊂ K ′, an abelian variety B0 over K ′ and a K ′-isogeny
A0 ⊗K K ′ ∼ B0 such that B0/K ′ satisfies (CML) by L. �
See [29], Th. 1 on page 86, see [73], Th. 2 on page 102. For the notion (CML) see
12.2.

10.5. The Weil restriction functor. Suppose given a finite extension K ⊂ K ′ of
fields (we could consider much more general situations, but we will not do that);
write S = Spec(K) and S′ = Spec(K ′). We have the base change functor

Sch/S → SchS′ , T 
→ TS′ := T ×S S′.

The right adjoint functor to the base change functor is denoted by

Π = ΠS′/S = ΠK′/K : SchS′ → Sch/S ,
MorS(T, ΠS′/S(Z)) ∼= MorS′(TS′ , Z).

In this situation, with K ′/K separable, Weil showed that ΠS′/S(Z) exists. In fact,

consider ×[K′:K]
S′ = Z ×S′ · · · ×S′ Z, the self-product of [K ′ : K] copies. It can

be shown that ×[K′:K]
S′ can be descended to K in such a way that it solves this

problem. Note that ΠS′/S(Z) ×S S′ = ×[K′:K]
S′ Z. For a more general situation,

see [25], Exp. 195, page 195-13. Also see [74], Nick Ramsey - CM seminar talk,
Section 2.
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10.6. Lemma. Let B′ be an abelian variety over a finite field K ′. Let K ⊂ K ′,
with [K ′ : K] = N . Write

B := ΠK′/K B′; then fB(T ) = fB′(TN ).

�
See [73], page 100.

We make a little detour. From [14], 3.19 we cite:

10.7. Theorem (Chow). Let K ′/K be an extension such that K is separably closed
in K ′. (For example K ′ is finite and purely inseparable over K.) Let A and B be
abelian varieties over K. Then

Hom(A, B) ∼−→ Hom(A⊗K ′, B ⊗K ′)

is an isomorphism. In particular, if A is K-simple, then A⊗K ′ is K ′-simple. �

10.8. Claim.

For an isotypic abelian variety A over a field K, and an extension K ⊂ K ′,
we have that A⊗K ′ is isotypic.

Proof. It suffices to this this in case A is K-simple. It suffices to show this in case
K ′/K is finite. Moreover, by the previous result it suffices to show this in case
K ′/K is separable.

Let K ⊂ K ′ be a separable extension, [K ′ : K] = N . Write Π =
ΠSpec(K′)/Spec(K). For any abelian variety A over K we have Π(A⊗K K ′) ∼= AN ,
and for any C over K ′ we have Π(C)⊗K K ′ ∼= CN , as can be seen by the construc-
tion; e.g. see the original proof by Weil, or see [74], Nick Ramsey - CM seminar
talk, Section 2; see 10.5. If there is an isogeny A⊗K K ′ ∼ C1×C2, with non-zero
C1 and C2 we have Π(C1 × C2) ∼ AN . Hence we can choose positive integers e
and f with Π(C1) ∼ Ae and Π(C2) ∼ Af . Hence

Π(C1)⊗K ′ ∼= (C1)N ∼ (A⊗K K ′)eN , (C2)N ∼ (A⊗K K ′)fN ;

hence Hom(C1, C2) �= 0. We conclude: if A is simple, any two isogeny factors of
A⊗K K ′ are isogenous. �

By Step 6 and by Lemma 10.6 we conclude:

10.9. Corollary (Tate). Let π be a Weil q-number and N ∈ Z>0 such that πN is
effective. Then π is effective.
See [73], Lemme 1 on page 100. �

Remark. The abelian variety Bv as constructed above is isotypic and hence πBv

is well-defined. It might be that the Bv thus obtained is not simple. Moreover
A := ΠK′/K(Bv) is isotypic with πA ∼ π.
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Step (7) End of the proof. By the theorem by Honda we know that there exists
N ∈ Z>0 such that πN is effective. We conclude that π is effective. Hence we have
proved that W :M(K, s)→W (q) is surjective. �Theorem 1.2

Warning (again). For a K-simple abelian variety A over K = Fq in general it can
happen that for a (finite) extension K ⊂ K ′ the abelian variety A ⊗ K ′ is not
K ′-simple.

10.10. Exercise. Notation and assumptions as above; in particular K = Fq is a
finite field, [K ′ : K] = N . Write A′ = A⊗K ′. Write π′ = πN

A .
Show that End(A) = End(A′) iff Q(πA) = Q(π′).
Show that Q(πA) = Q(π′) for every N ∈ Z>0 implies that A is absolutely

simple (i.e. A⊗ F is simple).
Construct K, A, K ′ such that Q(πA) �= Q(πA′) and A′ is K ′-simple.

11. A conjecture by Manin

We recall an important corollary from the Honda-Tate theory. This result was
observed and proved independently by Honda and by Serre.

11.1. Definition. Let ξ be a Newton polygon. Suppose it consists of slopes 1 ≥
β1 ≥ · · · ≥ βh ≥ 0. We say that ξ is symmetric if h = 2g is even, and for every
1 ≤ i ≤ h we have βi = 1− βh+1−i.

11.2. Proposition. Let A be an abelian variety in positive characteristic, and let
ξ = N (A) be its Newton polygon. Then ξ is symmetric.
Over a finite field this was proved by Manin, see [39], page 74; in that proof the
functional equation of the zeta-function for an abelian variety over a finite field
is used. The general case (an abelian variety over an arbitrary field of positive
characteristic) follows from [49], Theorem 19.1; see 21.23.

11.3. Exercise. Give a proof of this proposition in case we work over a finite field.
Suggestion: use 9.2.

Does the converse hold? I.e.:

11.4. Conjecture (Manin, see [39], Conjecture 2 on page 76).
Suppose given a prime number p and a symmetric Newton polygon ξ. Then there
exists an abelian variety A over a field of characteristic p with N (A) = ξ.

Actually if such an abelian variety does exist, then there exists an abelian va-
riety with this Newton polygon over a finite field. This follows by a result of
Grothendieck and Katz about Newton polygon strata being Zariski closed in
Ag ⊗ Fp; see [32], Th. 2.3.1 on page 143.

11.5. Proof of the Manin Conjecture (Serre, Honda), see [73], page 98. We re-
call that Newton polygons can be described by a sum of ordered pairs (d, c). A
symmetric Newton polygon can be written as
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ξ = f · ((1, 0) + (0, 1)) + s·(1, 1) +
∑

i

((di, ci) + (ci, di)) ,

with f ≥ 0, s ≥ 0 and moreover di > ci > 0 being coprime integers.
Note that N (A) ∪ N (B) = N (A × B); here we write N (A) ∪ N (B) for

the Newton polygon obtained by taking all slopes in N (A) and in N (B), and
arranging them in non-decreasing order.

We know that for an ordinary elliptic curve E we have N (E) = (1, 0)+(0, 1),
and for a supersingular elliptic curve we have N (E) = (1, 1), and both types
exist. Hence the Manin Conjecture has been settled if we can handle the case

(d, c) + (c, d) with gcd(d, c) = 1 and d > c > 0.

For such integers we consider a zero π of the polynomial

U := T 2 + pc·T + pn, n = d + c, q = pn.

Clearly (pc)2 − 4·pn < 0, and we see that π is an imaginary quadratic Weil q-
number. Note that

(T 2 + pc·T + pn)/p2c = (
T

pc
)2 + (

T

pc
) + pd−c.

As d > c, we see that L = Q(π)/Q is an imaginary quadratic extension in which
p splits. Moreover, using 5.4 (3), the Newton polygon of U tells us the p-adic
values of zeros of U ; this shows that the invariants of D/L are c/n and d/n. This
proves that [D : L] = n2. Using Theorem 1.2 we have proved the existence of an
abelian variety A over Fq with π = πA, hence End0(A) = D. In particular the
dimension of A equals n = d + c. Using 9.2 (3) we compute the Frobenius slopes:
we conclude that N (A) = (d, c) + (c, d). Hence, using the theorem by Honda and
Tate, see 1.2, the Manin conjecture is proved. �

11.6. Exercise. Let g > 2 be a prime number and let A be an abelian variety sim-
ple over a finite field K of dimension g. Show that either End0(A) is a field, or
End0(A) is of Type(1,g), i.e. a division algebra of rank g2 central over an imagi-
nary quadratic field. Show that for any odd prime number in every characteristic
both types of endomorphism algebras do appear. See [54], 3.13.

11.7. Exercise. Fix a prime number p, fix coprime positive integers d > c > 0.
Consider all division algebras D such that there exists an abelian variety A
of dimension g := d + c over some finite field of characteristic p such that
[End0(A) : Q] = 2g2 and N (A) = (d, c)+ (c, d). Show that this gives a infinite set
of isomorphism classes of such algebras.

11.8. We have seen a proof of the Manin conjecture using the Honda-Tate theory.
For a reference to a different proof see 21.25.
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12. CM-liftings of abelian varieties

References: [56], [11].

12.1. Definition. Let A0 be an abelian variety over a field K ⊃ Fp. We say A/R
is a lifting of A0 to characteristic zero if R is an integral domain of characteristic
zero, with a ring homomorphism R→ K, and A→ Spec(R) is an abelian scheme
such that A⊗R K = A0.

12.2. Definition. Suppose A0 be an abelian variety over a field K ⊃ Fp such that
A0 admits smCM. We say A is a CM-lifting of A0 to characteristic zero if A/R
is a lifting of A0, and if moreover A/R admits smCM. If this is the case we say
that A0/K satisfies (CML). Moreover, if L ⊂ End0(A0) is a CM- field of degree
2g over Q and End0(A) = L we say that A0/K satisfies (CML) by L.

We say that A0/K satisfies (CMLN), if A0 admits a CM-lifting to a normal
characteristic zero domain.
Note that in these cases End0(AM ) = End0(A) ↪→ End0(A0) need not be bijective.

12.3. As Honda proved, [29], Th. 1 on page 86, see [73], Th. 2, see 10.4, for an
abelian variety A over a finite field, after a finite field extension, and after an
isogeny we obtain an abelian vareity B0 ∼ A⊗K ′ which admits a CM-lifting to
characteristic zero.

Question 1. Is an isogeny necessary ?

Question 2. Is a field extension necessary ?

12.4. Theorem I. For any g ≥ 3 and for any 0 ≤ f ≤ g−2 there exists an abelian
variety A0 over F = Fp, with dim(A) = g and of p-rank f(A) = f , such that A0

does not admit a CM-lifting to characteristic zero.
See [56], Th. B on page 131. Compare 5.8.

We indicate the essence of the proof; for details, see [56].
(1) Suppose given a prime number p, and a symmetric Newton polygon ξ which
is non-supersingular with f(ξ) ≤ g − 2. Using [36] choose an abelian variety C
over F = Fp with N (C) = ξ such that End0(C) is a field.
(2) Choose an abelian variety B over a finite field K such that B ⊗ F ∼ C, such
that a(B) = 2 and such that for every αp ⊂ B we have a(B/αp) ≤ 2. For a defini-
tion of the a-number, see 21.7. Fix an isomorphism (αp×αp)K

∼−→ B[F, V ] ⊂ B.
Important observation. Suppose t ∈ F; suppose BF/((1, t)(αp) =: At can be de-
fined over K ′, with K ⊂ K ′ ⊂ F. Then t ∈ K ′.
(3) We study all quotients of the form BF/((1, t)(αp) = At and see which one can
be CM-lifted to characteristic zero. Because End0(B) is a field, we can classify all
such CM-liftings over C, and arrive at:
(4) There exist K ⊂ K ′ ⊂ Γ ⊂ F such that [K ′ : K] < ∞, moreover Γ/K ′ is a
pro-p-extension, and if t �∈ Γ then At does not a CM-lift to characteristic zero.
Note that Γ � F, and hence the theorem is proved. �
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Conclusion. An isogeny is necessary. In general, an abelian variety defined over a
finite field does not admit a CM-lifting to characteristic zero.

12.5. Definition. Let K = Fq. Let A0 be an abelian variety, defined over K.
We say that A0/K satisfies (CMLI), can be CM-lifted after an isogeny, if there
exist A0 ∼ B0 such that B0 satisfies (CML). We say A0/K satisfies (CMLNI), if
moreover if B0 can be chosen satisfying (CMLN).

12.6. At present it is an open problem whether any abelian variety defined over
a finite field satisfies (CMLI), see 22.2

12.7. Theorem IIs / Example. (Failure of CMLNI.) (B. Conrad) Let π = pζ5.
This is a Weil p2-number. Suppose p ≡ 2, 3 (mod 5). Note that this implies that
p is inert in Q(ζ5)/Q. Let A be any abelian variety over Fp2 in the isogeny class
corresponding to this Weil number by the Honda-Tate theory, see 1.2. Note that
dim(A) = 2 and End0(A) ∼= L = Q(ζ5) and A is supersingular. The abelian
variety A/Fp2 does not satisfy CMLN up to isogeny.
A proof, taken from [11], will be given in Section 13.

12.8. Remark. The previous example can be generalized. Let � be a prime number
such that L = Q(ζ�) contains no proper CM field (e.g. � is a Fermat prime). Let
p be a rational prime, such that the residue class field of L above p has degree
more than 2. Let π = pζ� and proceed as above. Note that also in this example
we obtain a supersingular abelian variety.

12.9. Theorem IIns / Example. (Failure of CMLNI.) (Chai) Let p be a rational
prime number such that p ≡ 2, 3 (mod 5), i.e. p is inert in Q(ζ5)/Q. Suppose
K/Q is imaginary quadratic, such that p is split in K/Q with an element β ∈ OK

such that OK ·β is one of the primes above p in OK (to ensure existence of β,
assume for example K to be chosen in such a way that the class number of K is
equal to 1). Let L/K be an extension of degree 5 generated by π := 5

√
p2β. We

see that π is a Weil p-number. Let A be any abelian variety over Fp in the isogeny
class corresponding to this Weil number by the Honda-Tate theory, see 1.2. Note
that dim(A) = 5, the Newton polygon of A has slopes equal to 2/5 respectively
3/5, and End0(A) is a field of degree 10 over Q. The abelian variety A/Fp does
not satisfy (CMLN) up to isogeny.
A proof, taken from [11], will be suggested in Section 13.

Conclusion. A field extension is necessary. In general, an abelian variety defined
over a finite field does not satisfy (CMLNI).

13. The residual reflex condition ensures (CMLNI)

13.1. The reflex field. See [69] Section 8 (the dual of a CM-type), [34], I.5. Let
P be a CM-field, and let ρ ∈ Aut(P ) be the involution on P which is complex
conjugation under every complex embedding P ↪→ C.

Let (P,Φ) be a CM-type. The reflex field L′ defined by (L,Φ) is the finite
extension of Q generated by all traces:
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L′ := Q(
∑
ϕ∈Φ

ϕ(x) | x ∈ L).

If L/Q is Galois we have L′ ⊂ L. It is known that L′ is a CM-field.

Suppose B is an abelian variety, simple over C, with smCM by P = End0(B).
The representation of P on the tangent space of B defines a CM-type. It follows
that any field of definition for B contains L′; see [69], 8.5, Prop. 30; see [34], 3.2
Th. 1.1. Conversely for every such CM-type and every field M containing L′ there
exists an abelian variety B over M having smCM by L with CM-type Φ.

13.2. Remark. Suppose P is a CM-field, and let Φ be a CM-type for P . Let w′

be a discrete valuation of the reflex field P ′; write Kw′ for its residue class field.
Suppose B is an abelian variety defined over a number field M such that B/M
admits smCM of type (P, Φ). In particular [P : Q] = 2dim(B). Then M ⊃ L′; see
13.1 for references. Let v be a discrete valuation of M extending w′. Suppose B
has good reduction at v. Let Bv/Kv be the reduction of B at v.

The residual reflex condition. Then Kv contains Kw′ .

(A remark on notation. We use to write w for a discrete valuation of a CM-filed,
and v for a discrete valuation of a base field.)

13.3. Proof of 12.7. We see that End0(A) = Q(ζ5) = L. Note that L/Q is Galois;
hence L′ ⊂ L; moreover L′/Q is a CM-field; hence L′ = L; this equality can also be
checked directly using the possible CM-types for L = Q(ζ5). Suppose there would
exist up to isogeny over K = Fp2 a CM-lifting B/M to a field of characteristic
zero. We see that the residue class field K ′ = Kv of M contains the residue class
field Kw′ of L′. As p is inert in L = L′ it follows that K ⊃ Kw′ = Fp4 . This
contradicts the fact that A is defined over Fp2 . �12.7

A proof of 12.9 can be given along the same lines, by showing that Kw′ ⊃ Fp2 .

13.4. Given a CM-type (P, Φ) and a discrete valuation w′ of the reflex field P ′ we
obtain Kw′ ⊃ Fp. We see that in order that A0/K with K = Fq does allow a lifting
with CM-type (P, Φ) it is necessary that it satisfies the residual reflex condition:
Kw′ ⊂ K. Moreover note that the triple (P, Φ, w′) determines the Newton polygon
of Bv (notation as above): see [73], page 107, Th. 3, see 9.7. The triple (P, Φ, w′)
will be called a p-adic CM-type, where p is the residue characteristic of w′. The
following theorem says that the residual reflex condition is sufficient for ensuring
(NLCM) up to isogeny.

13.5. Theorem III. Let A0/K be an abelian variety of dimension g simple over
a finite field K ⊃ Fp. Let L ⊂ End0(A0) be a CM -field of degree 2·g over Q.
Suppose there exists a p-adic CM-type (L,Φ, w′) such that it gives the Newton
polygon of A0 and such that Kw′ ⊂ K. Then A0 satisfies (CMNL) up to isogeny.
We expect more details will appear in [11].
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13.6. In order to be able to lift an abelian variety from characteristic p to charac-
teristic zero, and to have a good candidate in characteristic zero whose reduction
modulo p gives the required Weil number we have to realize that in general an
endomorphism algebra in positive characteristic does not appear for that dimen-
sion as an endomorphism algebra in characteristic zero. However “less structure”
will do:

13.7. Exercise ∗. Let E be an elliptic curve over a field K ⊃ Fp. Let X = E[p∞]
be its p-divisible group. Show:

(1) For every β ∈ End(X) the pair (X,β) can be lifted to characteristic zero.

For every b ∈ End(E) the pair (E, b) can be llifted to characteristic zero.
This was proved in [20]. See [55], Section 14, in particular 14.7.

13.8. Remark/Exercise ∗ (Lubin and Tate). There exists an elliptic curve E over
a local field M such that E has good reduction, such that End(E) = Z and
End(E[p∞]) � Zp. (We could say: E does not have CM, but E[p∞] does have
CM.) See [38], 3.5.

13.9. Remark. We have seen that the Tate conjecture holds for abelian varieties
over a base field of finite type over the prime field; see 20.5. By the previous
exercise we see that an analogue of the Tate conjecture for abelian varieties does
not hold over a local field.

Grothendieck formulated his “anabelian conjecture” for hyperbolic curves;
see [27], Section 3. Maybe his motivation was partly the Tate conjecture, partly
the description of algebraic curves defined over Q by Bielyi. Grothendieck stressed
the fact that the base field should be a number field. This “anabelian” conjecture
by Grothendieck generalizes the Neukirch-Uchida theorem for number fields to
curves over number fields. Various forms of this conjecture for curves have been
proved (Nakamura, Tamagawa, Moichizuki).

It came as a big surprise that this anabelian conjecture for curves actually is
true over local fields, as Mochizuchi showed, see [41]. The �-adic representation
for abelian varieties is in an abelian group: H1-�-adic or π1(A). It turned out that
for curves the representation in the non-abelian group π1(C) gives much more
information. This is an essential tool in Mochizuki’s result.

13.10. We keep notation as in 12.7: π = pζ5 with p ≡ 2, 3 (mod 5). Write L =
Q(ζ5) where ζ = ζ5 and write O = OL for the ring of integers of L. We choose A
over Fp such that πA ∼ π and OL = End(A), see 4.6. We consider

ρ0,F : O −→ End(A[F ]) = End(D(A[F ])) = Mat(2, Fp2),

and

ρ0,p : O −→ End(A[p]) = End(D(A[p])) = Mat(4, Fp2).

Let u ∈ Fp4 be a primitive 5-th root of unity.
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Claim. (1) The set of eigenvalues of ρ0,F (ζ) is either {u, u4} or {u2, u3}.
(2) The set of eigenvalues of ρ0,p(ζ) is {u, u2, u3, u4}.
(3) The abelian variety A over Fp2 defined above does not admit (CML).
Proof. Clearly the eigenvalues considered are a power of u. As the trace of ρ0,p(ζ)
is in Fp2 this shows (1).

Consider O ⊗Z W∞(Fp2). This ring is isomorphic with a product Λ1 × Λ2

according to the two irreducible factors [(T−ζ)(T−ζ4)] respectively [(T−ζ2)(T−
ζ3)] of IrrQ(π) = (T 5 − 1)/(T − 1) ∈ W∞(Fp2)[T ]. The action of Λ1 × Λ2 on the
additive group D(A[p] gives a splitting into D(A[F ]) and Ker(D(A[p]→ D(A[F ]).
This proves (2).

Suppose there would exist a CM-lifting of A. Then there would be a normal
CM-lifting of B0 := A⊗F. I.e. the would exist: a normal integral local domain R
with residue class field F and field of fractions M , an abelian scheme B → Spec(R)
such that B ⊗ F ∼= B0, and such that Γ := End(B) is an order in O; hence
the field of fractions of Γ is L. Write B = B ⊗ M for the generic fiber. Let
z ∈ W∞(F) be a primitive root 5-th of unity such that z mod p = u. Consider
T = tB,0 the tangent bundle of B → S := Spec(R) along the zero section.
We obtain an action Γ → End(T/S). Note that B → S admits smCM, hence
B ⊗ C has a CM-type. Hence on the generic fiber T ⊗R M the action of ζ ∈ L is
either with eigenvalues {z, z2}, or {z, z3} or {z4, z2} or {z4, z3}. This action also
can be computed as follows. Consider the p-divisible group B[p∞], with action
ρ : Γ → End(B[p∞]). The action on the generic fiber ρη : Γ → End(B[p∞])
extends to ρη : L→ End(B[p∞]). Hence we see that the action of ζ on Tη := T⊗M
has eigenvalues as given by the CM-type.

As Γ acts via ρ : Γ→ B we obtain an action

ρp∞ : Γ→ End(B[p∞]).

The closed fiber

ρ0,p∞ : Γ→ End(B0[p∞])

of this action extends to the original O → End(B0[p∞]).
We conclude that on the one hand ζ acts on B0[F ] by eigenvalues either

{u, u4} or {u2, u3}, on the other hand by one of the four possibilities given by a
CM-type. This is a contradiction. This proves (3). �

13.11. This complements 12.4. We expect that for every prime number p there
exists an example with f = 0 and g = 2 of an abelian variety over a finite field
which does not admit a CM-lifting.

13.12. (0) For an abelian variety A over a field M of characteristic zero with
smCM an embedding M ⊂ C we obtain a CM-type. Of course, an isogeny does
not change the CM-type. Is there an analogue in positive characteristic?

(p) In the example just discussed we see that in the isogeny class of A ⊗ F

the action of ζ on the tangent space of different members of the isogeny class
can have different “types”. An isogeny may change the “CM-type” in positive
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characteristic. In a more general situation than the one just considered it also not
so clear what to expect for a reasonable definition of a “CM-type”.

However in 9.2 we see a description of a notion which is intrinsic in the isogeny
class of an abelian variety with smCM: not the action on the tangent space, but
the action on the p-divisible group does split the p-divisible group into isogeny
factors; this splitting is stable under isogenies.

We see the general strategy: in characteristic zero it often suffices to study the
tangent space of an abelian variety, whereas in positive characteristic the whole
p-divisible group is the right concept to study “infinitesimal properties”.

The Shimura-Taniyama formula and the contents of this section are the study of
these two aspects, and the way they fit together under reduction modulo p and
under lifting to characteristic zero.

14. Elliptic curves

14.1. Reminder. Let E be an eliptic curve over a field K ⊃ Fp. We say that E
is supersingular if E[p](k) = 0, for an algebraically closed field k ⊃ K. In 21.20
and 21.21 we discuss the definition of an abelian variety being supersingular. We
mention that any supersingular abelian variety has p-rank equal to zero; however
the converse is not true: for any g ≥ 3 there exist abelian varieties of p-rank equal
to zero of that dimension which are not supersingular.

We say that an abelian variety A of dimension g over a field K ⊃ Fp is
ordinary if its p-rank equals g, i.e. A[p](k) ∼= (Z/p)g. Note that

an elliptic curve E is ordinary iff E[p](k) �= 0, i.e. iff E is not supersingular.

14.2. Exercise. Let E be an elliptic curve over K ⊃ Fp.
(1) Show that

Ker(E FE−→ E(p)
F

E(p)−→ E(p2)) = E[p].

(2) Show that j(E) ∈ Fp2 .
(3) Show that E can be defined over Fp2 .
For the notion of “can be defined over K”, see 15.1.
(4) (Warning)
Give an example of an elliptic curve E over a field K ⊃ Fp with FE(p) ·FE(p) = p
and give an example with FE(p) ·FE(p) �= p.

14.3. Remark. As Deuring showed, for any elliptic curve E we have (j(E) ∈ K)⇒
(E can be defined over K). An obvious generalization for abelian varieties of
dimension g > 1 does not hold; in general it is difficult to determine a field of
definition for A, even if a field of definition for its moduli point is given.
In fact, as in formulas given by Tate, see [71] page 52, we see that for j ∈ K an
elliptic curve over K with that j invariant exists:

• char(K) �= 3, j = 0: Y 2 + Y = X3;
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• char(K) �= 2, j = 1728: Y 2 = X3 + X;
• j �= 0, j �= 1728 :

Y 2 + XY = X3 − 36
j − 1728

X − 1
j − 1728

.

Deuring showed that the endomorphism algebra of a supersingular elliptic curve
over F = Fp is the quaternion algebra Qp,∞; this is the division algebra, of degree
4, central over Q unramified outside {p,∞} and ramified at p and at∞. This was
an inspiration for Tate to prove his structure theorems for endomorphism algebras
of abelian varieties defined over a finite field, and, as Tate already remarked, it
reproved Deuring’s result.

14.4. Endomorphism algebras of elliptic curves. Let E be an elliptic curve over
a finite field K = Fq. We write Qp,∞ for the quaternion algebra central over
Q, ramified exactly at the places ∞ and p. One of the following three (mutually
exclusive) cases holds:

(1) (2.1.s) E is ordinary; e = 2, d = 1 and End0(E) = L = Q(πE)

is an imaginary quadratic field in which p splits. Conversely if End0(E) = L
is a quadratic field in which p splits, E is ordinary. In this case, for every field
extension K ⊂ K ′ we have End(E) = End(E ⊗K ′).

(2) (1.2) E is supersingular, e = 1, d = 2 and End0(E) ∼= Qp,∞.
This is the case if and only if πE ∈ Q. For every field extension K ⊂ K ′ we have
End0(E) = End0(E ⊗K ′).

(3) (2.1.ns) E is supersingular, e = 2, d = 1 and End0(E) = L � Q.
In this case L/Q is an imaginary quadratic field in which p does not split. There
exists an integer N such that πN

E ∈ Q. In that case End0(E ⊗ K ′) ∼= Qp,∞ for
any field K ′ containing FqN .

If E is supersingular over a finite field either (2.1.ns) or (1.2) holds.

A proof can be given using 14.6. Here we indicate a proof independent of that
classification of all elliptic curves over a finite field, but using 5.4 and 1.2.

Proof. By 5.4 we know that for an elliptic curve E over a finite field we have
L := Q(πE) and D = End0(E) and

[L : Q]·
√

[D : L] = ed = 2g = 2.

Hence e = 2, d = 1 or e = 1, d = 2. We obtain three cases:
(2.1.s) [L : Q] = e = 2 and D = L, hence d = 1, and p is split in L/Q.
(2.1.ns) [L : Q] = e = 2 and D = L, hence d = 1, and p is not split in L/Q.
(1.2) L = Q, [D : Q] = 4; in this case e = 1, d = 2 and D ∼= Qp,∞.
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Moreover we have seen that either πE ∈ R, and we are in case (1.2), note that
dim(E) = 1, or πE �∈ R and D = L := Q(πE) = Q and L/Q is an imaginary
quadratic field.

For a p-divisible group X write End0(X) = End(X)⊗Zp Qp. We have the natural
maps

End(E) ↪→ End(E)⊗Zp ↪→ End(E[p∞]) ↪→ End0(E[p∞]) ↪→ End0((E ⊗ F)[p∞]).

Indeed the �-adic map End(A)⊗Z� ↪→ End(T�(E)) is injective, as was proved by
Weil, see 18.1. The same arguments of that proof are valid for the injectivity of
End(A) ⊗ Zp ↪→ End(A[p∞]) for any abelian variety over any field, see 20.7, see
[77], Theorem 5 on page 56. Hence

End0(E) ↪→ End0(E)⊗Qp ↪→ End0(E[p∞]).

Claim (One) (2.1.ns) or (1.2) =⇒ E is supersingular.

Proof. Suppose (2.1.ns) or (1.2), suppose that E is ordinary, and arrive at a
contradiction.
If E is ordinary we have

E[p∞]⊗K ∼= μp∞ ×Qp/Zp.

Moreover

End0(μp∞) = Zp, End0(Qp/Zp) = Zp

(over any base field). In case (2.1.ns) we see that Dp = End0(E)⊗Qp is a quadratic
extension of Qp. In case (1.2) we see that Dp = End0(E) ⊗ Qp is a quaternion
algebra over Qp. In both cases we obtain

End(E)→ End0(E)⊗Qp → End0(E[p∞]⊗K) = End0(μp∞×Qp/Zp) = Qp×Qp.

As (Dp → Qp) = 0 we conclude that (End(E)→ End(E[p∞])) = 0; this is a
contradiction with the fact that the map Z ↪→ End(E)→ End(E[p∞]) is non-zero.
Hence Claim (One) has been proved. �

Claim (Two) (2.1.s) =⇒ E is ordinary.

Proof. Suppose (2.1.s), suppose that E that E is supersingular, and arrive at a
contradiction.
Note that E′[p∞] is a simple p-divisble group for any supersingular curve E′ over
any field. Hence End0(E[p∞]) is a division algebra. Suppose that we are in case
(2.1.s). Then Q(πE)⊗Qp

∼= Qp×Qp. This shows that if this were true we obtain
an injective map
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Q(πE)⊗Qp
∼= Qp ×Qp ↪→ End0(E)⊗Qp ↪→ End0(E[p∞])

from Qp
∼= Qp into a division algebra; this is a contradiction. This proves Claim

(Two). �

By Claim (One) and Claim (Two) it follows that

E is ordinary ⇐⇒ (2.1.s), E is supersingular ⇐⇒ ( (2.1.ns) or (1.2) ).

Claim (Three) If E is supersingular then for some N ∈ Z>0 we have πN
E ∈ Q.

Proof. If we are in case (1.2) we know πE ∈ Q.
Suppose we are in case (2.1.ns), and write L = Q(πE). Write π = πE and

consider ζ = π2/q ∈ L.

• Note that ζ has absolute value equal to one for every complex embedding
(by the Weil conjecture), see 3.2.

• Note that for any discrete valuation v′ of L not dividing p the element ζ is
a unit at v′. Indeed π factors pn, so π is a unit at w.

• As we are in case (2.1.ns) there is precisely one prime v above p.

The product formula Πw | ζ |w= 1, the product running over all places of L,
in the number field L (see [28], second printing, §20, absolute values suitably
normalized) shows that ζ is also a unit at v. By 10.3 we conclude that ζ is a root
of unity. This proves Claim (Three). �

We finish the proof. If E is ordinary, End0(E ⊗M) is not of degree four over Q,
hence End0(E) = End0(E ⊗K ′) for any ordinary eliptic curve over a finite field
K , and any extension K ⊂ K ′.

If we are in case (1.2) clearly we have End0(E) = End0(E ⊗ K ′) for any
extension K ⊂ K ′.

If we are in case (2.1.ns) we have seen in Claim (Three) that for some N ∈ Z>0

we have πN
E ∈ Q. Hence for every K ⊂ FqN ⊂ K ′ we have

End0(E) = L = Q(πE) � End0(E ⊗K ′) ∼= Qp,∞.

�14.4

14.5. Exercise. Let A be an elliptic curve over a local field in mixed characteristic
zero/p, such that End(A) � Z. Let L = End0(A). Note that E/Q is an imaginary
quadratic extension. Suppose A has good reduction A0 modulo the prime above
p. Show:

If p is ramified or if p is inert in Q ⊂ E then A0 is supersingular.

If p is is split in Q ⊂ E then A0 is ordinary.

(Note that in the case studied End(A) ↪→ End(A0); you may use this.)
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14.6. Classification of isogeny classes of all elliptic curves over finite fields.
See [75], Th. 4.1 on page 536.

Let E be an elliptic curve over a finite field K = Fq, with q = pn, and π = πE .
Then | π |= √q (for every embedding into C). Hence π + π =: β ∈ Z has the
property | β |≤ 2

√
q. For every E over a finite field π = πE is a zero of

U := T 2 − β·T + q, β2 ≤ 4q.

The Newton polygon of E equals the Newton polygon of U with the vertical axis
compressed by n, see 9.3. Hence:

(p does not divide β) ⇐⇒ (E is ordinary),

and

(vp(β) > 0) ⇔ (E is supersingular) ⇔ (vp(β) ≥ n/2) ⇔ (q divides β2);

(E is supersingular) ⇐⇒ β2 ∈ {0, q, 2q, 3q, 4q}.

We write

D = End0(E), L = Q(π), e = [L : Q],
√

[D : Q] = d.

Note that ed = 2. Hence L = Q iff D ∼= Qp,∞. If L/Q is quadratic, then L is
imaginary. Note that if L is quadratic over Q then E is supersingular iff p is
non-split in L/Q.

We have the following possibilities. Moreover,
using 1.2 we see that these cases do all occur for an elliptic curve over some finite
field.

(1) p does not divide β ,
E is ordinary, L = Q(πE) is imaginary quadratic over Q, and p is split in
L/Q; no restrictions on p, no restrictions on n.

In all cases below p divides β (and E is supersingular). We write either q = p2j

or q = p2j+1.
For supersingular E we have that q divides β2. As moreover 0 ≤ β2 ≤ 4q we
conclude

β2 ∈ {0, q, 2q, 3q, 4q}.

(2) β2 = 4q β = ∓2
√

q = ∓2pj , n = 2j is even .

Here π = ±pj = ±√q ∈ Q, and L = Q, D ∼= Qp,∞.

F. Oort / Abelian Varieties over Finite Fields158



In all cases below (E is supersingular and) πE �∈ Q; hence

Q � L = D �∼= Qp,∞ and L � End(E ⊗ F) ∼= Qp,∞.

(3) β2 = 3q p = 3, β = ±3j+1 , q = 32j+1.
Here p = 3, n = 2j + 1 is odd, and
π ∼ ζ3

√−q or π ∼ ζ6
√−q: π ∼ ζ12

√
q, L = Q(

√−3).

(4) β2 = 2q p = 2, β = ±2j+1 , q = 22j+1.
Here p = 2, n = 2j + 1 is odd, and π ∼ ζ8

√
q; L = Q(

√−1).

(5) β2 = q β = ±√q = ±pj , p �≡ 1 (mod 3) , n = 2j is even, and L =

Q(
√−3).

Here π ∼ ζ6
√

q, respectively π ∼ ζ3
√

q.

If we are not in one of the cases above we have β = 0.

(6) β = 0, n is odd , π ∼ ±√−q, no restrictions on p; L = Q(
√−p).

(7) β = 0, n is even, p �≡ 1 (mod 4) , π ∼ ±pj
√−1, q = p2j ; L =

Q(
√−1).

In particular we see:

if E is supersingular over a finite field, then πE ∼ ζr
√

q with
r ∈ {1, 2, 3, 4, 6, 8, 12}.

Proof. Let E be an elliptic curve over Fq. We have seen restrictions on β. If p
does not divide β ∈ Z, we see that β2 − 4q < 0, and (1) is clear.
If we are not in case (1) then p divides β and E is supersingular and β2 ∈
{0, q, 2q, 3q, 4q}.

If β2 = 4q, we are in Case (2); this is clear; also see 15.9.
If β2 = 3q, we obtain p = 3 and we are in case (3)
If β2 = 2q, we obtain p = 2 and we are in case (4).
If β2 = q we obtain L = Q(ζ3); because p is non-split in L/Q we obtain p �≡ 1

(mod 3) in this case; this proves (5).
If β = 0 and n odd, we have L = Q(π) = Q(

√−p). We are in case (6), no
restrictions on p.
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If β = 0 and n is even, we have L = Q(π) = Q(
√−1). As p is non-split in

L/Q we see that p �≡ 1 (mod 4). We are in case (7).

This ends the proof of the classification of all isogeny classes of elliptic curves
over a finite field as given in [75], pp. 536/7. �14.6

15. Some examples and exercises

15.1. Definition / Remark. Let A be an abelian variety over a field K and let
K0 ⊂ K. We say that A can be defined over K0 if there exists a field extension
K ⊂ K ′ and and abelian variety B0 over K0 such that B0 ⊗K0 K ′ ∼= A ⊗K K ′.
– The following exercise shows that this does not imply in general that we can
choose B0 over K0 such that B0 ⊗K0 K ∼= A.

15.2. Exercise. Let p be a prime number, p ≡ 3 (mod 4). Let π := p·√−1.
(1) Show that π is a p2-Weil number. Let A be an abelian variety simple over
K := Fp2 such that πA ∼ π. Determine dim(A). Describe End0(A).
(2) Show there does not exist an abelian variety B0 over K0 := Fp such that
B0 ⊗K0 K ∼= A.
(3) Show there exists a field extension K ⊂ K ′ and and abelian variety B0 over
K0 such that B0 ⊗K0 K ′ ∼= A⊗K K ′. I.e. A can be defined over K0.

15.3. Exercise. Give an example of a simple abelian variety A over a field such
that A⊗K is not simple.

15.4. Exercise. For each of the numbers below show it is a Weil number, determine
q, determine the invariants e0, e, d, g, describe the structure of D, and describe
the structure of End0(A⊗K K ′) for any field extension K ⊂ K ′.
(1) π =

√−p,
(2) ζ = ζ3 = −1

2 + 1
2

√−3, π = ζ·√−p,
(3) π is a zero of T 2 −√2·T + 8,

15.5. Exercise. Consider the following examples.
(1) Let β :=

√
2 +
√

3, and q = pn. Let π be a zero of

T 2 − βT + q.

(2) Choose coprime positive integers d > c > 0, and choose p. Let π be a zero of

T 2 + pcT + pd+c, q = pd+c.

See Section 11, in particular 11.5.
(3) Choose q = pn and i ∈ Z>0. Let π := ζi·√q, where ζi is a primitive i−th root
of unity.

(a) Show that every of these numbers π indeed is a Weil q-number.
For each of these let Aπ be an abelian variety simple over Fq having this number
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as geometric Frobenius endomorphism.
(b) Determine dim(Aπ) and its Newton poygon N (Aπ).
(c) For every possible choice of π determine the smallest N ∈ Z>0 such that for
every t > 0 we have

End0(Aπ ⊗ FqN ) = End0(Aπ ⊗ FqNt).

You might want to use 5.10.

15.6. Exercise. (1) Let E be an elliptic curve over Fp. Show that End0(E) is a
field.
(2) Give an example of an abelian variety simple over Fp such that End(A) is
non-commutative.
(3) Let E be an elliptic curve over Q. Show that End(E) = Z.
(4) Show there exists an abelian variety A simple over Q such that Z �= End(A).
Compare 18.10.

15.7. Remark/Exercise. Suppose A is an abelian variety over a field K which
admits smCM. Let D = End0(A) and let L′ ⊂ D be a subfield of degree [L′ :
Q] = 2g = 2·dim(A). In this case L′ not be a CM field.
Construct A, K, L′, where A is an abelian variety over K, a finite field, such
that D = End0(A) is of Type IV(1,g), i.e. A admits smCM, and D is a division
algebra central over degree g2 over an imaginary quadratic field L = Q(πA), and
L ⊂ L′ ⊂ D is a field which splits D/L such that L′ is not a CM-field.

15.8. Exercise. Consider the number π constructed in 12.7, respectively 12.9.
Prove it is a Weil number and determine D(π), and g(π) and the Newton polygon
of the isogeny class thus constructed. For notation see 5.5.

15.9. Let π be a Weil q-number. Let Q ⊂ L ⊂ D be the central simple algebra
determined by π. We remind the reader that

[L : Q] =: e, [D : L] =: d2, 2g := e·d. See Section 18, see 5.5.

For the different types of Albert algebras see 18.2. As we have seen in Proposition
2.2 there are three possibilities in case we work over a finite field:

(Re) Either
√

q ∈ Q, and q = pn with n an even positive integer.

Type III(1), g = 1

In this case π = +pn/2, or π = −pn/2. Hence L = L0 = Q. We see that D/Q

has rank 4, with ramification exactly at ∞ and at p. We obtain g = 1, we have
that A = E is a supersingular elliptic curve, End0(A) is of Type III(1), a definite
quaternion algebra over Q. This algebra was denoted by Deuring as Qp,∞. Note
that “all endomorphisms of E are defined over K”, i.e. for any

∀ K ⊂ K ′ we have End(A) = End(A⊗K ′).

(Ro) Or q = pn with n an odd positive integer and hence
√

q �∈ Q.
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Type III(2), g = 2

In this case L0 = L = Q(
√

p), a real quadratic field. We see that D ramifies exactly
at the two infinite places with invariants equal to (n/2)·2/(2n) = 1/2. Hence
D/L0 is a definite quaternion algebra over L0, it is of Type III(2). We conclude
g = 2. If K ⊂ K ′ is an extension of odd degree we have End(A) = End(A⊗K ′).
If K ⊂ K ′ is an extension of even degree A⊗K ′ is non-simple, it is K ′-isogenous
with a product of two supersingular elliptic curves, and End0(A⊗K ′) is a 2× 2
matrix algebra over Qp,∞, and

∀ 2 | [K ′ : K] we have End(A) �= End(A⊗K ′).

(C) For at least one embedding ψ : Q(π)→ C we have ψ(π) �∈ R.

IV(e0, d), g := e0·d

In this case all conjugates of ψ(π) are non-real. We can determine [D : L] knowing
all v(π) by 5.4 (3); here d is the greatest common divisor of all denominators of
[Lv : Qp]·v(π)/v(q), for all v | p. This determines 2g := e·d. The endomorphism
algebra is of Type IV(e0, d). For K = Fq ⊂ K ′ = Fqm we have

End(A) = End(A⊗K ′) ⇐⇒ Q(π) = Q(πm).

15.10. Suppose M ⊃ R � K, where R is a normal domain and M = Q(R)
the field of fractions, and K a residue field. Suppose A → Spec(R) is an abelian
scheme. Then

End(AM ) ∼−→ End(A) ↪→ End(AK).

Exercise. In case � is a prime number not equal to the characteristic of K, show
that End(AK)/End(A) has no �-torsion.

Exercise. Give an example where End(AK)/End(A) does have torsion.

We conclude that we obtain End0(A) ↪→ End0(AK). In general this is not an
equality.

Exercise. Give examples of A over R such that End0(A) � End0(AK).

15.11. Remark/Exercise. It is interesting to study the behavior of isomorphism
classes and of isogeny classes of abelian varieties over finite fields under field
extensions. See [75], page 538:

15.11.1 Example. Let q = pn with n even. Consider β+ = +2
√

q, and β− = −2
√

q.
The polynomial P = T 2 − β·T + q in both cases gives a Weil q-number. The
resulting (isogeny classes) E+, respectively E− consist of elliptic curves, with
End0(E) quaternionic over Q, the case of “all endomorphisms are defined over
the base field”. These isogeny classes do not coincide over Fq:
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β± = ±2
√

q, E+ �∼Fq E−; however E+ ⊗K ′ ∼K′ E− ⊗K ′

for the quadratic extension K = Fq ⊂ K ′ := Fq2 .
Note that in these cases the characteristic polynomial fE± of the geometric

Frobenius equals P 2.
Waterhouse writes: “But the extension which identifies these two classes created
also a new isogeny class ... It is this sort of non-stable behavior which is overlooked
in a treatment like Deuring’s which considers only endomorphism rings over k...”
See [75], page 538.

15.11.2 Exercise/Example. Classify all isogeny classes of elliptic curves, and their
endomorphism algebras for every p, for every q = pn. See 14.6.

15.11.3 Exercise. Write EIsom(q) for the set of isomorphism classes of elliptic
curves over Fq. Let K = Fq ⊂ K ′ = FqN be an extension of finite fields. There is
a natural map

EIsom(q) −→ EIsom(qN ) [E] 
→ [E ⊗K K ′].

Show that this map is not injective, and is not surjective.

15.11.4 Exercise. Write Isog(q) for the set of isogeny classes of abelian varieties
over Fq. Show that for N ∈ Z>1 the natural map Isog(q) → Isog(qN ) is not
injective, and is not surjective.

15.12. Exercise. Show that h := Y 3 − 6Y 2 + 9T − 1 ∈ Q[Y ] is irreducible. Let β
be a zero of h. Show that for any ψ0 : Q(β) → C we have ψ0(β) ∈ R, i.e. β is
totally real, and that 0 < ψ0(β) < 5, hence β is totally positive. Let π be a zero of
T 2 − β·T + 3. Determine the dimension of A simple over F3 such that πA = π.

15.13. Exercise. Let L0 = Q(
√

2). Choose a rational prime number p inert in
L0/Q. Let β := (2−√2)·p. Let π be a zero of the polynomial

g := T 2 − βT + p4 ∈ L0[T ].

(a) Show that the discriminant of g is totally negative.
(b) Show that π is a q-Weil number with q = p4.
(c) Let A be an abelian variety over Fq with πA = π. Let

Q ⊂ L0 = Q(β) ⊂ L = Q(π) ⊂ D := End0(A).

Determine: g = dim(A), the structure of D and the Newton polygon N (A).

This can be generalized to:

15.14. Exercise. Let g ∈ Z>0. Let e0, d ∈ Z>0 with e0·d = g. Show there exists an
abelian variety A over F = Fp with D = End0(A) of Type(e0, d).
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15.15. Exercise. Let b ∈ Z and p and q = pn satisfy b2 < 4q3 such that 3 divides
b but 32 does not divide b. Let β be a zero of f := X3 − 3qX − b. Let ρ be a zero
of Y 2 − bY + q3. Let π be a zero of T 2 − βT + q. Let N be the Galois closure of
Q(π)/Q. Show:
(a) f ∈ Z[X] is irreducible; β is totally real; write L0 = Q(β);
(b) π is a Weil q-number; ρ is a Weil q3-number;
(c) π3 ∼ ρ; there exists an inclusion Q(ρ) ⊂ Q(π) =: L;
(e) there exists an element 1 �= z ∈ N with z3 = 1; such an element is not
contained in Q(π);
(f) for w′ ∈ Σ(p)

L0
compute w′(β).

(g) Let A be a K-simple abelian variety with πA = π. Show how to compute
dim(A) once b and q are given. Is A absolutely simple?

15.16. Exercise. Formulate and solve an exercise analogous to the previous one
with f = X5 − 5qT 3 + 5q2T − b.

15.17. Exercise. Let N ∈ Z≥2 be a prime number. Let π be a Weil q-number, and
L = Q(π). Suppose L′ := Q(πN ) � L = Q(π). Show:
(a) If ζN is not conjugated to an element in L then [L : L′] = N .
(b) If ζN is conjugated to an element in L then [L : L′] divides N − 1.

15.18. Exercise. Let E be an elliptic curve over a field of characteristic p > 0, and
let L ⊂ End0(E) be a field quadratic over Q. Show that L is imaginary. Show
there exists a CM-lifting of (E, L) to characteristic zero. See 22.1(4).

15.19. Exercise. Let p be a prime number, and let P := T 30 + pT 15 + p15. Write
Kn = Fpn .
(a) Show that P ∈ Q[T ] is irreducible. Let π be a zero of g. Show that π is a Weil
p-number. Let A be an abelian variety over Fp such that πA ∼ π.
(b) Describe the structure of End(A) and compute dim(A).
(c) Show that

End(A) � End(A⊗K3) � End(A⊗K15),

and describe the structures of these endomorphism algebras. Show that A is ab-
solutely simple.

15.20. Exercise. (See Section 9.) Let m and n be coprime integers, m > n ≥ 0.
Write h := m + n. For every b ∈ Z>1 write

gb := T 2 + p2bn(1− 2pbe) + p2bh, e := h− 2n = mn.

(a) Show that the discriminant of gb is negative; conclude that gb ∈ Q[T ] is irre-
ducible. Let πb be a zero of gb. Show that πb is a p2bh-Weil number. Let Ab be an
abelian variety with πAb

∼ πb.
(b) Describe the structure of End(Ab) and determine the Newton polygon N (Ab).
(c) Show that
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#
({� | � is a prime number and ∃b ∈ Z>0 such that � divides (4pbe − 1)})
=∞.

[Hint: you might want to use the reminder below.]
(d) Show that the set {Q(πb) | b ∈ Z>0}/ ∼=Q is an infinite set of isomorphism
classes of quadratic fields.
(e) Conclude that

{Ab ⊗ Fp | b ∈ Z>1}

defines an infinite number of Fp-isogeny classes with Newton polygon equal to
(m, n)+ (n, m). (f) Show that for any symmetric Newton polygon ξ �= σ which is
not supersingular, there exists infinitely many isogeny classes of hypersymmetric
abelian varieties over Fp having Newton polygon equal to ξ.

15.21. Reminder. Let S be a set of primes, and ZS the ring of rational numbers
with denominators using only products of elements of S; write (ZS)∗ for the
multiplicative group of units in this ring. A conjecture by Julia Robinson, later
proved as a corollary of a theorem by Siegel and Mahler says:

# ({λ | λ ∈ (ZS)∗, λ− 1 ∈ (ZS)∗}) <∞;

this is a very special case of: [33], Th. 3.1 in 8.3 on page 194.

16. Appendix 1: Abelian varieties

Basic references: [47], [15], [GM].
For the notion of abelian variety over a field, abelian scheme over a base

scheme, isogenies, and much more we refer to the literature. But let us at least
give one definition.

16.1. Definition. Let S be a scheme. We say that G→ S is a group scheme over
S if MorS(−, G) represents a group functor on the category of schemes over S.
A group scheme A → S is an abelian scheme if A/S is smooth and proper with
geometrically irreducible fibers. If S = Spec(K), an abelian scheme over S is
called an abelian variety defined over K.

From these properties it follows that A/S is a commutative group scheme. How-
ever the name does not come from this, but from the fact that certain integrals
of differential forms on a Riemann surface where studied by Niels Henrik Abel,
and that the values of such integral are in an algebraizable complex torus; hence
these objects were called abelian varieties.

Warning. In most recent papers there is a distinction between an abelian variety
defined over a field K on the one hand, and A⊗K K ′ over K ′ � K on the other
hand. The notation End(A) stands for “the ring of endomorphisms of A over K”.
This is the way Grothendieck taught us to choose our notation.
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In pre-Grothendieck literature and in some modern papers there is a confusion
between on the one hand A/K and “the same” abelian variety over any extension
field. In such papers there is a confusion. Often it is not clear what is meant by
“a point on A”, the notation EndK(A) can stand for the “endomorphisms defined
over K”, but then sometimes End(A) can stand for the “endomorphisms defined
over K”.

Please adopt the Grotendieck convention that a scheme T → S is what it is,
and any scheme obtained by base extension S′ → S is denoted by T ×S S′ = TS′ ,
etc.

An abelian variety A over a field K, as defined above, is a “complete group variety
defined over K” (in pre-Grothendieck terminology). In particular A ⊗ K is an
integral algebraic scheme.

Exercise. Show that G → S is a group scheme over S iff there exist morphisms
S → G, and m : G×G→ A and i : G→ G satisfying certain properties encoded
in commutative diagrams as given by the group axioms.

16.2. For an abelian variety over a field K the dual abelian variety At = Pic0
A

exists. This is an abelian variety of the same dimension as A.
For the definition of a polarization see [47]; [45], 6.2; see [GM]. A divisor D on

an abelian variety A defines a homomorphism φD : A → At; in case this divisor
is ample φD is an isogeny. For an abelian variety A over a field K an isogeny
ϕ : A→ At is called a polarization if over some over-field of K this homomorphism
can be defined by an ample divisor. We say we have a principal polarization if
ϕ : A→ At is an isomorphism.

As every abelian variety admits a polarization we see that A and At are
isogenous.

16.3. The Rosati involution. Let A be an abelian variety over a field K We write
D = End0(A) = End(A)⊗ZQ, called the endomorphism algebra of A. Let ϕ : A→
At be a polarization. We define † : D → D by †(x) := ϕ−1·xt·ϕ; for the existence
of ϕ−1 in D, see 6.1.This map is an anti-involution on the algebra D, called the
Rosati-involution. If ϕ is a principal polarization, we have † : End(A)→ End(A).
See [47], pp.189 - 193. See [15], Chap. V, §17; note however that the subset of
End0(A) fixed by the Rosati involution need not be a subalgebra.

16.4. Exercise. Show there exists a polarized abelian variety (A, μ) over a field k
such that the Rosati involution † : End0(A)→ End0(A) does not map End(A) ⊂
End0(A) into itself.

16.5. Duality for finite group schemes. For a finite, locally free, commutative
group scheme N → S there is a dual group scheme, denoted by ND, called the
Cartier dual of N ; for N = Spec(B)→ Spec(A) = S we take BD := HomA(B, A),
and show that ND := Spec(BD) exists and this is a finite group scheme over S.
See [49], I.2.

Equivalent definition. Let N → S be as above. Consider the functor T 
→
HomT (NT , Gm,T ). By the Cartier-Shatz formula this functor is representable by
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Hom(−, ND), see [49], Theorem 16.1. Conversely this can be used as defintion of
Cartier duality N 
→ ND.

16.6. Duality theorem. Let S be a locally noetherian base scheme. Let ϕ : A→ B
be an isogeny of abelian schemes over S, with kernel N = Ker(ϕ). The exact
sequence

0 → N −→ A
ϕ−→ B → 0

gives rise to an exact sequence

0 → ND −→ Bt ϕt

−→ At → 0.

�
See [49]. Theorem 19.1. For the definition of ND, see 16.5.

16.7. Corollary. Let S be a locally noetherian base scheme and let A → S be an
abelian scheme. There is a natural isomorphism At[p∞] = A[p∞]t. �

16.8. The characteristic polynomial of an endomorphism. Let A be an abelian
variety over a field K of dim(A) = g, and and let ϕ ∈ End(A); then there exists
a polynomial fA,ϕ ∈ Z[T ] of degree 2g called the characteristic polynomial of ϕ;
it has the defining property that for any t ∈ Z we have fA,ϕ(ϕ− t) = deg(ϕ− t);
see [15] page 125.

See 20.1 for the definition of T�(A); for every � �= char(K) the polynomial fA,ϕ

equals the characteristic polynomial of T�(ϕ) ∈ End(T�(A)(K)) ∼= M2g(Z�). This
can be used to give a definition of fA,ϕ.

If ϕ ∈ End(A) and ψ ∈ End(B) then fA×B,(ϕ,ψ) = fA,ϕ × fB,ψ.
If A = Bμ and B is simple over a finite field, then fA,πA

= (fB,πB
)μ.

16.9. Exercise. Let K be a field, and A an abelian variety over K of dimension
g. Show there is a natural homomorphism

End(A) −→ EndK(tA) ∼= Mg(K)

by ϕ 
→ dϕ.
If char(K) = 0, show this map is injective.
If char(K) = p > 0, show this map is not injective.
Let E be an elliptic curve over Q. Show that End(E) = Z. Construct an

elliptic curve E over Q with End(E) � End(E ⊗ C).

Remark. There does exist an abelian variety A over Q with Z � End(A). See
15.6.

16.10. Exercise. Show that over a field of characteristic p, the kernel of End(A)→
End(tA) ∼= Mg(K) can be bigger than End(A)·p.
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We say an abelian variety A �= 0 over a field K is simple, or K-simple if confusion
might occur, if for any abelian subvariety B ⊂ A we have either 0 = B or B = A.

16.11. Theorem (Poincaré-Weil). For any abelian variety A �= 0 over a field K
there exist simple abelian varieties Bi over K and an isogeny A ∼K Πi Bi.
See [47], Th. 1 on page 173 for abelian varieties over an algebraically closed field.
See [GM] for the general case. �

17. Appendix 2: Central simple algebras

Basic references: [7], [61], [8] Chapter 7, [65] Chapter 10. We will not give a full
treatment of this theory here.

17.1. A module over a ring is simple if it is non-zero, and it has no non-trivial
submodules.

A module over a ring is semisimple if it is a direct sum of simple submodules.
A ring is called semisimple if it is non-zero, and if it is semisimpe as a left

module over itself.
A ring is called simple if it is semisimple and if there is only one class of

simple left ideals.
A finite product of simple rings is semisimple.
The matrix algebra Mat(r, D) over a division algebra D for r ∈ Z>0 is simple.
Wedderburn’s theorem says that for a central simple algebra (see below) R

over a field L there is a central division algebra D over L and an isomorphism
R ∼= Mat(r, D) for some r ∈ Z≥0.

Examples of rings which are not semisimple: Z, K[T ], Z/p2.
Examples of rings which are simple: a field, a division algebra (old terminology:
“a skew field”), a matrix algebra over a division algebra.

17.2. Exercise. Let A �= 0 be an abelian variety over a field K. (Suggestion, see
16.11, and see 15.9.)
(1) Show that End0(A) is a semisimple ring.
(2) Prove: if A is simple, then End0(A) is a division algebra.
(3) Prove: if A ∼ Bs, where B is simple and s ∈ Z>0, then End0(A) is a simple
ring.

17.3. Definition. Let L be a field. A central simple algebra over L is an L-algebra
Γ such that
(1) Γ is finite dimensional over L,
(2) L is the center of Γ,
(3) Γ is a simple ring.
We say that Γ = D is a central division algebra over L if moreover D is a division
algebra.

Suppose a field L is given. Let D and D′ be central simple algebras over L. We
say that D and D′ are similar, notation D ∼ D′ if there exist m, m′ ∈ Z≥0
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and an isomorphism D⊗L Mat(m, L) ∼= D′ ⊗L Mat(m′, L). The set of ‘similarity
classes” of central simple algebras over L will be denoted by Br(L). On this set
we define a “multiplication” by [D1]·[D2] := [D1 ⊗L D2]; this is well defined, and
there is an “inverse” [D] 
→ [Dopp], where Dopp is the opposite algebra. As every
central simple algebra is a matrix algebra over a central division algebra over L
(Wedderburn’s Theorem) one can show that under the operations given Br(L) is
a group, called the Brauer group of L. See the literature cited for definitions, and
properties.

17.4. Facts (Brauer theory).
(1) For any local field L there is a canonical homomorphism

invL : Br(L)→ Q/Z.

(2) If L is non-archimedean, then invL : Br(L) ∼−→ Q/Z is an isomorphism.
If L ∼= R then Br(L) ∼= 1

2Z/Z.
If L ∼= C then Br(L) = 0.

(3) If L is a global field, there is an exact sequence

0 → Br(L) −→
⊕
w

Br(Lw) −→ Q/Z → 0.

Note the use of this last statement: any central simple algebra over a global field
L is uniquely determined by a finite set of non-zero invariants at places of L. We
will see that this gives us the possibility to describe endomorphism algebras of
(simple) abelian varieties.
(4) Let L ⊂ D be simple central division algebra; by (3) we know it is given by a
set of invariants {invw(D) | w ∈ ΣL}, with invw(D) ∈ Q/Z. Let r be the least
common multiple of the denominators of these rational numbers written as a a
quotient with coprime nominator and denominator. Then [D : L] = r2.

For explicit descriptions of some division algebras see [5]. Note that such
explicit methods can be nice to have a feeling for what is going on, but for the
general theory you really need Brauer theory.

17.1.

Example. For a (rational) prime number p we consider the invariant 1/2 at the
prime p in Z, i.e. p ∈ ΣQ and the invariant 1/2 at the infinite prime of Q. As these
invariants add up to zero in Q/Z there is a division algebra central over Q given
by these invariants. This is a quaternion algebra, split at all finite places unequal
to p. In [20] this algebra is denoted by Qp,∞. By 5.4 we see that a supersingular
elliptic curve E over F has endomorphism algebra End0(E) ∼= Qp,∞

18. Appendix 3: Endomorphism algebras.

Basic references: [68], [47], [35] Chapt. 5, [54].
We will see: endomorphism algebras of abelian varieties can be classified. In many
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cases we know which algebras do appear. However we will also see that it is
difficult in general to describe all orders in these algebras which can appear as
the endomorphism ring of an abelian variety.

18.1. Proposition (Weil). Let A, B be abelian varieties over a field K. The group
Hom(A, B) is free abelian of finite rank. In fact,
(1) rank (Hom(A, B)) ≤ 4·gA·gB;
(2) if the characteristic of K equals zero, rank (Hom(A, B)) ≤ 2·gA·gB.

Let � be a prime different from the characteristic of K. Let T�(A), respectively
T�(B) be the Tate-�-groups as defined in 20.1.
(3) The natural homomorphisms

Hom(A, B) ↪→ Hom(A, B)⊗Z Z� ↪→ Hom(T�(A), T�(B))

are injective.
See [47], Th. 3 on page 176. �

We write End(A) for the endomorphism ring of A and End0(A) = End(A)⊗ZQ for
the endomorphism algebra of A. By Wedderburn’s theorem every central simple
algebra is a matrix algebra over a division algebra. If A is K-simple the algebra
End0(A) is a division algebra; in that case we write:

Q ⊂ L0 ⊂ L := Centre(D) ⊂ D = End0(A);

here L0 is a totally real field, and either L = L0 or [L : L0] = 2 and in that case L
is a CM-field. In case A is simple End0(A) is one of the four types in the Albert
classification. We write:

[L0 : Q] = e0, [L : Q] = e, [D : L] = d2.

The Rosati involution † : D → D is positive definite. A simple division algebra
of finite degree over Q with a positive definite anti-isomorphism which is positive
definite is called an Albert algebra. Applications to abelian varieties and the
classification has been described by Albert, [1], [2], [3].

18.2. Albert’s classification.
Type I(e0) Here L0 = L = D is a totally real field.

Type II(e0) Here d = 2, e = e0, invw(D) = 0 for all infinite w, and D is an
indefinite quaternion algebra over the totally real field L0 = L.

Type III(e0) Here d = 2, e = e0, invw(D) �= 0 for all infinite w, and D is an
definite quaternion algebra over the totally real field L0 = L.

Type IV(e0, d) Here L is a CM-field, [F : Q] = e = 2e0, and [D : L] = d2.

18.3. Theorem. Let A be an abelian variety over a field K. Then End0(A) is an
Albert algebra. �
See[47], Theorem 2 on page 201.
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18.4. As Albert, Shimura and Gerritzen proved: for any prime field P, and every
Albert algebra D there exists an algebraically closed field k ⊃ P and an abelian
variety A over k such that End0(A) ∼= D; see [54], Section 3 for a discussion and
references. In case P = Fp in all these cases one can choose for A an ordinary
abelian variety.

In particular Gerritzen proves the following more precise result. For an Albert
algebra D define t0(D) ∈ {1, 2} by:

t0(D) = 1 if D is of type I, or II, or IV(e0, d > 1) (D is generated by the
†-invariants),

t0(D) = 2 if D is of type III, or IV(e0, d = 1) (D is not generated by the
†-invariants).

18.5. Theorem (Gerritzen). For a given prime field P, and a given Albert algebra
D, choose any integer t ≥ t0(D) = 1, and define g := t·[D : Q]; there exists an
algebraically closed field k containing P and an abelian variety A over k such that
End0(A) ∼= D.
See [24], Th. 12. See [54], Th. 3.3.

18.6. A more refined question is to study the endomorphism ring of an abelian
variety.
Remark. Suppose A is an abelian variety over a finite field. Let πA be its geometric
Frobenius, and νA = q/πA its geometric Verschiebung. We see that πA, νA ∈
End(A). Hence the index of End(A) in a maximal order in End0(A) is quite small,
in case A is an abelian variety over a finite field. This is in sharp contrast with:

18.7. Exercise. Let L be a field quadratic over Q with ring of integers OL. Show
that for any order R ⊂ L there is a number f ∈ Z>0 such that OL = Z + f ·OL

(and, usually, this number f is called the conductor). Show that for any imaginary
quadratic L and any f ∈ Z>0 there exists an elliptic curve E over C such that
End(E) ∼= Z + f ·OL.
Conclusion. The index of End(A) in a maximal order in End0(A) is in general
not bounded when working over C.

18.8. Exercise. Show that there for every integer m and for every algebraically
closed field k ⊃ Fp not isomorphic to F there exists a simple abelian surface over
k such that E := End0(A) and [OE : End(A)] > m.

18.9. Remark. For a simple ordinary abelian variety A over a finite field the orders
in End0(A) containing πA and νA are precisely all possible orders appearing as
endomorphism ring in the isogeny class of A, see [75], Th. 7.4.

However this may fail for a non-ordinary abelian variety, see [75], page
555/556, where an example is given of an order containing πA and νA, but which
does not appear as the endomorphism ring of any abelian variety.

We see difficulties in determining which orders in End0(A) can appear as the
endomorphism ring of some B ∼ A.

Much more information on endomorphism rings of abelian varieties over finite
fields can be found in [75].
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18.10. Exercise. Let A be a simple abelian variety over an algebraically closed
field k which admits smCM.

(1) If the characteristic of k equals zero, End0(A) is commutative.

(2) If A is simple and ordinary over F then End0(A) is commutative.

(3) However if A is simple and non-ordinary over F there are many examples
showing that End0(A) may be non-commutative. Give examples.

(4) Show there exists an ordinary, simple abelian variety B over an algebraically
closed field of positive characteristic such that End(B) is not commutative. (Hence
k �∼= F, and B does not admit smCM.)

18.11. Exercise. Let K ⊂ K ′ be a an extension of finite field. Let A be an ordinary
abelian variety over K such that A⊗K ′ is simple. Show that End0(A)→ End0(A⊗
K ′) is an isomorphism.

In [75], Theorem 7.2 we read that for simple and ordinary abelian varieties
“End(A) is commutative and unchanged by base change”. Some care has to be
take in understanding this. The conclusion of the preceding exercise is not correct
without te condition “A⊗K ′ is simple”.

18.12. Exercise. Choose a prime number p, and let π be a zero of the polynomial
T 4 − T 2 + p2. Show that π is a Weil p-number; let A be an abelian variety over
Fp (determined up to isogeny) which has π as geometric Frobenius. Show that A
is a simple, ordinary abelian surface. Show that End0(A)→ End0(A⊗Fp2) is not
an isomorphism.

18.13. Remark/Exercise. Choose p > 0, choose a symmetric Newton polygon ξ
which is not supersingular. Then there exists a simple abelian variety A over F

with N (A) = ξ such that End0(A) is commutative (hence a field); see [36]. For
constructions of other endomorphism algebras of an abelian variety over F see [9],
Th. 5.4.

18.14. Let A be a simple abelian variety over Fp. Suppose that ψ(πA) �∈ R. Show
that End(A) is commutative (hence End0(A) is a field) (an easy exercise, or see
[75], Th.6.1). In this case every order containing πA and νA in D = L = End0(A)
is the endomorphism algebra of an abelian variety over Fp.
Exercise. Show there does exist a simple abelian variety over Fp such that End0(A)
is not commutative.

18.15. For abelian varieties over a finite field separable isogenies give an equiva-
lence relation, see [75], Th. 5.2.
Exercise. Show that there exists an abelian variety A over a field K ⊃ Fp such
that separable isogenies do not give an equivalence relation in the isogeny class of
A.

18.16. Remark. If K ⊂ K ′ is an extension of fields, and A is a simple abelian
variety over K, then A′ := A ⊗K K ′ may be K ′-simple or non-K ′-simple; both
cases do appear, and examples are easy to give. The natural map End(A) →
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End(A′) is an embedding which may be an equality, but also inequality does
appear; examples are easy to give, see 16.9, 15.19.

18.17. Exercise. Let g be an odd prime number, and let A be a simple abelian
variety over a finite field of dimension g. Show:

• either End(A) is commutative,
• or End0(A) is of Type(1, g), and N (A) has exactly two slopes and the p-

rank of A is equal to zero.

See [54], (3.13).

18.18. Existence of endomorphism fields. Let A be an abelian variety which ad-
mits smCM over a field K. If char(K) = 0 and A is simple then D := End0(A) is
a field. However if char(K) = p > 0, the ring End(A) need not be commutative.
For examples see Section 15.

Suppose k is an algebraically closed field of char(k) = p, and let A be a supersin-
gular abelian variety, i.e. N (A) = σ, all slopes are equal to 1/2; then A⊗k ∼ Eg,
where E is a supersingular elliptic curve. We have D := End0(A) = Mat(Kp,∞, g);
in particular D is not commutative and for g > 1 the abelian variety A is not
simple. However this turns out to be the only exceptional case in characteristic p
where such a general statement holds.

18.19. Theorem (H. W. Lenstra and FO). Let ξ be a symmetric Newton polygon,
and let p be a prime number. Suppose that ξ �= σ, i.e. not all slopes in ξ are
equal to 1/2. Then there exists an abelian variety A over m = Fp such that
D = L = End0(A) is a field. Necessarily A is simple and L is a CM-field of degree
2·dim(A) over Q.
See [36].

18.20. Corollary. For any p and for any ξ �= σ there exists a simple abelian variety
A over Fp with N (A) = ξ.

For more general constructions of endomorphism algebra with given invariants of
an abelian variety over a finite field, see [9], Section 5.

19. Appendix 4: Complex tori with smCM

See [69], [47], [35], [60].

19.1. Let A be an abelian variety over C. Write T := A(C). This is a complex torus,
i.e. a complex Lie group obtained as quotient Cg/Λ, where Z2g ∼= Λ ⊂ Cg ∼= R2g

is a discrete subgroup. Indeed, we have an exact sequence

0 → Z2g ∼= Λ −→ V ∼= Cg e−→ T = A(C) → 0.

There there are at least two different interpretations of the homomorphism e.
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One can take the tangent space V := tA,0. This is also the tangent space
of the complex Lie groep T . The exponential map of commutatieve complex Lie
groups gives e : V → T .

One can also consider the topological space T , and construct its universal
covering space V := T̃ . This is a complex Lie group (in a unique way) such that
the covering map e is a homomorphism. The kernel is the fundamental group
π1(T, 0) = Λ ∼= Z2g.

19.2. The complex torus T := A(C) is algebraizable, i.e. comes from an algebraic
variety. If this is the case, the structure of algebraic variety, and the structure of
algebraic group giving the complex torus is unique up to isomorphism (note that
a complex torus is compact); see [66], corollaire on page 30.

In general a complex torus of dimension at least two need not be algebraizable
as is show by the following two examples.

19.3. Example. Choose any abelian variety A over C of dimension g > 1. There
exists an analytic family T →M, whereM is a unit cube of dimension g2, such
that over that infinitesimal thickening of the origin the restriction of T → M is
the formal deformation space Def(A). Every polarization μ on A gives a regular
formal subscheme Sμ ⊂ Def(A) of dimension g(g + 1)/2. Let C → M be a one
dimensional regular analytic curve insideM whose tangent space is not contained
in the tangent spaces to Sμ for any μ; such a curve exists because the set of
polarizations on A is countable and because g(g +1)/2 < g2 for g > 1. One shows
that there exists a point s ∈ C such that Ts is not algebraizable.

19.4. Example (Zarhin - FO). Choose a division algebra of finite degree over Q

which is not an Albert algebra. For example take a field which is not totally real,
and which is not a CM-field; e.g. D = Q( 3

√
2). By [60], Corollary 2.3 we know there

exists a complex torus T with End0(T ) ∼= D. If this torus would be algebraizable,
A(C) ∼= T , then this would imply End0(A) ∼= D by GAGA, see [66], Proposition
15 on page 29. By Albert’s classification this is not possible, see 18.3.

19.5. Let A be an abelian variety over C. Suppose it is simple. Suppose it admits
smCM. In that case End0(A) = P is a field of degree 2g over Q. Moreover P is
a CM-field. We obtain a representation ρ0 : P → End(tA,0) ∼= GL(g, C). As P
is commutative and C is algebraically closed this representation splits a a direct
sum of 1-dimensional representations. Each of these is canonically equivalent to
giving a homomorphism P → C. One shows that these g homomorphisms are
mutually different, and that no two are complex conjugated. Conclusion: ρ0 is a
CM-type, call it Φ; conversely a CM-type gives such a representation P operating
via a diagonal matrix given by the elements of Φ. This process (A/C, P ) 
→ (P, Φ)
can be reversed, and the construction gives complex tori which are algebraizable.

19.6. Theorem. Let (P, Φ) be a CM-type. There exists an abelian variety A over
C with P ∼= End0(A) such that the representation ρ0 of P on the tangent space
tA,0 is given by the CM-type Φ. �
See [69], §6. There are many more references possible.
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20. Appendix 5: Tate-� and Tate-p conjectures for abelian varieties

Most important reference: [72]. Also see [22], [83].

20.1. Notation. Let A be an abelian vareity over a scheme S, let � be a prime
number invertible in the sheaf of local rings on S. Write

T�(A) = lim
←i

A[�i].

This is called the Tate-�-group of A/S.

20.2. Let G be a finite flat group scheme over a base scheme S such that the rank
of G is prime to every residue characteristic of S, i.e. the rank of G is invertible
in the sheaf of local rings on S. Then G→ S is étale; [50].

20.3. Etale finite group schemes as Galois modules. (Any characteristic.) Let K
be a field, and let G = Gal(Ksep/K). The main theorem of Galois theory says that
there is an equivalence between the category of algebras étale and finite over K,
and the category of finite sets with a continuous G-action. Taking group-objects
on both sides we arrive at:
Theorem. There is an equivalence between the category of étale finite group
schemes over K and the category of finite continuous G-modules.
See [76], 6.4. Note that this equivalence also holds in the case of not necessarily
commutative group schemes.

Naturally this can be generalized to: let S be a connected scheme, and let s ∈ S(Ω)
be a base point, where Ω is an algebraically closed field; let π = π1(S, s). There is
an equivalence between the category of étale finite group schemes (not necessarily
commutative) over S and the category of finite continuous π-systems.

Exercise. Write out the main theorem of Galois theory as a theory describing
separable field extensions via sets with continuous action by the Galois group.
Then formulate and prove the equivalent theorem for étale finite group scheme
over an arbitrary base as above.

Conclusion. The Tate-�-group of an abelian scheme A/S such that � is invertible
on S either can be seen as a pro-finite group scheme, or equivalently it can be
seen as a projective system of finite modules with a continuous action of the
fundamental group of S.

20.4. For an abelian variety A over a field K and a prime number � �= char(K)
the natural map

End(A)⊗Z Z� ↪→ End(T�(A)(K))

is injective, as Weil showed; see 18.1.
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20.5. Theorem (Tate, Faltings, and many others). Suppose K is of finite type over
its prime field. (Any characteristic different from �.) The canonical map

End(A)⊗Z Z�
∼−→ End(T�(A)) ∼= EndGK

((Z�)2g)

is an isomorphism. �
This was conjectured by Tate. In 1966 Tate proved this in case K is a finite field,
see [72]. The case of function field in characteristic p was proved by Zarhin and
by Mori, see [81], [82], [43]; also see [42], pp. 9/10 and VI.5 (pp. 154-161).

The case K is a number field this was open for a long time; it was finally
proved by Faltings in 1983, see [21]. For the case of a function field in characteristic
zero, see [22], Th. 1 on page 204.

20.6. We like to have a p-adic analogue of 20.5. For this purpose it is convenient
to have p-divisible groups instead of Tate-�-groups:
Definition. Let A/S be an abelian scheme, and let p be a prime number (no
restriction on p). We write

A[p∞] = colimi→ A[pi],

called the p-divisible group (or the Barsotti-Tate group) of A/S.

Remark. Historically a Tate-�-group is defined as a projective system, and the
p-divisible group as an inductive system; it turns out that these are the best ways
of handling these concepts (but the way in which direction to choose the limit
is not very important). We see that the p-divisible group of an abelian variety
should be considered as the natural substitute for the Tate-�-group. Note that
A[p∞] is defined over any base, while T�(A) is only defined when � is invertible
on the base scheme.

The notation A[p∞] is just symbolic; there is no morphism “p∞”, and there
is no kernel of this.

20.7. Exercise. Let A and B be abelian varieties over a field K. In 18.1 we have
seen that Hom(A, B) is of finite rank as Z-module. Let p be a prime number.
Using 18.1, show that the natural map

Hom(A, B)⊗Z Zp ↪→ Hom((A)[p∞], B[p∞])

is injective. Also see [77], theorem 5 on page 56. Also see [83].

20.8. Remark. On could feel the objects T�(A) and A[p∞] as arithmetic objects
in the following sense. If A and B are abelian varieties over a field K which are
isomorphic over K, then they are isomorphic over a finite extension of K; these
are geometric objects. Suppose X and Y are p-divisible groups over a field K
which are isomorphic over K then they need not be isomorphic over any finite
extension of K, these are arithmetic objects. The same statement for pro-�-group
schemes.
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20.9. Theorem (Tate and De Jong). Let K be a field finitely generated over Fp.
Let A and B be abelian varieties over K. The natural map

Hom(A, B)⊗ Zp
∼−→ Hom(A[p∞], B[p∞])

is an isomorphism. �
This was proved by Tate in case K is a finite field; a proof was written up in [77].
The case of a function field over a finite field was proved by Johan de Jong, see
[30], Th. 2.6. This case follows from the result by Tate and from the following
result on extending homomorphisms 20.10.

20.10. Theorem (Tate, De Jong). Let R be an integrally closed, Noetherian inte-
gral domain with field of fractions K. (Any characteristic.) Let X,Y be p-divisible
group over Spec(R). Let βK : XK → YK be a homomorphism. There exists
(uniquely) β : X → Y over Spec(R) extending βK .
This was proved by Tate, under the extra assumption that the characteristic of
K is zero. For the case char(K) = p, see [30], 1.2 and [31], Th. 2 on page 261. �

21. Appendix 6: Some properties in characteristic p

See [39]. For information on group schemes see [49], [62], [76], [10].

In characteristic zero we have strong tools at our disposal: besides algebraic-
geometric theories we can use analytic and topological methods. It seems that we
are at a loss in positive characteristic. However the opposite is true. Phenomena,
only occurring in positive characteristic provide us with strong tools to study
moduli spaces. And, as it turns out again and again, several results in charac-
teristic zero can be derived using reduction modulo p. These tools in positive
characteristic will be of great help in this talk.

21.1. A finite group scheme in characteristic zero, of more generally a finite group
scheme of rank prime to all residue characteristics, is étale over the base; e.g. see
[50]. However if the rank of a finite group scheme is not invertible on the base, it
need not be étale.

21.2. The Frobenius morphism. For a scheme T over Fp (i.e. p·1 = 0 in all fibers
of OT ), we define the absolute Frobenius morphism fr : T → T ; if T = Spec(R)
this is given by x 
→ xp in R.

For a scheme A → S over Spec(Fp) we define A(p) as the fiber product of

A → S
fr←− S. The morphism fr : A → A factors through A(p). This defines

FA/S = FA : A → A(p), a morphism over S; this is called the relative Frobenius
morphism. If A is a group scheme over S, the morphism FA : A → A(p) is a
homomorphism of group schemes. For more details see [62], Exp. VIIA.4. The
notation A(p/S) is (maybe) more correct.

Example. Suppose A ⊂ An
R is given as the zero set of a polynomial

∑
I aIX

I

(multi-index notation). Then A(p) is given by
∑

I ap
IX

I , and A→ Ap is given, on
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coordinates, by raising these to the power p. Note that if a point (x1, · · · , xn) ∈ A
then indeed (xp

1, · · · , xp
n) ∈ A(p), and xi 
→ xp

i describes FA : A→ A(p) on points.

Let S = Spec(Fp); for any T → S we have a canonical isomorphism T ∼= T (p). In
this case FT/S = fr : T → T .

21.3. Verschiebung. Let A be a commutative group scheme flat over a character-
istic p base scheme. In [62], Exp. VIIA.4 we find the definition of the “relative
Verschiebung”

VA : A(p) → A; we have: FA·VA = [p]A(p) , VA·FA = [p]A.

In case A is an abelian variety we see that FA is surjective, and Ker(FA) ⊂ A[p].
In this case we do not need the somewhat tricky construction of [62], Exp. VIIA.4,
but we can define VA by VA·FA = [p]A and check that FA·VA = [p]A(p) .

21.4. Examples of finite group scheme of rank p. Let k ⊃ Fp be an algebraically
closed field, and let G be a commutative group scheme of rank p over k. Then we
are in one of the following three cases:

G = Z/p
k
. This is the scheme Spec(kp), with the group structure given by Z/p.

Here VG = 0 and FG is an isomorphism.

G = αp. We write αp = Ga,Fp [F ] the kernel of the Frobenius morphism on
the linear group Ga,Fp . This group scheme is defined over Fp, and we have the
habit to write for any scheme S → Spec(Fp) just αp, although we should write
αp ×Spec(Fp) S. For any field K ⊃ Fp we have αp,K = Spec(K[τ ]/(τp)) and the
group structure is given by the comultiplication τ 
→ τ ⊗ 1 + 1 + τ on the algebra
K[τ ]/(τp). Here VG = 0 = FG.

G = μp,k. We write μt,K = Gm,K [t] for any field K and any t ∈ Z≥1. Here FG = 0
and VG is an isomorphism. Note that the algebras defining αp,Fp and μp,Fp are
isomorphic, but the comultiplications are different.

Any finite commutative group scheme over k of rank a power of p is a successive
extension of group schemes of these three types. For an arbitrary field K ⊃ Fp

the first and the last example can be “twisted” by a Galois action. However if
G⊗K k ∼= αp,k then G ∼= αp,K .

For duality, and for the notion of “local” and “etale” group scheme see [49].

Commutative group scheme of p-power rank over a perfect base field can be
classified with the help of Dieudonné modules, not dicussed here, but see [39], see
[19].

21.5. The p-rank. For an variety A over a field K ⊃ Fp we define its p-rank
f(A) = f as the integer such that A[p](K) ∼= (Z/p)f .

We say A is ordinary iff f(A) = dim(A) =: g.
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21.6. For a classification of isomorphism classes of ordinary abelian varieties over
finite fields (using Serre-Tate canonical lifts, and classical theory) see the won-
derful paper [17]. This is a much finer classification than the Honda-Tate theory
which studies isogeny classes.

21.7. The a-number. Let G be a group scheme over a field K of characteristic p.
We write

a(G) = dimk(Hom(αp, G⊗ k)),

where k is an algebraically closed field containing K. For a further discussion, see
[10], 5.4 - 5.8

21.8. Examples. If E is an elliptic curve in characteristic p then:

E is ordinary ⇔ E[p](K) �= 0 ⇔ Ker(F : E → E(p))⊗ k ∼= μp.

In this case E[p]⊗ k ∼= μp × Z/p.

E is supersingular ⇔ E[p](K) = 0 ⇔ E[F ] := Ker(F : E → E(p)) ∼= αp.

In this case E[p] is a non-trivial extension of αp by αp.

Warning. For a higher dimensional abelian varieties A[F ] and A[p] can be quite
complicated.

21.9. Exercise. Show that the following properties are equivalent:
(1) A is ordinary,
(2) Hom(αp, A) = 0,
(3) the kernel of V : A(p) → A is étale,
(4) the rank of the group Hom(μp, A⊗K) equals pg.
(5) Hom(μp, A⊗K) ∼= (Z/p)g

.

21.10. Duality; see [GM], Chapter V. For a finite locally free group scheme G→ S
over a base S → Spec(Fp) we study FG/S : G → G(p). We can apply Cartier-
duality, see 16.5.

Fact.

(
FG/S : G→ G(p)

)D

=
(
VGD : (G(p))D = (GD)(p) → GD

)
.

In the same way Cartier duality gives (VG)D = FGD .

Using duality of abelian varieties, in particular see [49], Theorem 19.1, we arrive
at:
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For an abelian scheme A→ S over a base S → Spec(Fp) we have

(
FA/S : A→ A(p)

)t

=
(
VAt : (A(p))t = (At)(p) → At

)
, and (VA)t = FAt .

21.11. Newton polygons. In order to being able to handle the isogeny class of
A[p∞] we need the notion of Newton polygons.

Suppose given integers h, d ∈ Z≥0; here h = “height”, d = “dimension”, and in
case of abelian varieties we will choose h = 2g, and d = g. A Newton polygon γ
(related to h and d) is a polygon γ ⊂ Q×Q (or, if you wish in R×R), such that:

• γ starts at (0, 0) and ends at (h, d);

• γ is lower convex;

• any slope β of γ has the property 0 ≤ β ≤ 1;

• the breakpoints of γ are in Z× Z; hence β ∈ Q.

�������������
�

�

�

�

�

�

h

d

ζ

−

|

Note that a Newton polygon determines (and is determined by)

β1, · · · , βh ∈ Q with 0 ≤ βh ≤ · · · ≤ β1 ≤ 1 ↔ ζ.

Sometimes we will give a Newton polygon by data
∑

i (di, ci); here di, ci ∈ Z≥0,
with gcd(di, ci) = 1, and di/(di+ci) ≤ dj/(dj +cj) for i ≤ j, and h =

∑
i (di+ci),

d =
∑

i di. From these data we construct the related Newton polygon by choosing
the slopes di/(di + ci) with multiplicities hi = di + ci. Conversely clearly any
Newton polygon can be encoded in a unique way in such a form.

Remark. The Newton polygon of a polynomial. Let g ∈ Qp[T ] be a monic poly-
nomial of degree h. We are interested in the p-adic values of its zeroes (in an
algebraic closure of Qp). These can be computed by the Newton polygon of this
polynomial. Write g =

∑
j γjT

h−j . Plot the pairs (j, vp(γj)) for 0 ≤ j ≤ h. Con-
sider the lower convex hull of {(j, vp(γj)) | j}. This is a Newton polygon according
to the definition above. The slopes of the sides of this polygon are precisely the
p-adic values of the zeroes of g, ordered in non-decreasing order.
Exercise. Prove this.
Hint. Write g = Π (T − zi), with zi ∈ Qp. Write βi := vp(zi) ∈ Q≥0. Suppose the
order of the {zi} chosen in such a way that
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0 ≤ βh ≤ β2 ≤ · · · ≤ βi+1 ≤ βi ≤ · · · ≤ β1.

Let σj be the elementary symmetric functions in zi. Show that:

σj = γj , vp(σj) ≥ βh + · · ·+ βh−j+1, β1 = vp(γh).

21.12. A p-divisible group X over a field of characteristic p determines uniquely a
Newton polygon. The general definition can be found in [39]. The isogeny class of
a p-divisible group over and algebraically closed field k uniquely determines (and
is uniquely determined by) its Newton polygon. We use “the Newton polygon of
Frobenius”, a notion to be explained below.

21.13. Theorem (Dieudonné and Manin), see [39], “Classification theorem ” on
page 35 .

{X}/ ∼k
∼−→ {Newton polygon}

21.14. We sketch the construction of a Newton polygon of a p-divisible group X,
or of an abelian variety.

(Incorrect.) Here we indicate what the Newton polygon of a p-divisible group is
(in a slightly incorrect way ...). Consider “the Frobenius endomorphism“ of X.
This has a “characteristic polynomial”. This polynomial determines a Newton
polygon, which we write as N (X), the Newton polygon of X. For an abelian
variety A we write N (A) instead of N (A[p∞]).

21.15. Exercise. Show that for an abelian variety A over the prime field Fp this
construction is valid, and does give the Newton polygon of A as defined in Section
9.

Although, this “definition” is correct over Fp as ground field, over any other field
F : X → X(p) is not an endomorphism, and the above “construction” fails.

21.16. Dieudonné-Manin theory. (We only give some definitions and facts.) For
coprime integers d, c ∈ Z≥0 one can define a p-divisible group Gd,c. This is a
p-divisible group of dimension d and of height d + c. In fact, G1,0 = Gm[p∞], and
G0,1 = (Qp/Zp). For d > 0 and c > 0 we have a formal p-divisible group Gd,c

of dimension d and of height h = d + c. We do not give the construction here;
see the first two chapters of Manin’s thesis [39]; the definition of Gd,c is on page
35 of [39]. The p-divisible group Gd,c is defined over Fp; we will use the same
symbol for this group over any base field or base scheme over Fp, i.e. we write
Gd,c instead of Gd,c ⊗Fp K. Moreover the p-divisible groups Gd,c and Gc,d over
Fp satisfy (Gd,c)t ∼= (Gc,d); here Xt denotes te Serre dual of X, see 8.3.
Remark. With this defintion we have Gd,c[F d+c] = Gd,c[pd] and Gd,c[V d+c] =
Gd,c[pc]

21.17. Exercise. Assume the existence of X = Gd,c over Fp as explained above.
Let ζ be the Newton polygon of the Frobenius endomorphism of X. Show that ζ
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consists of d+ c slopes equal to d/(d+ c): this polygon is isoclinic (it is a straight
line) and it ends at (d + c, d).

Let K = Fpn , and X = Gd,c⊗Fp K. Let πX ∈ End(X) be the geometric Frobenius.
Then

vp(πX) = d·n
h , h := d + c, q = pn.

21.18. In [39], Chapter II we find:
Theorem. Let k be an algebraically closed field of characteristic p. Let X be a
p-divisible group over k. Then there exists an isogeny

X ∼
∏

i

Gdi,ci .

�
See [39], Classification Theorem on page 35.

21.19. Definition of the Newton polygon of a p-divisible group. The isogeny class
of

∏
i Gdi,ci will be encoded in the form of a Newton polygon. The simple p-

divisible group Gd,c will be represented by d + c slopes equal to d/(d + c). The
slopes of

∑
i Gdi,ci will be ordered in non-decreasing order. For a p-divisible group

of dimension d, height h with h = d + c together these slopes form a polygon in
Q×Q.

For an abelian variety over a field of characteristic p we define N (A) :=
N (A[p∞]).

Note that for a p-divisible group X over K its Newton polygon only depends
on N (X ⊗ k), this only depends on the isogeny factors of X ⊗ k, and we can
choose these isogeny factors in such a way that they are defined over Fp.

Example. Suppose A[p∞] = X ∼ Gd,c×Gc,d. Then the Newton polygon N (A) of
A equals (d, c) + (c, d); this has d + c slopes equal to d/(d + c) and d + c slopes
equal to c/(d + c).

21.20. Definition. An abelian variety A over a field K ⊃ Fp is called supersingular
if N (A) is isoclinic with all slopes equal to 1/2.
Equivalently. An abelian variety A over a field K ⊃ Fp is supersingular if there
exists an isogeny (A⊗ k)[p∞] ∼ (G1,1)g.
Exercise. Show that for an elliptic curve this definition and the one given in 21.8
coincide.

Theorem (Tate, Shioda, Deligne, FO). An abelian variety A is supersingular iff
there exists a supersingular elliptic curve E and an isogeny A⊗ k ∼ Eg ⊗ k.
See [72], Th. 2 on page 140, see [70], [52], Section 4.

21.21. Definition/Remark/Exercise. (1) Note that the definition of A being su-
persingular can be given knowing only the p-divisible group A[p∞];

A is supersingular ⇐⇒ N (A) = σ,
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where σ = g(1, 1) is the Newton polygon having only slopes equal to 1/2.
Equivalently this definition can be given by the property in the theorem just
mentioned.
(2) We see that g > 1 and N (A) = σ imply that A is not absolutely simple.
This is an exceptional case. Indeed, for any symmetric Newton polygon ξ �= σ
and any p there exists an absolutely simple abelian variety A in characteristic p
with N (A) = ξ; see [36], see 18.13.
(3) Let A be a simple abelian variety over the finite field Fq. Show:

A is supersingular ⇐⇒ πA ∼ ζ·√q,

where ζ is a root of unity.

21.22. Exercise. Let Y be a p-divisible group over a field K. Suppose Y ∼∏
i Gdi,ci . Suppose there exist integers d, h ∈ Z>0 such that Y [Fh] = Y [pd]. Show:

only factors Gdi,ci do appear with di/(di + ci) = d/h.

21.23. Proposition. For every pair (d, c) of coprime non-negative integers we have
Gd,c

∼= (Gc,d)t. Let A be an abelian variety over a field K ⊃ Fp, and X = A[p∞].
The Newton polygon N (A) := N (X) is symmetric, in the sense of 11.1.
Proof. The first equality follows from the definitions.

By 16.6 we have A[m]D = At[m] for every m ∈ Z>0. Hence A[p∞]t = At[p∞];
use the definition of the Serre dual Xt; this formula is less trivial than notation
suggests. Hence Gd,cand Gc,d appear with the same multiplicity in the isogeny
type of X = A[p∞]. This proves symmetry of N (X). �

21.24. Remark. The theory as developed by Dieudonné and Manin gives the
Newton polygon of a p-divisible group, and of an abelian variety over an arbitrary
field in characteristic p. Note that for an abelian variety an easier construction is
possible, which gives the same result, see Section 9, especially 9.3.

21.25. A proof for the Manin Conjecture. We have seen that the Manin Conjec-
ture can be proved using the Honda-Tate theory, see Section 11. In [58], Section
5 we find a proof of that conjecture, using only methods of characteristic p. We
sketch that proof (and please see the reference cited for notations and details).

We know that the conjecture holds for G1,1: in every characteristic p there
exists a supersingular elliptic curve, and E[p∞] ∼= G1,1. Hence every supersingular
p-divisible group is algebraizable. We show that for a given g ≥ 1 there exists an
abelian variety A0 with a principal polarization λ0 such that A0 is supersingular,
and a(A0) = 1. Methods of [58] show that for a given symmetric Newton polygon
ξ, which automatically lies below σ = N (A0), there exists a formal deformation
of (X0, λ0) = (A0, λ0)[p∞] to (X,λ) with N (X) = ξ. By the Serre-Tate Theo-
rem we know that a formal deformation of an algebraizable p-divisible group is
algebraizable; hence there exists (A, λ) with (X,λ) = (A, λ)[p∞]; this proves the
Manin Conjecture.

22. Some questions

In this section we gather some remarks, questions and open problems.
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22.1. Definition; see 12.2. Let B0 be an abelian variety over a field K of char-
acteristic p > 0. We say B is a CM-lift of B0 if there exists an integral domain
R of characteristic zero with a surjective homomorphism R � K with field of
fractions Q(R) and an abelian scheme B → Spec(R) such that B ⊗K ∼= B0 and
such that B ⊗Q(R) admits smCM.

Remarks. See Section 12. (1) If A0 admits a CM-lift, then A0⊗K admits smCM.
(2) By Tate we know that any abelian variety over a finite field admits smCM,
[72].
(3) If A0 is an ordinary abelian variety over a finite field K, then by using the
canonical Serre-Tate lift we see that A0 admits a CM-lift.
(4) Deuring has proved that any elliptic curve over a finite field admits a CM-lift;
see [20], pp. 259 – 263; for a proof also see [55], Section 14, in particular 14.7.
(5) The previous method can be used to show that any abelian variety of dimen-
sion g defined over a finite field of p-rank equal to g − 1 admits a CM-lift; use
[55], 14.6.
(6) We have seen that for an abelian variety A0 over a finite field K there exists
a finite extension K ⊂ K ′, and a K ′-isogeny A0 ⊗K ′ ∼ B0 such that B0 admits
a CM-lift.

Do we really need the finite extension and the isogeny to assure a CM-lift ?
(7) (We need the isogeny.) In [56], Theorem B we find: suppose g ≥ 3, and let f be
an integer, 0 ≤ f ≤ g − 2. Then there exists an abelian variety A0 over F := Fp

of dimension g with p-rank equal to f such that A0 does not admit a CM-lift.

22.2. Question. (Do we need a finite extension?) Does there exist a finite field K
and an abelian variety A0 over K such that any B0 over K isogenous over K
with A0 does not admit a CM-lift?

22.3. In the proof of the Honda-Tate theorem analytic tools are used. Indeed we
construct CM abelian varieties over C in order to prove surjectivity of the map
A 
→ πA. As a corollary of the Honda-Tate theory we have seen a proof of the
Manin Conjecture. However it turns out that for the Manin Conjecture we now
have a purely geometric proof, indeed a proof which only uses characteristic p
methods, see [58], Section 5.

22.4. Open Problem. Does there exist a proof of the Honda-Tate theorem 1.2 only
using methods in characteristic p ?

22.5. Over an algebraically closed field k of characteristic zero for a given g it
is exactly known which algebras can appear as the endomorphism algebra of a
simple abelian variety over k; see [68], pp. 175/176; also see [47], pp. 202/203; see
[35], 5.5.

For any Albert algebra (an algebra of finite dimension over Q, with a posi-
tive definite anti-involution, equivalently: a finite product of matrix algebras of
algebras in the classification list of Albert), and any characteristic, there exists
a simple abelian variety over an algebraically closed field of that characteristic
having that endomorphism algebra; see [68], pp. 175/176 and [47] pp. 202/203 for
characteristic zero; for arbitrary characteristic see [24]; for a discussion see [54],
Theorem 3.3 and Theorem 3.4.
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22.6. Open Problem. Suppose a prime number p > 0 given. Determine for every
g ∈ Z>0 the possible endomorphism algebras appearing for that g in characteristic
p.

22.7. Open Problem. For every characteristic and every g ∈ Z>0 determine all
possible endomorphism rings of an abelian variety over an algebraically closed
field in that characteristic.

22.8. Exercise. For an abelian variety of dimension g over a field K of charac-
teristic zero we have

m(X) :=
2g

[End0(A) : Q]
∈ Z.

Give examples of an abelian variety A in positive characteristic where

2g

[End0(A) : Q]
�∈ Z.

22.9. Expectation. For every γ ∈ Q>0 and every prime number p > 0 there exists
a field k in characteristic p, and an abelian variety A over k such that

2g

[End0(A) : Q]
= γ.

See [57], Section 2.
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[8] J. W. S. Cassels & A. Fröhlich (Editors) – Algebraic number theory. Academic Press 1967.

Chapter VI: J-P. Serre – Local class field theory pp. 129–161.
[9] C.-L. Chai & F. Oort – Hypersymmetric abelian varieties. Quarterly Journal of Pure and

Applied Mathematics, 2 (Special Issue: In honor of John H. Coates), (2006), 1–27.
[10] C.-L. Chai & F. Oort – Moduli of abelian varieites and p-divisible groups. Conference

on arithmetic geometry, Göttingen July/August 2006. To appear: Clay Mathematics Pro-
ceedings.

[11] C.-L. Chai, B. Conrad & F. Oort - CM-lifting of abelian varieties. [In preparation]
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F. Oort / Abelian Varieties over Finite Fields186



1985.
[43] S. Mori – On Tate’s conjecture concerning endomorphisms of abelian varieties. Itl. Sym-

pos. Algebr. Geom. Kyoto 1977 (Ed. M. Nagata). Kinokuniya Book-store 1987, pp. 219 -
230.

[44] D. Mumford – A note of Shimura’s paper “Discontinuous groups and abelian varieties”.
Math. Ann. 181 (1969), 345 - 351.

[45] D. Mumford – Geometric invariant theory. Ergebn. Math. Vol. 34, Springer – Verlag 1965
(second version 1982, 1994).

[46] D. Mumford - A note of Shimura’s paper “Discontinuous groups and abelian varieties”.
Math. Ann. 181 (1969), 345-351.

[47] D. Mumford – Abelian varieties. Tata Inst. Fund. Research and Oxford Univ. Press 1970
(2nd printing 1974).
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How to obtain global information
from computations over finite fields

Michael STOLL
School of Engineering and Science, Jacobs University Bremen, P.O.Box 750561,

28725 Bremen, Germany.
e-mail: m.stoll@jacobs-university.de

Abstract. This is an extended version of the talk I gave at the summer
school in Göttingen in July 2007. We discuss the Mordell-Weil Sieve and
some applications.

1. The Problem

Let A be an abelian variety over Q (for simplicity; we could work over an arbi-
trary number field instead), and let V ⊂ A be a “transversal” subvariety, i.e.,
a subvariety that does not contain a translate of a nontrivial subabelian variety
of A.

Our goal is to obtain information on V (Q), the set of rational points on V .
For example, we would like to prove that V (Q) = ∅.

The standard example for this situation is when we have a curve C over Q

of genus g ≥ 2. If we we know a rational divisor class D of degree 1 on C, then
we can use D as a base-point for an embedding ι : C ↪→ J , P 
→ [P ] −D. Here
A = J is the Jacobian variety of C, and V = ι(C) ⊂ A.

2. The Idea

Our approach is to combine global and local information in the following way. The
global input is the knowledge of the Mordell-Weil group A(Q). This means that
we need to know explicit generators of this group (which is a finitely generated
abelian group, by the Mordell-Weil Theorem). Note that it requires some non-
trivial computations and a bit of luck to obtain this information. If A is the
Jacobian of a curve of genus 2, it is usually possible to perform the necessary
computations successfully. This includes a 2-descent on A as described in [1],
a search for rational points on A (see for example [2]), possibly visualization
computations to improve the upper bound for the rank obtained by 2-descent
(see [3] and [4]) and canonical height computations in order to make sure that
one has generators of the full group (see [5] and [6]). The latter part, which is
currently only available for genus 2 Jacobians, can be replaced by a computation
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that checks that the index of the known subgroup is prime to a finite set of primes.
Compare the genus 3 example from [7] discussed in Section 7 below.

The local input is obtained by looking at the situation over Fp, for a suitable
finite set S of primes p. We assume (for now) that p is a prime of good reduction
for A and V . We can then compute the finite abelian group A(Fp) and determine
its subset V (Fp). Denote by

αp : V (Fp) ↪→ A(Fp)

the inclusion map.
Since we assume we know generators of A(Q), we can also compute the group

homomorphism

βp : A(Q)→ A(Fp) .

If P ∈ A(Q) is in V (Q), then βp(P ) ∈ αp

(
V (Fp)

)
.

Thus we obtain congruence conditions on the coefficients of P with respect
to our generators of A(Q).

We now combine the information we obtain from all the primes in the set S.
Consider the following commutative diagram.

V (Q)
� � ��

��

A(Q)

β =
Q

p∈S

βp

��∏
p∈S

V (Fp)
� �

α =
Q

p∈S

αp

�� ∏
p∈S

A(Fp)

As before, if P ∈ A(Q) is in V (Q), then β(P ) ∈ im(α).
In particular, if im(α) ∩ im(β) = ∅, then this proves that V (Q) = ∅.
This technique is called the Mordell-Weil Sieve. It appears first in Scha-

raschkin’s thesis [8]. It was later applied to many genus 2 curves by Flynn [9], and
more recently used and improved by Bruin and Stoll [10] in a project whose aim
it was to decide for all genus 2 curves C : y2 = f(x), where f has integral coeffi-
cients of absolute value ≤ 3, whether C has rational points or not; see Section 4
below.

3. The Poonen Heuristic

Assuming that indeed V (Q) = ∅, what are our chances to prove this fact in the
way just described?

The following considerations are due to Bjorn Poonen [11].
Let B be some large integer. We will consider all primes p < B2.
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For ρ > 0, there is a number δρ > 0 such that there are at least δρB
ρ B-

smooth integers ≤ Bρ, for B large. (An integer is “B-smooth” if all its prime
divisors are ≤ B.)

We assume that a similar statement is true for the set {#A(Fp) : p < B2}.
More precisely, we make the following

Assumption 1 Let

SB = {p < B2 : p is good and #A(Fp) is B-smooth}.

Then

lim inf
B→∞

#SB

π(B2)
> 0 .

By the Weil bounds, we have

#A(Fp) ≤ (
√

p + 1)2 dim A ≤ B2 dim A(1 + o(1)) .

If the group orders #A(Fp) behave like random integers in this range, then the
assumption should be valid, by the result on the density of B-smooth numbers
up to Bρ (taking ρ = 2 dimA).

The exponent of A(Fp) for p ∈ SB divides

∏
q≤B

q�logq #A(Fp)� ≤ B2π(B) dim A(1 + o(1)) ≈ e2B dim A .

The inequality comes from q�logq #A(Fp)� ≤ #A(Fp) ≤ B2 dim A(1 + o(1)), and for
the estimate, we use the Prime Number Theorem π(x) ∼ x/ log x.

Let r be the rank of A(Q). Then the image of A(Q) in
∏

p∈SB

A(Fp) has size

at most c e2rB dim A for some constant c. This is because each generator of A(Q)
maps to an element of order � e2B dim A.

On the other hand, for B large, we have

#
∏

p∈SB

A(Fp) ≈ e2δBB2 dim A ,

where δB =
#SB

π(B2)
≥ δ > 0, by Assumption 1.

We now make the following

Assumption 2 V (Fp) behaves like a random subset of A(Fp) of size ≈ pdim V .

Then
∏

p∈SB

V (Fp) is a random subset of
∏

p∈SB

A(Fp) of size≈ e2δBB2 dim V . Recall

the diagram of maps
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V (Q)
� � ��

��

A(Q)

βB

��∏
p∈SB

V (Fp)
� �

αB
�� ∏

p∈SB

A(Fp)

We have seen that we have the following estimates.

#
∏

p∈SB

A(Fp) ≈ e2δBB2 dim A, #im(αB) ≈ e2δBB2 dim V , #im(βB) ≤ c e2rB dim A

So the probability that im(α) ∩ im(β) �= ∅ is (roughly)

#im(αB) ·#im(βB)
#

∏
p∈SB

A(Fp)
< c e2(rB dim A−δBB2(dim A−dim V )) .

(This is in fact the expected size of the intersection, which gives an upper bound
for the relevant probability.) Since δB ≥ δ > 0, this tends to zero when B →∞.
Thus we obtain the following result.

Proposition 3 Under Assumptions 1 and 2, the Mordell-Weil Sieve will be suc-
cessful with probability 1.

Note that Assumption 2 will not be valid when V (Q) �= ∅, since in this case,
V (Fp) will always contain the images of the global points in V (Q). Of course,
the Mordell-Weil Sieve computation cannot succeed in this case. On the other
hand, in the absence of global points, there does not seem to be any reason for a
non-random behavior of the sets V (Fp), and so Assumption 2 should make sense
in this case. In any case, if we perform the computation and it succeeds, this
will prove unconditionally that V (Q) = ∅; the assumptions are only necessary to
convince us that we will succeed eventually.

4. Application: Proving That Curves Do Not Have Rational Points

In a joint project with Nils Bruin [10], we considered all “small” curves of genus 2:

C : y2 = f6x
6 + f5x

5 + f4x
4 + f3x

3 + f2x
2 + f1x + f0

with f0, f1, . . . , f6 ∈ {−3,−2,−1, 0, 1, 2, 3}.
Our goal was to decide whether C has rational points, for all such curves C.
Among the ≈ 200 000 isomorphism classes of such curves, there were ≈ 1 500,

for which more straight-forward approaches (searching for rational points, check-
ing for local points, performing a “2-cover descent”; for details see [10]) were
unsuccessful.
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We were able to determine generators of J(Q) for these curves (this is con-
ditional on the Birch and Swinnerton-Dyer Conjecture in 42 cases). We then ap-
plied the Mordell-Weil Sieve to these curves and their Jacobians; for all of them,
we could prove in this way that C(Q) = ∅.

5. Practical Considerations and Improvements

In practice, the computation suggested by the heuristic is infeasible. The sets we
have to deal with would be much too large.

Instead, we pick a smooth number N and work with

V (Q) ��

��

A(Q)
NA(Q)

β(N)

��∏
p∈S

V (Fp)
α(N)

�� ∏
p∈S

A(Fp)
NA(Fp)

where S is a set of primes such that A(Fp)/NA(Fp) is reasonably large (i.e., such
that a large part of the exponent divides N).

Instead of computing the subset of A(Q)/NA(Q) of elements that map under
β(N) into the image of α(N) directly in one go, we build N successively as a product
of prime factors, keeping track of the sets Σ(N ′) = (β(N ′))−1

(
im(α(N ′))

)
at each

step. If we go from N ′ to N ′q, we then only have to check all possible lifts to
A(Q)/N ′qA(Q) of the elements of Σ(N ′). The number of such checks is qr#Σ(N ′),
and the total complexity will be much less than Nr (which corresponds to the
one-step approach) if we can make sure that the sets Σ(N ′) are considerably
smaller than (N ′)r. For more details on our implementation, see [12].

The procedure as decribed so far works well when the rank is at most 2. To
go further than this, we need to use more information than just what we can
obtain mod p for primes p of good reduction. For the method, this restriction is
unnecessary, and we can work more generally with finite quotients of A(Qp) in
place of A(Fp). In this way, we can include information at bad primes and “deep”
information modulo higher powers of p. For example, the component group of the
Néron model of A at a prime p of bad reduction can provide useful information.

These improvements make the Mordell-Weil Sieve practical for a curve sitting
in an abelian surface when r ≤ 3 and maybe even r = 4 (but the evidence in this
case is too sparse to say something definite).

6. A Variation

Even when V does have rational points, we can use the Mordell-Weil Sieve to rule
out rational points on V with certain additional properties.
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For example, we can show that there is no P ∈ V (Q) such that

• P is in a certain residue class mod n, or
• P is in a certain coset mod nA(Q).

(These two kinds of condition are actually equivalent: via the maps A(Q) →
A(Qp)/A(Qp)n and C(Qp) → A(Qp)/A(Qp)n, congruence conditions mod pn

can be translated into coset conditions mod eA(Q), where e is the exponent of
A(Qp)/A(Qp)n, and conversely. Here A(Qp)n is the nth kernel of reduction.)

To deal with the first kind of condition, we restrict to the relevant subset of
V (Qp) for the primes p dividing n.

To deal with the second kind of condition, we use values of N that are mul-
tiples of n and restrict to the relevant cosets in A(Q)/NA(Q).

If we can determine an integer n such that no two points in V (Q) are in the
same coset mod nA(Q), then this refinement of the Mordell-Weil Sieve allows us
(assuming a suitably modified version of the Poonen Heuristic) to determine the
set V (Q) in the following way. For each coset of nA(Q), we search for points in
this coset that are on V , and at the same time, we run the Mordell-Weil Sieve in
an attempt to show that no such point exists. One of the two procedures should
be successful, and so we will either have shown that there is no point on V in the
coset, or else we will have found such a point, and then we know that it must be
the only one.

If V is a curve in its Jacobian A, and r < dimA (which is the genus of
the curve), then we can use Chabauty’s method to obtain such a “separating”
integer n. For details, see [12].

7. An Example

Consider the smooth plane quartic curve

C : −2x3y − 2x3z + 6x2yz + 3xy3 − 9xy2z + 3xyz2 − xz3 + 3y3z − yz3 = 0 .

It has the known rational points

(1 : 0 : 0) , (0 : 1 : 0) , (0 : 0 : 1) , (1 : 1 : 1) .

Any point P ∈ C(Q) such that

P ≡ (0 : 1 : 0) mod 3 and P ≡ (1 : 0 : 0) or (1 : 1 : 1) mod 2

would lead to a primitive integral solution of x2 + y3 = z7. Note that the known
points do not satisfy this condition.

We want to prove that no rational point on C satisfies the condition.
(This was the last step in the complete solution of x2 + y3 = z7, see [7].)
Let J be the Jacobian of C. We can prove that the rank of J(Q) is 3, and we

find generators of a subgroup of J(Q) of finite index prime to 14.
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We need to use information at the bad primes 2 and 3; we will use the com-
ponent groups of the Néron model at these primes. We find

J(Q2) −→−→ Φ2
∼= Z

4Z
× Z

4Z

J(Q3) −→−→ Φ3
∼= Z

7Z

The congruence conditions on P ∈ C(Q) correspond to subsets of size 3 and 1,
respectively.

With the additional information coming from

J(F23) ∼= Z

2Z
× Z

16Z
× Z

16Z
× Z

32Z

J(F97) ∼= Z

98Z
× Z

98Z
× Z

98Z

J(F13) −→−→ Z

14Z

we get a contradiction. Thus we have shown that no rational points on C exist
that satisfy the congruences mod 2 and mod 3.

Since we are working in J(Q)/NJ(Q) with N = 2a · 7b, it suffices to know
that the known points in J(Q) generate a subgroup of index prime to 14. In
particular, it is not necessary to know that we actually have generators of J(Q).
Since there is no explicit theory of canonical heights available for Jacobians of
genus 3 curves, we would not be able to prove that we do have generators. On the
other hand, we can verify that the index of the subgroup generated by the points
we know is prime to a given prime number q, by considering maps J(Q)→ J(Fp)
for primes p such that q | #J(Fp).

8. Another Application

We can use the Mordell-Weil Sieve to show that for every P ∈ V (Q) there is a
known point Q ∈ V (Q) such that P − Q is in a subgroup of very large index in
A(Q). More precisely, if at some stage in the computation, we find that the set
Σ(N) ⊂ A(Q)/NA(Q) of elements that are consistent with the local information
coincides with the image of the known points in V (Q), then this implies that for
any unknown point P ∈ V (Q), there must be a known point Q ∈ V (Q) such that
P ∈ Q + NA(Q). Since (by assumption), P �= Q, this implies that ĥ(P ) � N2,
and so any unknown point in V (Q) must be extremely large (if N is not very
small).

In some cases, we can use Baker’s Method to get a (very large) bound on
the height of integral points on V . We can then combine this with the Mordell-
Weil Sieve information to show that we know all the integral points on V . This
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is ongoing work of Bugeaud, Mignotte, Siksek, Stoll, and Tengely, see [13]. For
example, we can determine the set of integral points on the curve

C : y2 − y = x5 − x .

The Jacobian J of C has Mordell-Weil rank 3. The Mordell-Weil Sieve computa-
tion gave

N = 4449329780614748206472972686179940652515754483274306796568214048000,

and after another step based on similar ideas that replaces NJ(Q) be a sublattice
of much larger index, this can be used to show that

log x(P ) ≥ 0.95× 102159

for every unknown integral point P on C. This turned out to be much more than
sufficient to contradict the upper bound, and so we can conclude that there are no
unknown integral points. The complete list of integral points is therefore given by

(x, y) = (−1, 0), (−1, 1), (0, 0), (0, 1), (1, 0), (1, 1), (2,−5),

(2, 6), (3,−15), (3, 16), (30,−4929), (30, 4930).
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Abstract. We present a general and comprehensive overview of recent
developments in the theory of integral models of Shimura varieties of
Hodge type. The paper covers the following topics: construction of in-
tegral models, their possible moduli interpretations, their uniqueness,
their smoothness, their properness, and basic stratifications of their spe-
cial fibres.

1. Introduction

This paper is an enlarged version of the three lectures we gave in July 2007 during
the summer school Higher dimensional geometry over finite fields, June 25 - July
06, 2007, Mathematisches Institut, Georg-August-Universität Göttingen.

The goal of the paper is to provide to non-specialists an efficient, accessible,
and in depth introduction to the theory of integral models of Shimura varieties
of Hodge type. Accordingly, the paper will put a strong accent on defining the
main objects of interest, on listing the main problems, on presenting the main
techniques used in approaching the main problems, and on stating very explicitly
the main results obtained so far. This is not an easy task, as only to be able to list
the main problems one requires a good comprehension of the language of schemes,
of reductive groups, of abelian varieties, of Hodge cycles on abelian varieties, of
cohomology theories (including étale and crystalline ones), of deformation theories,
of p-divisible groups, and of F -crystals. Whenever possible, proofs are included.

We begin with a motivation for the study of Shimura varieties of Hodge
type. Let X be a connected, smooth, projective variety over C. We recall that
the albanese variety of X is an abelian variety Alb(X) over C equipped with
a morphism aX : X → Alb(X) that has the following universal property. If
bX : X → B is another morphism from X to an abelian variety B over C,
then there exists a unique morphism c : Alb(X) → B such that the following
identity bX = c ◦ aX holds. This universal property determines Alb(X) uniquely
up to isomorphisms. Not only Alb(X) is uniquely determined by X, but also the
image Im(aX) is uniquely determined by X up to isomorphisms. Thus to X one
associates an abelian variety Alb(X) over C as well as a closed subvariety Im(aX)
of it. If X belongs to a good class C of connected, smooth, projective varieties
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over C, then deformations of X would naturally give birth to deformations of
the closed embedding Im(aX) ↪→ Alb(X). Thus the study of moduli spaces of
objects of the class C is very much related to the study of moduli spaces of
abelian schemes endowed with certain closed subschemes (which naturally give
birth to some polarizations). For instance, if X is a curve, then Alb(X) = Jac(X)
and the morphism aX is a closed embedding; to this embedding one associates
naturally a principal polarization of Jac(X). This implies that different moduli
spaces of geometrically connected, smooth, projective curves are subspaces of
different moduli spaces of principally polarized abelian schemes.

For the sake of generality and flexibility, it does not suffice to study moduli
spaces of abelian schemes endowed with polarizations and with certain closed sub-
schemes. More precisely, one is naturally led to study moduli spaces of polarized
abelian schemes endowed with families of Hodge cycles. They are called Shimura
varieties of Hodge type (see Subsection 3.4). The classical Hodge conjecture pre-
dicts that each Hodge cycle is an algebraic cycle. Thus we refer to Subsection
2.5 for a quick introduction to Hodge cycles on abelian schemes over reduced
Q–schemes. Subsections 2.1 to 2.5 review basic properties of algebraic groups, of
Hodge structures, and of families of tensors.

Shimura varieties can be defined abstractly via few axioms due to Deligne (see
Subsection 3). They are in natural bijection to Shimura pairs (G,X ). Here G is a
reductive group over Q and X is a hermitian symmetric domain whose points form
a G(R)-conjugacy class of homomorphisms (C \ {0}, ·)→ GR of real groups, that
are subject to few axioms. Initially one gets a complex Shimura variety Sh(G,X )C

defined over C (see Subsection 3.1). The totally discontinuous, locally compact
group G(Af ) acts naturally on Sh(G,X )C from the right. Cumulative works of
Shimura, Taniyama, Deligne, Borovoi, Milne, etc., have proved that Sh(G,X )C

has a canonical model Sh(G,X ) over a number field E(G,X ) which is intrinsically
associated to the Shimura pair (G,X ) and which is called the reflex field of (G,X )
(see Subsection 3.2). One calls Sh(G,X ) together with the natural right action
of G(Af ) on it, as the Shimura variety defined by the Shimura pair (G,X ). For
instance, if G = GLGLGL2 and X→̃C \R is isomorphic to two copies of the upper half-
plane, then Sh(G,X ) is the elliptic modular variety over Q and is the projective
limit indexed by N ∈ N of the affine modular curves Y (N).

Let H be a compact, open subgroup of G(Af ). The quotient scheme
Sh(G,X )/H exists and is a normal, quasi-projective scheme over E(G,X ). If v
is a prime of E(G,X ) of residue field k(v) and if N is a good integral model
of Sh(G,X )/H over the local ring O(v) of v, then one gets a Shimura variety
Nk(v) over the finite field k(v). The classical example of a good integral model
is Mumford moduli scheme Ar,1. Here r ∈ N, the Z-scheme Ar,1 is the course
moduli scheme of principally polarized abelian scheme of relative dimension r,
and the Q–scheme Ar,1,Q is of the form Sh(G,X )/H for (G,X ) a Shimura pair
that defines (see Example 3.1.2) a Siegel modular variety.

In this paper, we are mainly interested in Shimura varieties of Hodge type.
Roughly speaking, they are those Shimura varieties for which one can naturally
choose N to be a finite scheme over Ar,1,O(v) . In this paper we study N and its
special fibre Nk(v). See Subsections 4.1 and 4.2 for some moduli interpretations
of N . See Section 5 for different results pertaining to the uniqueness of N . See
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Section 6 for basic results that pertain to the smooth locus of N . See Section 7 for
the list of cases in which N is known to be (or it is expected to be) a projective
O(v)-scheme. Section 8 presents four main stratifications of the (smooth locus of
the) special fibre Nk(v) and their basic properties. These four stratifications are
defined by (see Subsections 8.3, 8.4, 8.6, and 8.7 respectively):

(a) Newton polygons of p-divisible groups;

(b) isomorphism classes of principally quasi-polarized F -isocrystals with ten-
sors;

(c) inner isomorphism classes of the reductions modulo integral powers of p
of principally quasi-polarized F -crystals with tensors;

(d) isomorphism classes of principally quasi-polarized F -crystals with tensors.

The principally quasi-polarized F -crystals with tensors attached naturally to
points of the smooth locus of Nk(v) with values in algebraically closed fields are
introduced in Subsection 8.1. Generalities on stratifications of reduced schemes
over fields are presented in Subsection 8.2. Subsection 8.5 shows that the smooth
locus of Nk(v) is a quasi Shimura p-variety of Hodge type in the sense of [Va5,
Def. 4.2.1]. Subsection 8.5 is used in Subsections 8.6 and 8.7 to define the last
two stratifications, called the level m and Traverso stratifications.

2. A group theoretical review

In this section we review basic properties of algebraic groups, of Hodge structure,
of families of tensors, and of Hodge cycles on abelian schemes over reduced Q–
schemes. We denote by k̄ an algebraic closure of a field k.

We denote by Ga and Gm the affine, smooth groups over k with the property
that for each commutative k-algebra C, the groups Ga(C) and Gm(C) are the
additive group of C and the multiplicative group of units of C (respectively). As
schemes, we have Ga = Spec(k[x]) and Gm = Spec(k[x][ 1

x ]). Thus the dimension
of either Ga or Gm is 1. For t ∈ N, let μμμt be the kernel of the tth-power endomor-
phism of Gm. An algebraic group scheme over k is called linear, if it is isomorphic
to a subgroup scheme of GLGLGLn for some n ∈ N.

2.1. Algebraic groups

Let G be a smooth group over k which is of finite type. Let G0 be the identity
component of G. We have a short exact sequence

(1) 0→ G0 → G→ G/G0 → 0,

where the quotient group G/G0 is finite and étale. A classical theorem of Chevalley
shows that, if k is either perfect or of characteristic 0, then there exists a short
exact sequence
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(2) 0→ L→ G0 → A→ 0,

where A is an abelian variety over k and where L is a connected, smooth, linear
group over k. In what follows we assume that (2) exists. Let Lu be the unipotent
radical of L. It is the maximal connected, smooth, normal subgroup of L which
is unipotent (i.e., which over k̄ has a composition series whose factors are Ga

groups). We have a short exact sequence

(3) 0→ Lu → L→ R→ 0,

where R := L/Lu is a reductive group over k (i.e., it is a smooth, connected, linear
group over k whose unipotent radical is trivial). By the k-rank of R we mean the
greatest non-negative integer s such that Gs

m is a subgroup of R. If the k-rank of
R is equal to the k̄-rank of Rk̄, then we say that R is split.

Let Z(R) be the (scheme-theoretical) center of R. It is a group scheme of
multiplicative type (i.e., over k̄ it is the extension of a finite product of μμμt group
schemes by a torus Gn

m; here n ∈ N ∪ {0} and t ∈ N). The quotient group
Rad := R/Z(R) is called the adjoint group of R; it is a reductive group over k
whose (scheme-theoretical) center is trivial. Let Rder be the derived group of R; it
is the minimal, normal subgroup of R with the property that the quotient group
Rab := R/Rder is abelian. The group Rab is a torus (i.e., over k̄ it is isomorphic to
Gn

m). The groups Rad and Rder are semisimple. We have two short exact sequences

(4) 0→ Z(R)→ R→ Rad → 0

and

(5) 0→ Rder → R→ Rab → 0.

The short exact sequences (1) to (5) are intrinsically associated to G.
If G = GLGLGLn, then Z(G) and Gab are isomorphic to Gm, Gder = SLSLSLn, and

Gad = PGLPGLPGLn. If G = GSpGSpGSp2n, then Z(G) and Gab are isomorphic to Gm, Gder =
SpSpSp2n, and Gad = PGSpPGSpPGSp2n = SpSpSp2n/μμμ2. If G = SOSOSO2n+1, then Z(G) and Gab are
trivial and therefore from (4) and (5) we get that G = Gder = Gad.

2.1.1. Examples of semisimple groups over Q

Let a, b ∈ N∪{0} with a+b > 0. Let SU(a, b) be the simply connected semisimple
group over Q whose Q–valued points are the Q(i)–valued points of SLa+b,Q that
leave invariant the hermitian form −z1z1−· · ·− zaza + za+1za+1 + · · ·+ za+bza+b

over Q(i). Let SO(a, b) be the semisimple group over Q of a + b by a + b matrices
of determinant 1 that leave invariant the quadratic form −x2

1− · · · −x2
a + x2

a+1 +
· · · + x2

a+b on Qa+b. Let SOa := SO(0, a). Let SO∗(2a) be the semisimple group
over Q whose group of Q–valued points is the subgroup of SO2n(Q(i)) that leaves
invariant the skew hermitian form −z1zn+1 + zn+1z1 − · · · − znz2n + z2nzn over
Q(i) (zi’s and xi’s are related here over Q(i) via zi = xi).
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Def inition 1. By a reductive group scheme R over a scheme Z, we mean a smooth
group scheme over Z which is an affine Z-scheme and whose fibres are reductive
groups over fields.

As above, one defines group schemes Z(R), Rad, Rder, and Rab over Z which
are affine Z-schemes. The group scheme Z(R) is of multiplicative type. The group
schemes Rad and Rder are semisimple. The group scheme Rab is a torus.

2.2. Weil restrictions

Let i : l ↪→ k be a separable finite field extension. Let G be a group scheme over
k which is of finite type. Let Resk/l be the group scheme over l obtained from G

through the Weil restriction of scalars. Thus Resk/l G is defined by the functorial
group identification

(6) Hom(Y,Resk/l G) = Hom(Y ×l k, G),

where Y is an arbitrary l-scheme. We have

(7) (Resk/l G)k̄ = Resk⊗lk̄/k̄ Gk⊗lk̄ =
∏

e∈Homl(k,k̄)

G×k,e k̄.

From (7) we easily get that:

(*) if G is a reductive (resp. connected, smooth, affine, linear, unipotent,
torus, semisimple, or abelian variety) group over k, then Resk/l G is a reductive
(resp. connected, smooth, affine, linear, unipotent, torus, semisimple, or abelian
variety) group over l.

If j : m ↪→ l is another separable finite field extension, then we have a
canonical and functorial identification

Resl/m Resk/l G = Resk/m G

as one can easily check starting from formula (6).
If H is a group scheme over l, then we have a natural closed embedding

homomorphism

(8) H ↪→ Resk/l Hk

over l which at the level of l-valued points induces the standard monomorphism
H(l) ↪→ H(k) = Resk/l Hk(l).
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2.3. Hodge structures

Let S := ResC/R Gm be the two dimensional torus over R whose group of R-
valued points is the multiplicative group (C \ {0}, ·) of C. As schemes, we have
S = Spec(R[x, y][ 1

x2+y2 ]). By applying (8) we get that we have a short exact
sequence

(9) 0→ Gm → S→ SOSOSO2,R → 0.

The group SOSOSO2,R(R) is isomorphic to the unit circle and thus to R/Z. The short
exact sequence (9) does not split; this is so as S is isomorphic to (Gm×RSOSOSO2,R)/μμμ2,
where μμμ2 is embedded diagonally into the product.

We have S(R) = C \ {0}. We identify S(C) = Gm(C)×Gm(C) = (C \ {0})×
(C \ {0}) in such a way that the natural monomorphism S(R) ↪→ S(C) induces
the map z → (z, z), where z ∈ C \ {0}.

Let S be a Z-subalgebra of R (in most applications, we have S ∈ {Z, Q, R}).
Let VS be a free S-module of finite rank. Let VR := VS ⊗S R. By a Hodge S-
structure on VS we mean a homomorphism

(10) ρ : S→GLGLGLVR
.

We have a direct sum decomposition

(11) VR ⊗R C = ⊕(r,s)∈Z2V r,s

with the property that (z1, z2) ∈ S(C) acts via ρC on V r,s as the scalar multipli-
cation with z−r

1 z−s
2 . Thus the element z ∈ S(R) acts via ρ on V r,s as the scalar

multiplication with z−r z̄−s. Therefore z acts on V r,s as the scalar multiplication
with z−sz̄−r. This implies that for all (r, s) ∈ Z2 we have an identity

(12) V s,r = V r,s.

Conversely, each direct sum decomposition (11) that satisfies the identities (12),
is uniquely associated to a homomorphism as in (10).

By the type of the Hodge S-structure on VS , we mean any symmetric subset
τ of Z2 with the property that we have a direct sum decomposition

VR ⊗R C = ⊕(r,s)∈τV r,s.

Here symmetric refers to the fact that if (r, s) ∈ τ , then we also have (s, r) ∈ τ .
If we can choose τ such that the sum n := r + s does not depend on (r, s) ∈ τ ,
one says that the Hodge S-structure on VS has weight n.

2.3.1. Polarizations

For n ∈ Z, let S(n) be the Hodge S-structure on (2πi)nS which has type (−n,−n).
Suppose that the Hodge S-structure on VS has weight n. By a polarization of the
Hodge S-structure on VS we mean a morphism ψ : VS ⊗S VS → S(−n) of Hodge
S-structures such that the bilinear form (2πi)nψ(x⊗ ρ(i)y) defined for x, y ∈ VR,
is symmetric and positive definite. Here we identify ψ with its scalar extension to
R.
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2.3.2. Example

Let A be an abelian variety over C. We take S = Z. Let VZ = H1(Aan, Z) be the
first cohomology group of the analytic manifold Aan := A(C) with coefficients in
Z. Then the classical Hodge theory provides us with a direct sum decomposition

(13a) VR ⊗R C = V 1,0 ⊕ V 0,1,

where V 1,0 = H0(A,Ω) and V 0,1 = H1(A,OA) (see [Mu, Ch. I, 1]). Here OA

is the structured ring sheaf on A and Ω is the OA-module of 1-forms on A. We
have V 1,0 = V 0,1 and therefore (13a) defines a Hodge Z-structure on VS . Let
F 1(VR ⊗R C) := V 1,0; it is called the Hodge filtration of VR ⊗R C.

Let WZ := Hom(VZ, Z) = H1(Aan, Z). Let WR := WZ ⊗Z R. Taking the dual
of (13a), we get a Hodge Z-structure on WZ of the form

(13b) WR ⊗R C = W−1,0 ⊕W 0,−1.

One can identify naturally W−1,0 = Hom(V 1,0, C) = Lie(A). Each z ∈ S(R) acts
on the complex vector space Lie(A) as the multiplication with z and this explains
the convention on negative power signs used in the paragraph after formula (11).
We have canonical identifications

Aan = WZ\Lie(A) = WZ\(WR ⊗R C)/W 0,−1.

If λ is a polarization of A, then the non-degenerate form

(14) ψ : WZ ⊗Z WZ → Z(1)

defined naturally by λ, is a polarization of the Hodge Z-structure on WZ.
We have End(VZ) = VZ ⊗Z WZ = End(WZ). Due to the identities (13a) and

(13b), the Hodge Z-structure on End(VZ) is of type

(15) τab := {(−1, 1), (0, 0), (1,−1)}.

Def inition 2. We use the notations of Example 2.3.1. Let W := WZ ⊗Z Q. By
the Mumford–Tate group of the complex abelian variety A, we mean the smallest
subgroup HA of GLGLGLW with the property that the homomorphism xA : S→ GLGLGLWR

that defines the Hodge Z-structure on WZ, factors through HA,R.

Proposition 1. The group HA is a reductive group over Q.

Proof: From its very definition, the group HA is connected. To prove the Propo-
sition it suffices to show that the unipotent radical Hu

A of HA is trivial. Let W1

be the largest rational subspace of W on which Hu
A acts trivially. As Hu

A is a
normal subgroup of HA, W1 is an HA-module. Thus xA normalizes W1⊗Q R and
therefore we have a direct sum decomposition

W1 ⊗Q C = [(W1 ⊗Q C) ∩W−1,0]⊕ [(W1 ⊗Q C) ∩W 0,−1].
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Thus (WZ∩W1)\(W1⊗Q C)/[(W1⊗Q C)∩W 0,−1] is a closed analytic submanifold
Aan

1 of Aan. A classical theorem of Serre asserts that Aan
1 is algebraizable i.e.,

it is the analytic submanifold associated to an abelian subvariety A1 of A. The
short exact sequence 0 → A1 → A → A/A1 → 0 splits up to isogenies (i.e., A is
isogeneous to A1 ×C A2, where A2 := A/A1). Let W2 := H1(Aan

2 , Q). We have a
direct sum decomposition W = W1 ⊕W2 whose extension to R is normalized by
xA. Thus the direct sum decomposition W = W1 ⊕W2 is normalized by HA. In
particular, W2 is an Hu

A-module.
If W1 �= W , then the unipotent group Hu

A acts trivially on a non-zero subspace
of W2 and this represents a contradiction with the largest property of W1. Thus
W1 = W i.e., Hu

A acts trivially on W . Therefore Hu
A is the trivial group. �

2.4. Tensors

Let M be a free module of finite rank over a commutative Z-algebra C. Let
M∗ := HomC(M,C). By the essential tensor algebra of M ⊕M∗ we mean the
C-module

T (M) := ⊕s,t∈N∪{0}M⊗s ⊗C M∗⊗t.

Let F 1(M) be a direct summand of M . Let F 0(M) := M and F 2(M) := 0.
Let F 1(M∗) := 0, F 0(M∗) := {y ∈ M∗|y(F 1(M)) = 0}, and F−1(M∗) :=
M∗. Let (F i(T (M)))i∈Z be the tensor product filtration of T (M) defined by
the exhaustive, separated filtrations (F i(M))i∈{0,1,2} and (F i(M∗))i∈{−1,0,1} of
M and M∗ (respectively). We refer to (F i(T (M)))i∈Z as the filtration of T (M)
defined by F 1(M) and to each F i(T (M)) as the F i-filtration of T (M) defined by
F 1(M).

We identify naturally End(M) = M ⊗C M∗ ⊆ T (M) and End(End(M)) =
M⊗2⊗C M∗⊗2. Let x ∈ C be a non-divisor of 0. A family of tensors of T (M [ 1

x ]) =
T (M)[ 1

x ] is denoted (uα)α∈J , with J as the set of indexes. Let M1 be another
free C-module of finite rank. Let (u1,α)α∈J be a family of tensors of T (M1[ 1

x ])
indexed also by the set J . By an isomorphism

(M, (uα)α∈J )→̃(M1, (u1,α)α∈J )

we mean a C-linear isomorphism M→̃M1 that extends naturally to a C-linear
isomorphism T (M [ 1

x ])→̃T (M1[ 1
x ]) which takes uα to u1,α for all α ∈ J . We

emphasize that we will denote two tensors or bilinear forms in the same way,
provided they are obtained one from another via either a reduction modulo some
ideal or a scalar extension.

2.5. Hodge cycles on abelian schemes

We will use the terminology of [De3] on Hodge cycles on an abelian scheme BX

over a reduced Q–scheme X. Thus we write each Hodge cycle v on BX as a
pair (vdR, vét), where vdR and vét are the de Rham and the étale component of
v (respectively). The étale component vét at its turn has an l-component vl

ét, for
each rational prime l.
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In what follows we will be interested only in Hodge cycles on BX that involve
no Tate twists and that are tensors of different essential tensor algebras. Accord-
ingly, if X is the spectrum of a field E, then in applications vl

ét will be a suitable
Gal(E/E)-invariant tensor of T (H1

ét(BX , Ql)), where X := Spec(E). If E is a
subfield of C, then we will also use the Betti realization vB of v. The tensor vB

has the following two properties (that define Hodge cycles on BX which involve
no Tate twist; see [De3, Sect. 2]):

(i) it is a tensor of T (H1((BX ×X Spec(C))an, Q)) that corresponds to vdR

(resp. to vl
ét) via the canonical isomorphism that relates the Betti cohomology of

(BX ×X Spec(C))an with Q–coefficients with the de Rham (resp. the Ql étale)
cohomology of BX ×X Spec(C);

(ii) it is also a tensor of the F 0-filtration of the filtration of T (H1((BX ×X

Spec(C))an, C)) defined by the Hodge filtration F 1(H1((BX ×X Spec(C))an, C))
of H1((BX ×X Spec(C))an, C).

We have the following particular example:

(iii) if vB ∈ End(H1((BX ×X Spec(C))an, Q)), then from Riemann theorem
we get that vB is the Betti realization of a Q–endomorphism of BX ×X Spec(C)
and therefore the Hodge cycle (vdR, vét) on BX is defined uniquely by a Q–
endomorphism of BX .

The class of Hodge cycles is stable under pull backs. In particular, if X is a
reduced Q–scheme of finite type, then the pull back of (vdR, vét) via a complex
point Spec(C) → X, is a Hodge cycle on the complex abelian variety BX ×X

Spec(C).

2.5.1. Example

Let A be an abelian variety over C. Let S be an irreducible, closed subvariety of A.
Let n be the codimension of S in A. To S one associates classes [S]dR ∈ H2n

dR(A/C),
[S]l ∈ H2n

ét (A, Ql)(n), and [S]B ∈ H2n(Aan, Q)(n). If [S]ét := ([S]l)l a prime,
then the pair ([S]dR, [S]ét) is a Hodge cycle on A which involves Tate twists
and whose Betti realization is [S]B . One can identify H2n

ét (A, Ql)(n) with a Ql-
subspace of H1

ét(A, Ql)⊗n⊗Ql
[(H1

ét(A, Ql))∗]⊗n and H2n
dR(A/C) with a C-subspace

of H1
dR(A/C)⊗n ⊗C [(H1

dR(A/C))∗]⊗n; thus one can naturally view ([S]dR, [S]ét)
as a Hodge cycle on A which involves no Tate twists. The Q–linear combinations
of such cycles ([S]dR, [S]ét) are called algebraic cycles on A.

3. Shimura varieties

In this section we introduce Shimura varieties and their basic properties and
main types. All continuous actions are in the sense of [De2, Subsubsect. 2.7.1]
and are right actions. Thus if a totally discontinuous, locally compact group Γ
acts continuously (from the right) on a scheme Y , then for each compact, open
subgroup Δ of Γ the geometric quotient scheme Y/Δ exists and the epimorphism
Y � Y/Δ is pro-finite; moreover, we have an identity Y = proj.lim.ΔY/Δ.
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3.1. Shimura pairs

A Shimura pair (G,X ) consists of a reductive group G over Q and a G(R)-
conjugacy class X of homomorphisms S → GR that satisfy Deligne’s axioms of
[De2, Subsubsect. 2.1.1]:

(i) the Hodge Q–structure on Lie(G) defined by each element x ∈ X is of
type τab = {(−1, 1), (0, 0), (1,−1)};

(ii) no simple factor of the adjoint group Gad of G becomes compact over R;

(iii) Ad(x(i)) is a Cartan involution of Lie(Gad
R ), where Ad : GR →GLGLGLLie(Gad

R
)

is the adjoint representation.

Axiom (iii) is equivalent to the fact that the adjoint group Gad
R has a faithful

representation Gad
R ↪→GLGLGLVR

with the property that there exists a polarization of
the Hodge R-structure on VR defined naturally by any x ∈ X which is fixed by
Gad

R . These axioms imply that X has a natural structure of a hermitian symmetric
domain, cf. [De2, Cor. 1.1.17].

For x ∈ X we consider the Hodge cocharacter

μx : Gm → GC

defined on complex points by the rule: z ∈ Gm(C) is mapped to xC(z, 1) ∈ GC(C).
Let E(G,X ) ↪→ C be the number subfield of C that is the field of definition

of the G(C)-conjugacy class [μX ] of the cocharacters μx’s of GC, cf. [Mi2, p.
163]. More precisely [μX ] is defined naturally by a G(Q)-conjugacy class [μQ

X ] of
cocharacters Gm → GQ; the Galois group Gal(Q) acts naturally on the set of such
G(Q)-conjugacy classes and E(G,X ) is the number field which is the fixed field
of the stabilizer subgroup of [μQ

X ] in Gal(Q). One calls E(G,X ) the reflex field of
(G,X ).

We define the complex Shimura space

Sh(G,X )C := proj.lim.K∈σ(G)G(Q)\(X ×G(Af )/K),

where σ(G) is the set of compact, open subgroups of G(Af ) endowed with the
inclusion relation (see [De1], [De2], and [Mi1] to [Mi4]). Thus Sh(G,X )C(C) is a
normal complex space on which G(Af ) acts. We have an identity

(16) Sh(G,X )C(C) = G(Q)\[X × (G(Af )/Z(G)(Q))],

where Z(G)(Q) is the topological closure of Z(G)(Q) in G(Af ) (cf. [De2, Prop.
2.1.10]). Let x ∈ X and a, g ∈ G(Af ). Let [x, a] ∈ Sh(G,X )C(C) be the point
defined naturally by the equivalence class of (x, a) ∈ X × G(Af ), cf. (16). The
G(Af )-action on Sh(G,X )C(C) is defined by the rule [x, a] · g := [x, ag].

For ‡ a compact subgroup of G(Af ) let Sh‡(G,X )C(C) := Sh(G,X )C(C)/‡.
Let K ∈ σ(G). We can write ShK(G,X )C(C) = G(Q)\(X×G(Af )/K) as a disjoint
union of normal complex spaces of the form Σ\X 0, where X 0 is a connected
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component of X and Σ is an arithmetic subgroup of G(Q) (i.e., is the intersection
of G(Q) with a compact, open subgroup of G(Af )). A classical result of Baily and
Borel allows us to view naturally ShK(G,X )C(C) = G(Q)\(X ×G(Af )/K) as the
complex space associated to a finite, disjoint union ShK(G,X )C of normal, quasi-
projective, connected varieties over C (see [BB, Thm. 10.11]). Thus ShK(G,X )C

is a normal, quasi-projective C-scheme and

Sh(G,X )C := proj.lim.K∈σ(G) ShK(G,X )C

is a normal C-scheme on which G(Af ) acts. We have a canonical identifica-
tion ShK(G,X )C = Sh(G,X )C/K. If K is small enough, then K acts freely on
Sh(G,X )C and thus ShK(G,X )C is in fact a smooth, quasi-projective C-scheme.

3.1.1. Example

Let A be an abelian variety over C. Let HA be its Mumford–Tate group. Let
xA : S → HA,R be the homomorphism that defines the Hodge Z-structure on
WA := H1(Aan, Z), cf. Definition 2. Let XA be the HA(R)-conjugacy class of xA.
We check that the pair (HA,XA) is a Shimura pair. The fact that the axiom 3.1
(i) holds for (HA,XA) is implied by (15). If Had

A has a (non-trivial) simple factor &
which over R is compact, then the fact that XA is a hermitian symmetric domain
implies that the image of xA in &R is trivial and this contradicts the smallest
property (see Definition 2) of the Mumford–Tate group HA. Thus the axioms 3.1
(ii) holds for (HA,XA). The fact that the axioms 3.1 (iii) holds is implied by the
fact that B has a polarization and thus by the fact that (14) holds. We emphasize
that the reflex field E(HA,XA) can be any CM number field.

3.1.2. Example

The most studied Shimura pairs are constructed as follows. Let W be a vector
space over Q of even dimension 2r. Let ψ be a non-degenerate alternative form on
W . Let S be the set of all monomorphisms S ↪→GSpGSpGSp(W⊗QR, ψ) that define Hodge
Q–structures on W of type {(−1, 0), (0,−1)} and that have either 2πiψ or −2πiψ
as polarizations. Thus S is two copies of the Siegel domain of genus r (the two
copies correspond to either 2πiψ or −2πiψ being a polarization of the resulting
Hodge Q–structures on W ). It is easy to see that S is a GSpGSpGSp(W, ψ)(R)-conjugacy
class of homomorphisms S→GSpGSpGSp(W⊗Q R, ψ). One can choose an abelian variety
A over C such that in fact we have (GSpGSpGSp(W, ψ),S) = (HA,XA) and therefore
(GSpGSpGSp(W, ψ),S) is a Shimura pair, cf. Example 3.1.1. We call (GSpGSpGSp(W, ψ),S) a
Shimura pair that defines a Siegel modular variety Sh(GSpGSpGSp(W, ψ),S) (to be de-
fined in Subsection 3.2 below). As GSpGSpGSp(W, ψ) is a split group, the GSpGSpGSp(W, ψ)(Q)-
conjugacy class [μQ

X ] is defined naturally by a cocharacter of GSpGSpGSp(W, ψ) and there-
fore we have E(GSpGSpGSp(W, ψ),S) = Q.

3.1.3. Example

Let n be a positive integer. Let G := SOSOSO(2, n); it is the identity component of
the group that fixes the quadratic from −x2

1 − x2
2 + x2

3 + · · · + x2
n+2 on Qn+2.

The group G has a subgroup SOSOSO2 ×Q SOSOSOn which normalizes the rational vector
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subspaces of Qn+2 generated by the first two and by the last n vectors of the
standard Q–basis for Qn+2. Let x : S→ GR be a homomorphism whose image is
the subgroup SOSOSO2,R of GR and whose kernel is the split torus Gm of S. Let X be
the G(R)-conjugacy class of x. Then the pair (G,X ) is a Shimura pair.

The group GQ(i) is split (i.e., G
[ n
2 ]

m is a subgroup of it) and thus the G(Q)-

conjugacy class [μQ
X ] is defined naturally by a cocharacter μ0 : Gm → GQ(i). We

can choose μ0 such that the non-trivial element of Gal(Q(i)/Q) takes μ0 under
Galois conjugation to μ−1

0 . It is easy to see that the two cocharacters μ0 and μ−1
0

are G(Q(i))-conjugate. Therefore E(G,X ) = Q.
If n = 19, then (G,X ) is the Shimura pair associated to moduli spaces of

polarized K3 surfaces.

3.1.4. Example

Let T be a torus over Q. Let x : S → TR be an arbitrary homomorphism. Then
the pair (T, {x}) is a Shimura pair. Its reflex field E := E(T, {x}) is the field of
definition of the cocharacter μx : Gm → TC. We denote also by μx : Gm → TE

the homomorphism whose extension to C is μx.
From the homomorphism μx : Gm → TE we get naturally a new one

Nx : ResE/Q Gm

ResE/Q(μx)−→ ResE/Q TE
Norm E/Q−→ T.

Thus for each commutative Q–algebra C we get a homomorphism Nx(C) :
Gm(E ⊗Q C)→ T (C).

Let Eab be the maximal abelian extension of E. The reciprocity map

r(T, {x}) : Gal(Eab/E)→ T (Af )/T (Q)

is defined as follows: if τ ∈ Gal(Eab/E) and if s ∈ JE is an idèle (of E) such
that recE(s) = τ , then r(T, {x})(τ) := Nx(Af )(sf ), where sf is the finite part of
s. Here the Artin reciprocity map recE is such that a uniformizing parameter is
mapped to the geometric Frobenius element.

Def inition 3. By a map f : (G1,X1) → (G2,X2) of Shimura pairs we mean a
homomorphism f : G1 → G2 of groups over Q such that for each x ∈ X1 we
have f(x) := fR ◦ x ∈ X2. If f : G1 → G2 is a monomorphism, then we say
f : (G1,X1)→ (G2,X2) is an injective map. If G1 is a torus and if f : (G1,X1) ↪→
(G2,X2) is an injective map, then f is called a special pair in (G2,X2).

3.2. Canonical models

By a model of Sh(G,X )C over a subfield k of C, we mean a scheme S over k
endowed with a continuous right action of G(Af ) (defined over k), such that there
exists a G(Af )-equivariant isomorphism

Sh(G,X )C→̃SC.
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The canonical model of Sh(G,X )C (or of (G,X ) itself) is the model Sh(G,X )
of Sh(G,X )C over E(G,X ) which satisfies the following property:

(*) if (T, {x}) is a special pair in (G,X ), then for each element a ∈ G(Af )
the point [x, a] of Sh(G,X )(C) = Sh(G,X )C(C) is rational over E(T, {x})ab and
every element τ of Gal(E(T, {x})ab/E(T, {x})) acts on [x, a] according to the rule

τ [x, a] = [x, ar(τ)],

where r := r(T, {x}) is as in Example 3.1.4.

The canonical model of Sh(G,X ) exists and is uniquely determined by the
property (*) up to a unique isomorphism (see [De1], [De2], [Mi2], and [Mi4]).

By the dimension d of Sh(G,X ) (or (G,X ) or Sh(G,X )C) we mean the di-
mension of X as a complex manifold. One computes d as follows. For x ∈ X , let
Lie(GC) = F−1,0

x ⊕ F 0,0
x ⊕ F 0,−1

x be the Hodge decomposition defined by x. Let
K∞ be the centralizer of x in GR; it is a reductive group over R (cf. [Bo, Ch. IV,
13.17, Cor. 2]). We have Lie(K∞) ⊗R C = F 0,0

x and (as analytic real manifolds)
X = [G(R)]/[K∞(R)]. Thus as dimC(F−1,0) = dimC(F 0,−1), we get that
(17)

d =
1
2

dim(GR/K∞) =
1
2

dimC(Lie(GC)/F 0,0
x ) = dimC(F−1,0

x ) = dimC(F 0,−1
x ).

For ‡ a compact subgroup of G(Af ) let Sh‡(G,X ) := Sh(G,X )/‡. If K ∈
σ(G), then ShK(G,X ) is a normal, quasi-projective E(G,X )-scheme which is
equidimensional of dimension d and whose extension to C is (canonically identified
with) the C-scheme ShK(G,X )C we have introduced in Subsection 3.1.

If f : (G1,X1) → (G2,X2) is a map between two Shimura pairs, then
E(G2,X2) is a subfield of E(G1,X1) and there exists a unique G1(Af )-equivariant
morphism (still denoted by f)

(18) f : Sh(G1,X1)→ Sh(G2,X2)E(G1,X1)

which at the level of complex points is the map [x, a] → [f(x), f(a)] ([De1, Cor.
5.4]). We get as well a G(Af )-equivariant morphism (denoted in the same way)

f : Sh(G1,X1)→ Sh(G2,X2)

of E(G2,X2)-schemes. If f is an injective map, then based on (16) one gets that
(18) is in fact a closed embedding.

3.3. Classification of Shimura pairs

Let (G,X ) be a Shimura pair. If x ∈ X , let xab : S→ Gab
R and xad : S→ Gad

R be
the homomorphisms defined naturally by x : S → GR. The homomorphism xab

does not depend on x ∈ X and the Shimura pair (Gab, {xab}) has dimension 0.
Let X ad be the Gad(R)-conjugacy class of xad. The Shimura pairs (Gab, {xab})
and (Gad,X ad) are called the toric and the adjoint (respectively) Shimura pairs of
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(G,X ). The centralizer K∞,ad of xad in Gad
R is a reductive group over R which is

a maximal compact subgroup of Gad
R . The hermitian symmetric domain structure

on X ad is obtained via the natural identification X ad = [Gad(R)]/[K∞,ad(R)].
The hermitian symmetric domain X is a finite union of connected components of
X ad. In particular, we have X ⊆ X ad.

We have a product decomposition

(19) (Gad,X ad) =
∏
i∈I

(Gi,Xi)

into simple adjoint Shimura pairs, where each Gi is a simple group over Q. For
each i ∈ I there exists a number field Fi such that we have an isomorphism
Gi→̃ResFi/QGFi

i , where GFi
i is an absolutely simple adjoint group over Fi (see [Ti,

Subsubsect. 3.1.2]). The number field Fi is uniquely determined up to Gal(Q)-
conjugation (i.e., up to isomorphism).

Axiom 3.2 (iii) is equivalent to the fact that Gad
R is an inner form of its compact

form Gad,c
R , cf. [De2, p. 255]. Thus Gad

R is a product of absolutely simple, adjoint
groups over R. But for each i ∈ I we have Gi,R→̃ResFi⊗QR/R[GFi

i ×Fi
(Fi ⊗Q R)].

From the last two sentences, we get that for each i ∈ I the R-algebra Fi ⊗Q R is
isomorphic to a finite number of copies of R. In other words, for each i ∈ I the
number field Fi is totally real.

We have the following conclusions of the last three paragraphs:

(i) Let G be a reductive group over Q. To give a Shimura pair (G,X ) is
the same thing as to give a Shimura pair (Gab, {xab}) of dimension 0 (i.e., a
homomorphism xab : S→ Gab

R ) and an adjoint Shimura pair (Gad,X ad), with the
properties that for an (any) element xad ∈ X ad the homomorphism (xab, xad) :
S→ Gab

R ×R Gad
R lifts to a homomorphism x : S→ GR, where GR → Gab

R ×R Gad
R

is the standard isogeny. One takes X to be the G(R)-conjugacy class of x. We
emphasize that the Shimura pair (G,X ) can depend on the choice of xad ∈ X ad

(though its isomorphism class does not).

(ii) To give an adjoint Shimura pair (Gad,X ad) is the same thing as to give
a finite set (Gi,Xi) of simple adjoint Shimura pairs, cf. (19).

(iii) To give a simple adjoint Shimura pair (Gi,Xi), one has to first give a
totally real number field Fi and an absolutely simple, adjoint group GFi

i over Fi

that satisfies the following property:

(*) for each embedding j : Fi ↪→ R, the group GFi
i ×Fi,j R is either compact

(and then one defines Xi,j to be a set with one element) or is not compact and
associated naturally to a connected hermitian symmetric domain Xi,j .

The product
∏

j∈Hom(Fi,R) Xi,j is a connected hermitian symmetric domain iso-
morphic to the connected components of Xi. If GFi

i,C is of classical Lie type and if
GFi

i ×Fi,j R is not compact, then GFi
i ×Fi,j R is isomorphic to either SUSUSU(a, b)adR

with a, b ≥ 1, or SOSOSO(2, n)adR with n ≥ 1, or SpSpSpad
2n,R with n ≥ 1, or SOSOSO∗(2n)adR
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with n ≥ 4. The last think one has to give is a family of homomorphisms
xi,j : S/Gm → GFi

i ×Fi,j R, where

• xi,j is trivial if GFi
i ×Fi,j R is compact, and

• xi,j identifies S/Gm = SOSOSO2,R with the identity component of the center of
a maximal compact subgroup of GFi

i ×Fi,j R if GFi
i ×Fi,j R is not compact.

One takes Xi to be the Gi(R)-conjugacy class of the composite of the natural
epimorphism S � S/Gm with

∏
j∈Hom(Fi,R) xi,j : S/Gm → Gi,R. Once Fi and GFi

i

are given, there exist a finite number of possibilities for Xi (they correspond to
possible replacements of some of the xi,j ’s by their inverses).

3.3.1. Shimura types

A Shimura variety Sh(G1,X1) is called unitary if the adjoint group Gad
1 is non-

trivial and all simple factors of Gad
1,C are PGLPGLPGL groups over C.

Let (G,X ) be a simple, adjoint Shimura pair. Let L be the Lie type of anyone
of the simple factors of GC. If L is either An, Bn, Cn, E6, or E7, then one say
that (G,X ) is of L Shimura type. If L is Dn with n ≥ 4, then there exist three
disjoint possibilities for the type of (G,X ): they are DH

n , DR
n , and Dmixed

n . If n ≥ 5,
then (G,X ) is of DH

n (resp. of DR
n) Shimura type if and only if each simple, non-

compact factor of GR is isomorphic to SOSOSO∗(2n)adR (resp. to SOSOSO(2, 2n− 2)adR ). The
only if part of the previous sentence holds even if n = 4.

We will not detail here the precise difference between the Shimura types DH
4 ,

DR
4 , and Dmixed

4 (see [De2, p. 272]).

3.4. Shimura varieties of Hodge type

Let (G,X ) be a Shimura pair. We say that Sh(G,X ) (or (G,X )) is of Hodge type,
if there exists an injective map f : (G,X ) ↪→ (GSpGSpGSp(W, ψ),S) into a Shimura
pair that defines a Siegel modular variety. The Hodge Q–structure on W defined
by any x ∈ X is of type {(−1, 0), (0,−1)}, cf. (13b). This implies that x(Gm)
is the group of scalar automorphisms of GLGLGLW⊗QR. Therefore Z(G) contains the
group Gm = Z(GLGLGLW ) of scalar automorphisms of W . The image of Z(G)R in
GSpGSpGSp(W, ψ)adR is contained in the centralizer of the image of x in GSpGSpGSp(W, ψ)adR and
thus it is contained in a compact group. From the last two sentences we get that
we have a short exact sequence

(20) 0→ Gm → Z(G)→ Z(G)c → 0,

where Z(G)cR is a compact group of multiplicative type. In this way we get the
only if part of the following Proposition (see [De2, Prop. 2.3.2 or Cor. 2.3.4]).

Proposition 2. A Shimura pair (G,X ) is of Hodge type if and only if the following
two properties hold:

(i) there exists a faithful representation G ↪→GLGLGLW with the property that the
Hodge Q–structure on W defined by a (any) x ∈ X is of type {(−1, 0), (0,−1)};

(ii) we have a short exact sequence as in (20).
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If (G,X ) is of Hodge type, then (16) becomes (cf. [De2, Cor. 2.1.11])

Sh(G,X )(C) = G(Q)\(X ×G(Af )).

3.4.1. Moduli interpretation

Let f : (G,X ) ↪→ (GSpGSpGSp(W, ψ),S) be an injective map. We fix a family (sα)α∈J
of tensors of T (W ∗) such that G is the subgroup of GSpGSpGSp(W, ψ) that fixes sα for
all α ∈ J , cf. [De3, Prop. 3.1 (c)]. Let L be a Z-lattice of W such that we have
a perfect form ψ : L ⊗Z L → Z. We follow [Va1, Subsect. 4.1] to present the
standard moduli interpretation of the complex Shimura variety Sh(G,X )C with
respect to the Z-lattice L of W and the family of tensors (sα)α∈J .

We consider quadruples of the form [A, λA, (vα)α∈J , k] where:

(a) (A, λA) is a principally polarized abelian variety over C;

(b) (vα)α∈J is a family of Hodge cycles on A;

(c) k is an isomorphism H1(Aan, Z) ⊗Z Ẑ→̃L ⊗Z Ẑ whose tensorization with
Q (denoted also by k) takes the Betti realization of vα into sα for all α ∈ J and
which induces a symplectic similitude isomorphism between (H1(Aan, Z)⊗ZẐ, λA)
and (L⊗Z Ẑ, ψ).

We define A(G,X , W, ψ) to be the set of isomorphism classes of quadruples
of the above form that satisfy the following two conditions:

(i) there exists a similitude isomorphism (H1(Aan, Q), λA)→̃(W, ψ) that takes
the Betti realization of vα into sα for all α ∈ J ;

(ii) by composing the homomorphism xA : S → GSpGSpGSp(H1(Aan, R), λA) that
defines the Hodge R-structure on H1(Aan, R) with an isomorphism of real groups
GSpGSpGSp(H1(Aan, R), λA)→̃GSpGSpGSp(W ⊗Q R, ψ) induced naturally by an isomorphism as
in (i), we get an element of X .

We have a right action of G(Af ) on A(G,X , W, ψ) defined by the rule:

[A, λA, (vα)α∈J , k] · g := [A′, λA′ , (vα)α∈J , g−1k].

Here A′ is the abelian variety which is isogeneous to A and which is defined by the
Z-lattice H1(A′,an, Z) of H1(A′,an, Q) = H1(Aan, Q) whose tensorization with Ẑ

is (k−1 ◦ g)(L⊗Z Ẑ), while λA′ is the only rational multiple of λA which produces
a principal polarization of A′ (see [De1, Thm. 4.7] for the theorem of Riemann
used here). Here as well as in (e) below, we will identify a polarization with its
Betti realization.

There exists a G(Af )-equivariant bijection

f(G,X ,W,ψ) : Sh(G,X )(C)→̃A(G,X , W, ψ)

defined as follows. To [x, g] ∈ Sh(G,X )(C) = G(Q) \ (X × G(Af )) we associate
the quadruple f(G,X ,W,ψ)([x, g]) := [A, λA, (vα)α∈J , k] where:
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(d) A is associated to the Hodge Q–structure on W defined by x and to the
unique Z-lattice H1(Aan, Z) of H1(Aan, Q) = W for which we have an isomor-
phism k = g−1 : H1(Aan, Z) ⊗Z Ẑ→̃L ⊗Z Ẑ induced naturally by the automor-
phism g−1 of W ⊗Q Af ; thus we have Aan = H1(Aan, Z)\(W ⊗Q C)/W 0,−1

x , where
W ⊗Q C = W−1,0

x ⊕W 0,−1
x is the Hodge decomposition defined by x;

(e) λA is the only rational multiple of ψ which gives birth to a principal
polarization of A;

(f ) for each α ∈ J , the Betti realization of vα is sα.

The inverse g(G,X ,W,ψ) of f(G,X ,W,ψ) is defined as follows. We consider a
quadruple [A, λA, (vα)α∈J , k] ∈ A(G,X , W, ψ). We choose a symplectic similitude
isomorphism iA : (H1(Aan, Q), λA)→̃(W, ψ) as in (i). It gives birth naturally to
an isomorphism ĩA : GSpGSpGSp(H1(Aan, Q), λA) → GSpGSpGSp(W, ψ) of groups over Q. We
define x ∈ X to be ĩA,R ◦xA (with xA as in Definition 2) and g ∈ G(Af ) to be the

composite isomorphism W ⊗Q Af
k−1

−→ H1(Aan, Q)⊗Q Af

iA⊗1Af−→ W ⊗Q Af . Then

g(G,X ,W,ψ)([A, λA, (vα)α∈J , k]) := [x, g].

Taking (G,X ) = (GSpGSpGSp(W, ψ),S) and J = ∅, we get a bijection between
the set Sh(GSpGSpGSp(W, ψ),S)(C) and the set of isomorphism classes of principally
polarized abelian varieties over C of dimension 1

2 dimQ(W ) that have (compati-
bly) level-N symplectic similitude structures for all positive integers N . Thus to
give a C-valued point of Sh(GSpGSpGSp(W, ψ),S) is the same thing as to give a triple
[A, λA, (lN )N∈N], where (A, λA) is a principally polarized abelian variety over C

of dimension 1
2 dimQ(W ) and where lN : (L/NL, ψ)→̃(H1(Aan, Z/NZ), λA)’s are

forming a compatible system of symplectic similitude isomorphisms. The compat-
ibility means here that if N1 and N2 are positive integers such that N1|N2, then
lN1 is obtained from lN2 by tensoring with Z/N1Z.

3.4.2. Canonical models

Let r := 1
2 dimQ(W ) ∈ N. Let N ≥ 3 be a positive integer. Let Ar,1,N be the

Mumford–moduli scheme over Z[ 1
N ] that parametrizes isomorphism classes of

principally polarized abelian schemes over Z[ 1
N ]-schemes that have level-N sym-

plectic similitude structure and that have relative dimension r, cf. [MFK, Thms.
7.9 and 7.10]. We consider the Q–scheme

Ar,1,all := proj.lim.N∈NAr,1,N .

We have a natural identification Sh(GSpGSpGSp(W, ψ),S)(C) = Ar,1,all(C) of sets,
cf. end of Subsubsection 3.4.1. One can easily check that this identification is
in fact an isomorphism of complex manifolds. From the very definition of the
algebraic structure on Sh(GSpGSpGSp(W, ψ),S)C (obtained based on [BB, Thm. 10.11]),
one gets that there exists a natural identification Sh(GSpGSpGSp(W, ψ),S)C = Ar,1,all,C

of C-schemes. Classical works of Shimura, Taniyama, etc., show that the last
identification is the extension to C of an identification Sh(GSpGSpGSp(W, ψ),S) = Ar,1,all

of Q–schemes.

A. Vasiu / Geometry of Shimura Varieties of Hodge Type over Finite Fields 213



The reflex field E(G,X ) is the smallest number field such that the closed
subscheme Sh(G,X )C of Sh(GSpGSpGSp(W, ψ),S)C is defined over E(G,X ). In other
words, we have a natural closed embedding (cf. end of Subsection 3.2)

(21) f : Sh(G,X ) ↪→ Ar,1,all,E(G,X ) = Sh(GSpGSpGSp(W, ψ),S)E(G,X ).

The pull back (V, ΛV) to Sh(G,X ) of the universal principally polarized abelian
scheme over Ar,1,all,E(G,X ) is such that there exists naturally a family of Hodge
cycles (vV

α )α∈J on the abelian scheme V.
If y := [x, g] ∈ Sh(G,X )(C) and if f(G,X ,W,ψ)([x, g]) = [A, λA, (vα)α∈J , k],

then each y∗(vVα ) is the Hodge cycle vα on A = y∗(V).

Def inition 4. Let (G1,X1) be a Shimura pair. We say that (G1,X1) is of preabelian
type, if there exists a Shimura pair (G,X ) of Hodge type such that we have an
isomorphism (Gad,X ad)→̃(Gad

1 ,X ad
1 ) of adjoint Shimura pairs. If moreover this

isomorphism (Gad,X ad)→̃(Gad
1 ,X ad

1 ) is induced naturally by an isogeny Gder →
Gder

1 , then we say that (G1,X1) is of abelian type.

Remark 1. Let (G1,X1) be an arbitrary Shimura variety. Let ρ1 : G1 ↪→GLGLGLW1 be
a faithful representation. As in Subsubsection 3.4.1, one checks that Sh(G1,X1)C

is a moduli space of Hodge Q–structures on W1 equipped with extra structures. If
moreover (G1,X1) is of abelian type, then Sh(G1,X1)C is in fact a moduli scheme
of polarized abelian motives endowed with Hodge cycles and certain compatible
systems of level structures (cf. [Mi3]).

3.4.3. Classification

Let (G1,X1) be a simple, adjoint Shimura pair. Then (G1,X1) is of abelian type if
and only if (G1,X1) is of An, Bn, Cn, DH

n , or DR
n Shimura type. For this classical

result due to Satake and Deligne we refer to [Sa1], [Sa2, Part III], and [De2,
Table 2.3.8]. There exists a Shimura pair (G,X ) of Hodge type whose adjoint is
isomorphic to (G1,X1) and whose derived group Gder is simply connected if and
only if (G1,X1) is of An, Bn, Cn, or DR

n Shimura type (cf. [De2, Table 2.3.8]).

4. Integral models

In this Section we follow [Mi2] and [Va1] to define different integral models of
Shimura varieties. Let p ∈ N be a prime. Let Z(p) be the location of Z at its prime
ideal (p). Let A

(p)
f be the ring of finite adèles with the p-component omitted; we

have Af = Qp×A
(p)
f . Let (G,X ) be a Shimura pair. Let v be a prime of E(G,X )

that divides p. Let O(v) be the local ring of v.

4.1. Basic definitions

(a) Let H be a compact, open subgroup of G(Qp). By an integral model of
ShH(G,X ) over O(v) we mean a faithfully flat scheme N over O(v) together with
a G(A(p)

f )-continuous action on it and a G(A(p)
f )-equivariant isomorphism
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NE(G,X )→̃ ShH(G,X ).

When the G(A(p)
f )-action on N is obvious, by abuse of language, we say that the

O(v)-scheme N is an integral model. The integral model N is said to be smooth
(resp. normal) if there exists a compact, open subgroup H0 of G(A(p)

f ) such that
for every inclusion H2 ⊆ H1 of compact, open subgroups of H0, the natural
morphism N/H2 → N/H1 is a finite étale morphism between smooth schemes
(resp. between normal schemes) of finite type over O(v). In other words, there
exists a compact open subgroup H0 of G(A(p)

f ) such that N is a pro-étale cover
of the smooth (resp. the normal) scheme N/H0 of finite type over O(v).

(b) A regular, faithfully flat O(v)-scheme Y is called p-healthy (resp. healthy)
regular, if for each open subscheme U of Y which contains YQ and all points of
Y of codimension 1, every p-divisible group (resp. every abelian scheme) over U
extends uniquely to a p-divisible group (resp. extends to an abelian scheme) over
Y .

(c) A scheme Z over O(v) is said to have the extension property if for each
healthy regular scheme Y over O(v), every E(G,X )-morphism YE(G,X ) → ZE(G,X )

extends uniquely to an O(v)-morphism Y → Z.

(d) A smooth integral model of ShH(G,X ) over O(v) that has the extension
property is called an integral canonical model of Sh(G,X )/H over O(v).

(e) Let D be a Dedekind domain. Let K be the field of fractions of D. Let
ZK be a smooth scheme of finite type over K. By a Néron model of ZK over
D we mean a smooth scheme of finite type Z over D whose generic fibre is ZK

and which is uniquely determined by the following universal property: for each
smooth scheme Y over D, every K-morphism YK → ZK extends uniquely to a
D-morphism Y → Z.

(f ) The group GQp is called unramified if and only if extends to a reduc-
tive group scheme GZp

over Zp. In such a case, each compact, open subgroup of
GQp(Qp) of the form GZp(Zp) is called a hyperspecial subgroup of GQp(Qp).

(g) Let Z be a flat O(v)-scheme and let Y be a closed subscheme of Zk(v). The
dilatation W of Z centered on Y is an affine Z-scheme defined as follows. To define
W , we can work locally in the Zariski topology of Z and therefore we van assume
that Z = Spec(C) is an affine scheme. Let I be the ideal of C that defines Y and
let πv be a uniformizer of O(v). Then W is the spectrum of the C-subalgebra of
C[ 1

πv
] generated by i

πv
with i ∈ I. The affine morphism W → Z of O(v)-schemes

enjoys the following universal property. Let q : Z̃ → Z be a morphism of flat
O(v)-schemes. Then q factors uniquely through a morphism Z̃ →W of Z-schemes
if and only if qk(v) : Z̃k(v) → Zk(v) factors through Y (i.e., qk(v) is a composite
morphism Z̃k(v) → Y ↪→ Zk(v)).

4.2. Classical example

Let f : (G,X ) ↪→ (GSpGSpGSp(W, ψ),S) be an injective map. Let L be a Z-lattice of
W such that ψ induces a perfect form ψ : L ⊗Z L → Z. Let N ≥ 3 be a natural
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number which is prime to p. Let

K(N) := {g ∈GSpGSpGSp(L, ψ)(Ẑ)|g mod N is identity} and Kp := GSpGSpGSp(L, ψ)(Zp).

We have an identity Kp = K(N) ∩GSpGSpGSp(W, ψ)(Qp). Let

M := proj.lim.N∈N,g.c.d.(N,p)=1Ar,1,N ;

it is a Z(p)-scheme that parametrizes isomorphism classes of principally polar-
ized abelian schemes over Z(p)-schemes that have compatible level-N symplectic
similitude structures for all N ∈ N prime to p and that have relative dimension
r.

The totally discontinuous, locally compact group GSpGSpGSp(W, ψ)(A(p)
f ) acts con-

tinuously onM and moreoverM is a pro-étale cover of Ar,1,N,Z(p) for all N ∈ N

prime to p. From (21) we get that we can identify ShK(N)(GSpGSpGSp(W, ψ),S) =
Ar,1,N,Q and ShKp(GSpGSpGSp(W, ψ),S) =MQ. From the last two sentences we get that
M is a smooth integral model of ShKp

(GSpGSpGSp(W, ψ),S) over Z(p).
Let GZ(p) be the Zariski closure of G in GLGLGLL⊗ZZ(p) ; it is an affine, flat group

scheme over Z(p) whose generic fibre is G. Let H(N) := K(N) ∩ G(Af ) and
Hp := H(N) ∩G(Qp). From (21) we easily get that we have finite morphisms

(22a) f(N) : ShH(N)(G,X )→ ShK(N)(GSpGSpGSp(W, ψ),S)

and

(22b) fp : ShHp
(G,X )→ ShKp

(GSpGSpGSp(W, ψ),S).

As N ≥ 3, a principally polarized abelian scheme with level-N structure has
no automorphism (see [Mu, Ch. IV, 21, Thm. 5] for this result of Serre). This
implies that K(N) acts freely on Ar,1,all,E(G,X ) = Sh(GSpGSpGSp(W, ψ),S)E(G,X ). From
this and (21) we get that H(N) acts freely on Sh(G,X ). Therefore the E(G,X )-
scheme ShH(N)(G,X ) is smooth and thus ShHp

(G,X ) is a regular scheme which
is formally smooth over E(G,X ).

Let N (N) be the normalization of Ar,1,N in the ring of fractions of
ShH(N)(G,X ) and let Np be the normalization of M in the ring of fractions of
ShHp

(G,X ). [Comment: the role of the integral model N used in Section 1, will be
played in what follows by N (N).] Let O(G,X ) be the ring of integers of E(G,X ).
Let O(G,X )(p) := O(G,X ) ⊗Z Z(p); it is the normalization of Z(p) in E(G,X ).
The scheme N (N) is a faithfully flat O(G,X )[ 1

N ]-scheme which is normal and
of finite type and whose generic fibre is ShH(N)(G,X ) (the finite type part is
implied by the fact that O(v) is an excellent ring). The scheme Np is a faithfully
flat O(G,X )(p)-scheme which is normal and whose generic fibre is ShHp(G,X ).

One gets the existence of a finite map

f(N) : N (N)→ Ar,1,N

and of a pro-finite map
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fp : Np →M

that extends naturally (22a) and (22b) (respectively). Moreover, the totally dis-
continuous, locally compact group G(A(p)

f ) acts continuously on Np. Let

Nv := Np ⊗O(G,X )(p)
O(v).

Proposition 3. (a) The O(v)-scheme Nv is a normal integral model of Sh(G,X )
over O(v). Moreover, Nv is a pro-étale cover of N (N)O(v) .

(b) The morphism fp : Np →M is finite.

Proof: Let H0 be a compact, open subgroup of G(A(p)
f ) such that Hp ×H0 is a

compact, open subgroup of H(N). As H(N) acts freely onM, it also acts freely
on Np. This implies that Nv is a pro-étale cover of both N (N)O(v) and Nv/H0.
Therefore for all open subgroups H1 and H2 of H0 with H1 � H2, the morphism
Nv/H1 → Nv/H2 is a finite morphism between étale covers of N (N)O(v) and
therefore it is an étale cover. Based on this, one easily checks that the right action
of G(A(p)

f ) on Nv is continuous. Thus (a) holds.
Part (b) is an easy consequence of the fact that Np/H0 is a finite scheme over

MO(G,X )(p)
/H0. �

4.2.1. PEL type Shimura varieties

Let B be the Q–subalgebra of End(W ) formed by elements fixed by G. We consider
two axioms:

(*) the group G is the identity component of the centralizer of B in GSpGSpGSp(W, ψ);

(**) the group G is the centralizer of B in GSpGSpGSp(W, ψ).

If the axiom (*) holds, then one calls Sh(G,X ) a Shimura variety of PEL type.
If the axiom (**) holds, then one calls Sh(G,X ) a Shimura variety of PEL type
of either A or C type. Here PEL stands for polarizations, endomorphisms, and
level structures while the A and C types refer to the fact that all simple factors
of Gad

C are (under the axiom (**)) of some An or Cn Lie type (and not of Dn Lie
type with n ≥ 4).

If the axiom (**) holds, then we can choose the family (vα)α∈J to be exactly
the family of all elements of B. In such a case, all Hodge cycles mentioned in
Subsection 3.4.2 are defined by endomorphisms. Let B(p) := B ∩ End(L⊗ZZ(p)); it
is a Z(p)-order of B.

4.2.2. Example

Suppose that B(p) is a semisimple Z(p)-algebra and that GZ(p) is the centralizer
of B(p) in the group scheme GSpGSpGSp(L ⊗Z Z(p), ψ). Then GZ(p) is a reductive group
scheme and moreover Np (resp. Nv) is a moduli scheme of principally polarized
abelian schemes which are over O(G,X )(p)-schemes (resp. over O(v)-schemes),
which have relative dimension r, which have compatible level-N symplectic simil-

A. Vasiu / Geometry of Shimura Varieties of Hodge Type over Finite Fields 217



itude structures for all N ∈ N prime to p, which are endowed with a Z(p)-algebra
B(p) of Z(p)-endomorphisms, and which satisfy certain axioms that are related to
the properties (d) to (f) of Subsubsection 3.4.2. Unfortunately, presently this is
the only case when Np (resp. when Nv) has a good moduli interpretation. This
explains the difficulties one encounters in getting as well as of stating results
pertaining to either Np or Nv.

4.3. Main problems

Here is a list of six main problems in the study of N (N), Np, and Nv. For
simplicity, these problems will be stated here only in terms of N (N).

(a) Determine when N (N) is uniquely determined up to isomorphism by its
generic fibre ShH(N)(G,X ) and by a suitable universal property.

(b) Determine when N (N) is a smooth O(G,X )[ 1
N ]-scheme.

(c) Determine when N (N) is a projective O(G,X )[ 1
N ]-scheme.

(d) Identify and study different stratifications of the special fibres of N (N).

(e) Describe the points of N (N) with values in finite fields.

(f ) Describe the points of N (N) with values in O[ 1
N ], where O is the ring of

integers of some finite field extension of E(G,X ).

In the next four Sections we will study the first four problems one by one, in
a way that could be useful towards the partial solutions of the problem (e). Any
approach to the problem (f) would require a very good understanding of the first
five problems and this is the reason (as well as the main motivation) for why the
six problems are listed together.

5. Uniqueness of integral models

Until the end we will use the following notations introduced in Section 4:

f : (G,X ) ↪→ (GSpGSpGSp(W, ψ),S), L, N, K(N), Kp, H(N), Hp, O(G,X ),

O(G,X )(p), v, O(v), f(N) : N (N)→ Ar,1,N , fp : Np →M, Nv, GZ(p) .

Let ev be the index of ramification of v. Let k(v) be the residue field of v. Let

L(N)v := N (N)⊗O(G,X )[ 1
N ] k(v) and Lv := Nv ⊗O(v) k(v).

In this Section we study when the k(v)-scheme L(N)v (resp. Lv) is uniquely
determined in some sensible way by ShH(N)(G,X ) (resp. by ShHp(G,X )) and
by the prime v of E(G,X ). Whenever one gets such a uniqueness property, one
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can call L(N)v (resp. Lv) as the canonical fibre model of ShH(N)(G,X ) (resp.
ShHp

(G,X )) at v (or over k(v)).
Milne’s original insight (see [Mi2] and [Va1]) was to prove in many cases the

uniqueness of Nv and Lv by showing first that:

(i) the O(v)-scheme Nv has the extension property, and

(ii) Nv is a healthy regular scheme in the sense of Definition 4.1 (b).

While (i) always holds (see Proposition 4 below), it is very hard in general
to decide if (ii) holds. However, results of [Va1], [Va2], and [Va11] allow us to
get that (ii) holds in many cases of interest (see Subsection 5.1). Subsection 5.2
shows how one gets the uniqueness of N (N) (and therefore also of L(N)v) via
(the uniqueness of) Néron models.

Proposition 4. The O(v)-scheme Nv has the extension property.

Proof: Let Y be a healthy regular scheme over O(v). Let q : YE(G,X ) → ShHp
(G,X )

be a morphism of E(G,X )-schemes. Let (U , λU ) be the pull back to YE(G,X ) of the
universal principally polarized abelian scheme over M (via the composite mor-
phism YE(G,X ) → ShHp

(G,X ) → ShKp
(GSpGSpGSp(W, ψ),S) = MQ). As the universal

principally polarized abelian scheme overM has a level-N symplectic similitude
structure for all N ∈ N prime to p, the same holds for (U , λU ). From this and the
Néron–Ogg–Shafarevich criterion of good reduction (see [BLR, Ch. 7, 7.4, Thm.
5]) we get that U extends to an abelian scheme UU over an open subscheme U of
Y which contains YQ = YE(G,X ) and for which we have codimY (Y \U) ≥ 2. Thus
UU extends to an abelian scheme UY over Y , cf. the very definition of a healthy
regular scheme. The polarization λU extends as well to a polarization λUY

of UY ,
cf. [Mi2, Prop. 2.14]. Moreover, each level-N symplectic similitude structure of
(U , λU ) extends to a level-N symplectic similitude structure of (UY , λUY

). This
implies that the composite of q with the finite morphism ShHp

(G,X )→ME(G,X )

extends uniquely to a morphism Y →MO(v) . As Y is a regular scheme and thus
also normal and as Nv →MO(v) is a finite morphism, we get that the morphism
Y →MO(v) factors uniquely through Nv (as it does so generically). This implies
that q : YE(G,X ) → ShHp

(G,X ) extends uniquely to a morphism qY : Y → Nv of
O(v)-schemes. From this the Proposition follows. �

Proposition 5. Let Y be a regular scheme which is faithfully flat over Z(p). Then
the following two properties hold:

(a) Let U be an open subscheme of Y which contains YQ and the generic
points of YFp

. Let AU be an abelian scheme over U with the property that its p-
divisible group DU extends to a p-divisible group D over Y . Then AU extends to
an abelian scheme A over U .

(b) If Y is a p-healthy regular scheme, then it is also a healthy regular scheme.

Proof: Part (b) follows from (a) and the very definitions. To prove (a) we follow
[Va2, Prop. 4.1]. Let N ≥ 3 be a positive integer relatively prime to p.
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To show that A exists, we can assume that Y is local, complete, and strictly
henselian, that U is the complement of the maximal point y of Y , that AU has
a principal polarization λAU

, and that (AU , λAU
) has a level-N symplectic simil-

itude structure lU,N (see [FC, (i)-(iii) of pp. 185, 186]). We write Y = Spec(R).
Let λDU

be the principal quasi-polarization of DU defined naturally by λAU
; it

extends to a principal quasi-polarization λD of D (cf. Tate’s theorem [Ta, Thm.
4]). Let r be the relative dimension of AU . Let (A, ΛA) be the universal principally
polarized abelian scheme over Ar,1,N .

Let mU : U → Ar,1,N be the morphism defined by (AU , λAU
, lU,N ). We show

that mU extends to a morphism m : Y → Ar,1,N .
Let N0 ∈ N be prime to p. From the classical purity theorem we get that the

étale cover AU [N0]→ U extends to an étale cover YN0 → Y . But as Y is strictly
henselian, Y has no connected étale cover different from Y . Thus each YN0 is a
disjoint union of N2r

0 -copies of Y . From this we get that (AU , λAU
) has a level-N0

symplectic similitude structure lU,N0 for every N0 ∈ N prime to p.
Let Ar,1,N be a projective, toroidal compactification of Ar,1,N such that (cf.

[FC, Chap. IV, Thm. 6.7]):

(a) the complement of Ar,1,N in Ar,1,N has pure codimension 1 in Ar,1,N and

(b) there exists a semi-abelian scheme over Ar,1,N that extends A.

Let Ỹ be the normalization of the Zariski closure of U in Y ×Z Ar,1,N . It
is a projective, normal, integral Y -scheme which has U as an open subscheme.
Let C be the complement of U in Ỹ endowed with the reduced structure; it is a
reduced, projective scheme over the residue field k of y. The Z-algebras of global
functions of Y , U , and Ỹ are all equal to R (cf. [Ma, Thm. 38] for U). Thus C is
a connected k-scheme, cf. [Ha, Ch. III, Cor. 11.3] applied to Ỹ → Y .

Let AỸ be the semi-abelian scheme over Ỹ that extends AU (it is unique, cf.
[FC, Chap. I, Prop. 2.7]). Due to the existence of the lU,N0 ’s, the Néron–Ogg–
Shafarevich criterion implies that AỸ is an abelian scheme in codimension at
most 1. Therefore, since the complement of Ar,1,N in Ar,1,N has pure codimension
1 in Ar,1,N , it follows that AỸ is an abelian scheme. Thus mU extends to a
morphism mỸ : Ỹ → Ar,1,N . Let λAỸ

:= m∗
Ỹ

(ΛA). Tate’s theorem implies that
the principally quasi-polarized p-divisible group of (AỸ , λAỸ

) is the pull-back

(DỸ , λDỸ
) of (D,λD) to Ỹ . Hence the pull back (DC , λDC

) of (DỸ , λDỸ
) to C is

constant i.e., it is the pull back to C of a principally quasi-polarized p-divisible
group over k.

We check that the image mỸ (C) of C through mỸ is a point {y0} of Ar,1,N .
Since C is connected, to check this it suffices to show that, if Ôc is the comple-
tion of the local ring Oc of C at an arbitrary point c of C, then the morphism
Spec(Ôc) → Ar,1,N defined naturally by mỸ is constant. But as (DC , λDC

) is
constant, this follows from Serre–Tate deformation theory (see [Me, Chaps. 4, 5]).
Thus mỸ (C) is a point {y0} of Ar,1,N .

Let R0 be the local ring of Ar,1,N at y0. Because Y is local and Ỹ is a pro-
jective Y -scheme, each point of Ỹ specializes to a point of C. Hence each point of
the image of mỸ specializes to y0 and thus mỸ factors through the natural mor-
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phism Spec(R0)→ Ar,1,N . Since R is the ring of global functions of Ỹ , the result-
ing morphism Ỹ → Spec(R0) factors through a morphism Spec(R)→ Spec(R0).
Therefore mỸ factors through a morphism m : Y → Ar,1,N that extends mU .
This ends the argument for the existence of m. We conclude that A := m∗(A) is
an abelian scheme over Y which extends AU . Thus (a) holds. �

5.1. Examples of healthy regular schemes

In (the proofs of) [FC, Ch. IV, Thms. 6.4, 6.4’, and 6.8] was claimed that every
regular scheme which is faithfully flat over Z(p) is p-healthy regular as well as
healthy regular. In turns out that this claim is far from being true. For instance,
an example of Raynaud–Gabber–Ogus (see [dJO1, Sect. 6]) shows that the regular
scheme Spec(W (k)[[x, y]]/((xy)p−1− p)) is neither p-healthy nor healthy regular.
Here W (k) is the ring of Witt vectors with coefficients in a perfect field k of
characteristic p.

Based on Proposition 5 (b) and a theorem of Raynaud (see [Ra, Thm. 3.3.3]),
one easily checks that if ev < p − 2, then each regular scheme which is formally
smooth over O(v) is a healthy regular scheme (see [Va1, Subsubsect. 3.2.17]). In
[Va2, Thm. 1.3] it is proved that the same holds provided ev = 1. In [Va11] it is
proved that the same holds provided ev = p− 1. Even more, in [Va11, Thm. 1.3
and Cor. 1.5] it is proved that:

Theorem 1. (a) Suppose that p > 2. Each regular scheme which is formally smooth
over O(v) is healthy regular if and only if the following inequality holds ev ≤ p−1.

(b) Suppose that p = 2 and ev = 1. Then each regular scheme which is
formally smooth over O(v) is healthy regular.

Part (a) also holds for p = 2 but this is not checked loc. cit. and this is why
above for p = 2 we stated only one implication in the form of (b). From Theorem
1 and Propositions 3 (a) and 4 we get the following answer to the problem 4.3
(a):

Corollary 1. Suppose that ev ≤ p − 1 and that Nv is a regular scheme which is
formally smooth over O(v) (i.e., and that N (N)O(v) is a smooth O(v)-scheme).
Then Nv is the integral canonical model of ShHp

(G,X ) over O(v) and it is uniquely
determined up to unique isomorphism. Thus also L(N)v and Lv are uniquely
determined by ShH(N)(G,X ) and ShHp

(G,X ) (respectively) and v.

5.1.1. Example

The integral canonical model of ShKp
(GSpGSpGSp(W, ψ),S) over Z(p) is M.

5.2. Integral models as Nèron models

In [Ne] it is showed that each abelian variety over the field of fractions K of a
Dedekind domain D has a Néron model over D. In [BLR] it is checked that many
other closed subschemes of torsors of certain commutative group varieties over
K, have Néron models over D. But most often, for N >> 0 the E(G,X )-scheme
ShH(N)(G,X ) can not be embedded in such torsors; we include one basic example.
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5.2.1. Example

Suppose that Gad
R is isomorphic to SUSUSU(a, b)adR ×R SUSUSU(a + b, 0)adR for some pos-

itive integers a ≥ 3 and b ≥ 3. One has H1,0(C(C), C) = 0 for each con-
nected component C of ShH(N)(G,X )C, cf. [Pa, Thm. 2, 2.8 (i)]. The analytic
Lie group Alb(C)an associated to the albanese variety Alb(C) is isomorphic to
[Hom(H1,0(C(C), C), C)]/H1(C, Z) and therefore it is 0. The Q–rank of Gad is 0
and this implies that ShH(N)(G,X ) is a projective E(G,X )-scheme, cf. [BHC,
Thm. 12.3 and Cor. 12.4]. From the last two sentences one gets that C is a con-
nected, projective variety over C whose albanese variety Alb(C) is trivial. Thus C
can not be embedded into commutative group varieties over C. Therefore the con-
nected components of the E(G,X )-scheme ShH(N)(G,X ) can not be embedded
into torsors of commutative group varieties over E(G,X ).

Based on the previous example we get that the class of Néron models intro-
duced below is new (cf. [Va4, Prop. 4.4.1] and [Va11, Thm. 4.3.1]).

Theorem 2. Suppose that for each prime p that does not divide N and for every
prime v of E(G,X ) that divides p, we have ev ≤ p − 1. Suppose that N (N) is
a smooth, projective O(G,X )[ 1

N ]-scheme. Then N (N) is the Néron model of its
generic fibre ShH(N)(G,X ) over O(G,X )[ 1

N ] (and thus it is uniquely determined
by ShH(N)(G,X ) and N).

Theorem 2 provides a better answer to problem 4.3 (a) than Corollary 1,
provided in addition we know that N (N) is a projective O(G,X )[ 1

N ]-scheme.

6. Smoothness of integral models

We will use the notations listed at the beginning of Section 5. In this Section we
study the smoothness of Nv and N (N)v. Let (G1,X1) be a Shimura pair such that
the group G1,Qp

is unramified. Let H1 be a hyperspecial subgroup of G1(Qp) =
G1,Qp

(Qp), cf. Definition 4.1 (f). In 1976 Langlands conjectured the existence of a
good integral model of ShH1(G1,X1) over each local ring O(v1) of E(G1,X1) at a
prime v1 of E(G1,X1) that divides p (see [La, p. 411]); unfortunately, Langlands
did not explain what good is supposed to stand for. We emphasize that the
assumption that G1,Qp is unramified implies that E(G1,X1) is unramified above
p (see [Mi3, Cor. 4.7 (a)]); thus the index of ramification ev1 of v1 is 1.

In 1992 Milne made the following conjecture (slight reformulation made by
us, as in [Va1, Conj. 3.2.5]; strictly speaking, both Langlands and Milne stated
their conjectures over the completion of O(v1)).

Conjecture 1. There exists an integral canonical model of ShH1(G1,X1) over
O(v1).

From the classical works of Zink, Rapoport–Langlands, and Kottwitz one gets
(see [Zi1], [LR], and [Ko2]):
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Theorem 3. (a) The Milne conjecture holds if p ≥ 3 and Sh(G1,X1) is a Shimura
variety of PEL type.

(b) The Milne conjecture holds if Sh(G1,X1) is a Shimura variety of PEL
type of either A or C type.

The main results of [Va1] and [Va6] say (see [Va1, 1.4, Thm. 2, and Thm.
6.4.1] and [Va6, Thm. 1.3]):

Theorem 4. Suppose one of the following two conditions holds:

(a) p ≥ 5 and ShH1(G1,X1) is of abelian type;

(b) p is arbitrary and ShH1(G1,X1) is a unitary Shimura variety.

Then the Milne conjecture holds. Moreover, for each prime v1 of E(G1,X1)
that divides p, the integral canonical model of ShH1(G1,X1) over O(v1) is a pro-
étale cover of a smooth, quasi-projective O(v1)-scheme.

Remark 2. See [Va2, Thm. 1.3] and [Va6, Thm. 1.3] for two corrections to the
proof of Theorem 4 under the assumption that condition (a) holds. More precisely:

• the original argument of Faltings for the proof of Proposition 5 was incorrect
and it has been corrected in [Va2] (cf. proof of Proposition 5);

• the proof of Theorem 4 for the cases when Gad
1,C has simple factors isomor-

phic to PGLPGLPGLpm for some m ∈ N was partially incorrect and it has been corrected
by [Va6, Thm. 1.3] (cf. [Va6, Appendix, E.3]).

6.1. Strategy of the proof of Theorem 4, part a

To explain the four main steps of the proof of the (a) part of Theorem 4, we will
sketch the argument why the assumptions that p > 3 and that GZ(p) is a reductive
group scheme over Z(p) imply that Np is a formally smooth scheme over Z(p). Let
W (F) be the ring of Witt vectors with coefficients in an algebraic closure F of Fp.
Let B(F) := W (F)[ 1p ].

Let y : Spec(F) → Np and let z : Spec(V ) → Np be a lift of y, where V is
a finite, discrete valuation ring extension of W (F). Let e be the index of ram-
ification of V . Let Re be the p-adic completion of the W (F)[[x]]-subalgebra of
B(F)[[x]] generated by xen

n! with n ∈ N. Let Φe be the Frobenius endomorphism
of Re which is compatible with the Frobenius automorphism of W (F) and which
takes x to xp. We have a natural W (F)-epimorphism mπ : Re � V which maps
x to a fixed uniformizer π of V . The kernel Jπ of mπ has divided power struc-
tures and thus we can speak about the evaluation of F -crystals at the thickening
Spec(V ) ↪→ Spec(Re) defined naturally by mπ. We now consider the principally
quasi-polarized, filtered F -crystal of the pull back (AV , λAV

) to Spec(V ) of the
universal principally abelian scheme over M (via fp ◦ z). Its evaluation at the
thickening Spec(V ) ↪→ Spec(Re) is of the form

(MRe , F
1
V , φMRe

,∇MRe
, ψMRe

),
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where MRe
is a free Re-module of rank 2r, F 1

V is a direct summand of
H1

dR(AV /V ) = MRe
/JπMRe

of rank r, φMRe
is a Φe-linear endomorphism of MRe

,
∇MRe

is an integrable, nilpotent modulo p connection on MRe , and ψMRe
is a

perfect alternating form on MRe . The generic fibre of AV is equipped with a fam-
ily of Hodge cycles whose de Rham realizations belong to T (MRe

[ 1p ]/JπMRe
[ 1p ])

and lift naturally to define a family of tensors (tz,α)α∈J of T (MRe [
1
p ]).

The first main step is to show that, under some conditions on the closed
embedding homomorphism GZ(p) ↪→ GSpGSpGSp(L ⊗Z Z(p), ψ) and under the assump-
tion that p > 3, the Zariski closure in GSpGSpGSp(MRe , ψMRe

) of the subgroup of
GSpGSpGSp(MRe

[ 1p ], ψMRe
) that fixes tz,α for all α ∈ J , is a reductive group scheme G̃Re

over Re. See [Va1, Subsect. 5.2] for more details and see [Va1, (5.2.12)] for the
fact that the reductive group scheme G̃Re

is isomorphic to GZ(P ) ×Z(p) Re.

The second main step is to show that we can lift F 1
V to a direct summand F 1

Re

of MRe in such a way that ψMRe
(F 1

Re
⊗F 1

Re
) = 0 and that for each element α ∈ J

the tensor tz,α belongs to the F 0-filtration of T (MRe
[ 1p ]) defined by F 1

Re
[ 1p ]. The

essence of this second main step is the classical theory of infinitesimal liftings of
cocharacters of smooth group schemes (see [DG, Exp. IX]). Due to the existence
of F 1

Re
, the morphism z : Spec(V ) → Np lifts to a morphism w : Spec(Re) →

Np. The reduction of w modulo the ideal Re ∩ xB(F)[[x]] of Re is a lift z0 :
Spec(W (F)) → Np of y. Thus, by replacing z with z0 we can assume that V =
W (F). See [Va1, Subsect. 5.3] for more details.

The third main step uses the lift z0 : Spec(W (F)) → Np of y and Faltings
deformation theory (see [Fa, Sect. 7]) to show that Np is formally smooth over
Z(p) at its F-valued point defined by y. See [Va1, Subsect. 5.4] for more details.

The fourth main step shows that for p > 3 the mentioned conditions on
the closed embedding homomorphism GZ(p) ↪→ GSpGSpGSp(L ⊗Z Z(p), ψ) always hold,
provided we replace f : (G,X ) ↪→ (GSpGSpGSp(W, ψ),S) by a suitable other injective
map f1 : (G1,X1) ↪→ (GSpGSpGSp(W1, ψ1),S1) with the property that (Gad,X ad) =
(Gad

1 ,X ad
1 ). See [Va1, Subsects. 6.5 and 6.6] for more details.

Remark 3. In [Va7] it is shown that Theorem 4 holds even if p ∈ {2, 3} and
Sh(G1,X1) is of abelian type. In [Ki] it is claimed that Theorem 4 holds for p ≥ 3.
The work [Ki] does not bring any new conceptual ideas to [Va1], [Va6], and [Va7].
In fact, the note [Ki] is only a variation of [Va1], [Va6], and [Va7]. This variation
is made possible due to recent advances in the theory of crystalline representations
achieved by Fontaine, Breuil, and Kisin. We emphasize that [Ki] does not work
for p = 2 while [Va7] works as well for p = 2.

6.2. Strategy of the proof of Theorem 4, part b

To explain the three main steps of the proof of the (b) part of Theorem 4, in this
Subsection we will assume that (G1,X1) is a simple, adjoint, unitary Shimura
pair of isotypic An Dynkin type. In [De2, Prop. 2.3.10] it is proved the existence
of an injective map f : (G,X ) ↪→ (GSpGSpGSp(W, ψ),S) of Shimura pairs such that we
have (Gad,X ad) = (G1,X1).
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The first step uses a modification of the proof of [De2, Prop. 2.3.10] to show
that we can choose f such that GZ(p) is the subgroup of GSpGSpGSp(L⊗Z Z(p), ψ) that
fixes a semisimple Z(p)–subalgebra B(p) of End(W ) (see [Va6, Prop. 3.2]). Let
H1,p := Gad

Z(p)
(Zp); it is a hypersecial subgroup of G1,Qp

(Qp) = Gad
Qp

(Qp).

The second step only applies Theorem 3 to conclude that Np is a formally
smooth O(G,X )(p)-scheme.

The third step uses the standard moduli interpretation ofNp to show that the
analogue N1,p of Np but for (G1,X1, H1,p) instead of for (G,X , Hp) exists as well
(see [Va6, Thm. 4.3 and Cor. 4.4]). If we fix a Z(p)-monomorphism O(G,X )(p) ↪→
W (F), then every connected component C1 of N1,W (F) will be isomorphic to the
quotient of a connected component C of NW (F) by a suitable group action T whose
generic fibre is free and which involves a torsion group. The key point is to show
that the action T itself is free (i.e., C1 is a formally smooth W (F)-scheme). If
p > 2 and p does not divide n + 1, then the torsion group of the action T has no
elements of order p and thus the action T is free (cf. proof of [Va1, Thm. 6.2.2
b)]). In [Va6] it is checked that the action T is always free i.e., it is free even for
the harder cases when either p = 2 or p divides n + 1. The proof relies on the
moduli interpretation of Np which makes this group action quite explicit. The
cases p = 2 and p divides n + 1 are the hardest due to the following two reasons.

(i) If p = 2 and if A is an abelian variety over F whose 2-rank a is positive,
then the group (Z/2Z)a2

is naturally a subgroup of the group of automorphisms
of the formal deformation space Def(A) of A in such a way that the filtered
Dieudonné module of a lift � of A to Spf(W (F)) depends only on the orbit under
this action of the Spf(W (F))-valued point of Def(A) defined by �.

(ii) For a positive integer m divisible by p− 1 there exist actions of Z/pZ on
Zp[[x1, . . . , xm]] such that the induced actions on Zp[[x1, . . . , xm]][ 1p ] are free.

Theorem 5. We assume that either 6 divides N or Sh(G,X ) is a unitary Shimura
variety. We also assume that the Zariski closure of G in GLGLGLL⊗ZZ[ 1

N ] is a reductive
group scheme over Z[ 1

N ]. Then N (N) is a smooth scheme over either O(G,X )[ 1
N ]

or Z[ 1
N ].

Proof: Let p be an arbitrary prime that does not divide N and let v be a prime
of E(G,X ) that divides p. The group scheme GZ(p) is reductive. Thus the group
GQp is unramified. This implies that E(G,X ) is unramified over p and that Hp

is a hyperspecial subgroup of GQp
(Qp). Therefore O(G,X )[ 1

N ] is an étale Z[ 1
N ]-

algebra. From this and Proposition 3 (a) we get that to prove the Theorem it
suffices to show that each scheme Nv is regular and formally smooth over O(v).

Let Iv be the integral canonical model of ShHp
(G,X ) over O(v), cf. Theorem

4. As Iv is a healthy regular scheme (cf. Theorem 1), from Proposition 4 we get
that we have an O(v)-morphism a : Iv → Nv whose generic fibre is the identity
automorphism of ShHp

(G,X ). The morphism a is a pro-étale cover of a morphism
aH0 : Iv/H0 → Nv/H0 of normal O(v)-schemes of finite type, where H0 is a
small enough compact, open subgroup of G(A(p)

f ). From Theorem 4 we get that
Iv/H0 is a quasi-projective O(v)-scheme. Thus aH0 is a quasi-projective morphism
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between flat O(v)-schemes. As each discrete valuation ring of mixed characteristic
(0, p) is a healthy regular scheme, the morphism a satisfies the valuative criterion
of properness with respect to such discrete valuation rings. From the last two
sentences we get that aH0 is in fact a projective morphism.

We consider an open subscheme Vv of Nv which contains ShHp
(G,X ) and for

which the morphism a−1(Vv) → Vv is an isomorphism. As Iv has the extension
property (cf. Definition 4.1 (d)), from Theorem 4 we easily get that we can assume
that Vv contains the formally smooth locus of Nv over O(v). As aH0 is projective,
from Proposition 3 (a) we get that we can also assume that we have an inequality
codimNv

(Nv \ Vv) ≥ 2. Obviously we can assume that Vv is H0-invariant. Thus
the projective morphism aH0 : Iv/H0 → Nv/H0 is an isomorphism above Vv/H0.

To check that Nv is a regular scheme which is formally smooth over O(v) it
suffices to show that aH0 is an isomorphism. To check that aH0 is an isomorphism,
it suffices to show that a−1

H0
(Vv/H0) contains all points of Iv/H0 of codimension 1

(this is so as the projective morphism aH0 is a blowing up of a closed subscheme
of Nv/H0; the proof of this is similar to [Ha, Ch. II, Thm. 7.17]). We show that
the assumption that there exists a point y of Iv/H0 of codimension 1 which does
not belong to a−1

H0
(Vv/H0)→̃Vv/H0 leads to a contradiction.

Let C be the open subscheme of Iv/H0 that contains: (i) the generic fibre of
Iv/H0 and (ii) the connected component E of the special fibre of Iv/H0 whose
generic point is y. The image E0 := aH0(E) has dimension less than E and is
contained in the non-smooth locus of Nv/H0. The morphism C → Nv/H0 factors
through the dilatation D of Nv/H0 centered on the reduced scheme of the non-
smooth locus of Nv/H0, cf. the universal property of dilatations (see Definition
4.1 (g) or [BLR, Ch. 3, 3.2, Prop. 3.1 (b)]). But D is an affine Nv/H0-scheme and
thus the image of the projective Nv/H0-scheme E in D has the same dimension
as E0. By repeating the process we get that the image of E in a smoothening D∞
of Nv/H0 obtaining via a sequence of blows up centered on non-smooth loci (see
[BLR, Ch. 3, Thm. 3 of 3.1 and Thm. 2 of 3.4]), has dimension dim(E0) and thus
it has dimension less than E . But each discrete valuation ring of D∞ dominates
a local ring of Iv/H0 (as aH0 is a projective morphism) and therefore it is also a
local ring of Iv/H0. As D∞ has at least one discrete valuation ring which is not
a local ring of Vv/H0, we get that this discrete valuation ring is the local ring of
y. Thus the image of E in D∞ has the same dimension as E . Contradiction. �

7. Projectiveness of integral models

The C-scheme ShH(N)(G,X )C is projective if and only if the Q–rank of Gad is 0,
cf. [BHC, Thm. 12.3 and Cor. 12.4]. Based on this Morita conjectured in 1975
that (see [Mo]):

Conjecture 2. Suppose that the Q–rank of Gad is 0. Then for each N ∈ N with
N ≥ 3, the O(G,X )[ 1

N ]-scheme N (N) is projective.

Conjecture 3. Let AE be an abelian variety over a number field E. Let HA be the
Mumford–Tate group of some extension A of AE to C. If the Q–rank of Had

A is 0,
then AE has potentially good reduction everywhere (i.e., there exists a finite field
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extension E1 of E such that AE1 extends to an abelian scheme over the ring of
integers of E1).

7.1. On the equivalence of Conjectures 2 and 3

In [Mo] it is shown that Conjectures 2 and 3 are equivalent. We recall the argument
for this. Suppose that Conjecture 2 holds. To check that Conjecture 3 holds, we
can replace E by a finite field extension of it and we can replace AE by an abelian
variety over E which is isogeneous to it. Based on this and [Mu, Ch. IV, §23,
Cor. 1], we can assume that AE has a principal polarization λAE

. By enlarging
E, we can also assume that all Hodge cycles on A are pull backs of Hodge cycles
on AE (cf. [De3, Prop. 2.9 and Thm. 2.11]) and that (AE , λAE

) has a level-l1l2
symplectic similitude structure. Here l1 and l2 are two distinct odd primes. By
taking G = HA and xA to belong to XA, we can assume that (AE , λAE

) is the pulls
back of the universal principally polarized abelian schemes over N (l1) and N (l2).
As N (l1) and N (l2) are projective schemes over O(G,X )[ 1

l1
] and O(G,X )[ 1

l2
]

(respectively), we get that (AE , λAE
) extends to a principally polarized abelian

scheme over the ring of integers of E. Thus Conjecture 2 implies Conjecture 3.
The arguments of the previous paragraph can be reversed to show that Con-

jecture 3 implies Conjecture 2.

Def inition 5. We say AE (resp. (G,X )) has compact factors, if for each simple
factor † of Had

A (resp. of Gad) there exists a simple factor of †R which is compact.

In [Va4, Thm. 1.2 and Cor. 4.3] it is proved that:

Theorem 6. Suppose that (G,X ) (resp. AE) has compact factors. Then Conjecture
2 (resp. 3) holds.

7.2. Different approaches

Let LA := H1(Aan, Z) and WA := LA ⊗Z Q. We present different approaches to
prove Conjectures 2 and 3 developed by Grothendieck, Morita, Paugam, and us.

(a) Suppose that there exists a prime p such that the group Had
Qp

is anisotropic
(i.e., its Qp-rank is 0). Then Conjectures 2 and 3 are true (see [Mo] for the
potentially good reduction outside of those primes dividing p; see [Pau] for the
potentially good reduction even at the primes dividing p).

(b) Let B be as in Subsubsection 4.2.1 (resp. be the centralizer of HA in
End(WA)). We assume that the centralizer of B in End(W ) (resp. in End(WA))
is a central division algebra over Q. Then Conjecture 2 (resp. 3) holds (see [Mo]).

(c) By replacing E with a finite field extension of it, we can assume that
AE has everywhere semi-abelian reduction. Let l ∈ N be a prime different from
p. Let Tl(AE) be the l-adic Tate–module of AE . As Zl-modules we can identify
Tl(AE) = H1(Aan, Z)⊗ZZl = LA⊗ZZl. By replacing E with a finite field extension
of it, we can assume that for each prime l ∈ N the l-adic representation ρl :
Gal(E) → GLGLGLTl(AE)(Ql) factors through HA(Ql). Let w be a prime of E that
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divides p. If AE does not have good reduction at w, then there exists a Zl-
submodule T of Tl(AE) such that the inertia group of w acts trivially on T and
Tl(AE)/T and non-trivially on Tl(AE) (see [SGA7, Vol. I, Exp. IX, Thm. 3.5]).
This implies that HA(Ql) has unipotent elements of unipotent class 2.

In [Pau] is is shown that if HA(Ql) has no unipotent element of unipotent
class 2, then Conjecture 3 holds for A. Using this, Conjectures 2 and 3 are proved
in [Pau] in many cases. These cases are particular cases of either Theorem 6 or
(a).

(d) We explain the approach used in [Va4] to prove Theorem 6. Let BE be
another abelian variety over E. We say that AE and BE are adjoint-isogeneous,
if the adjoint groups of the Mumford–Tate groups HA, HB , and HA×CB are
isomorphic (more precisely, the standard monomorphism HA×CB ↪→ HA ×Q HB

induces naturally isomorphisms Had
A×CB→̃Had

A and Had
A×CB→̃Had

B ).
To prove Conjecture 3 for AE it is the same thing as to prove Conjecture 3

for BE . Based on this, to prove Conjecture 3, one can replace the monomorphism
HA ↪→ GLGLGLWA

by another one HB ↪→ GLGLGLWB
which is simpler. Based on this and

Subsection 7.1, to prove Conjectures 2 and 3 it suffices to prove Conjecture 2 in
the cases when:

(i) the adjoint group Gad is a simple Q–group;

(ii) if F is a totally real number field such that Gad = ResF/Q Gad,F , with
Gad,F an absolutely simple adjoint group over F , then F is naturally a Q–
subalgebra of the semisimple Q–algebra B we introduced in Subsubsection 4.2.1;

(iii) the monomorphism G ↪→GLGLGLW is simple enough.

Suppose that (G,X ) has compact factors. By considering a large field that
contains both R and Qp, one obtains naturally an identification Hom(F, R) =
Hom(F, Qp). Thus we can speak about the p-adic field Fj0 which is the factor of

(23a) F ⊗Q Qp =
∏
j∈J

Fj

that corresponds (via the mentioned identification) to a simple, compact factor of
Gad

R =
∏

i∈Hom(F,R) Gad,F ×F,i R. The existence of such a simple, compact factor
is guaranteed by Definition 5.

To prove Theorem 6, it suffices to show that each morphism c : Spec(k((x)))→
N (N), with k an algebraically closed field of prime characteristic p that does not
divide N , extends to a morphism Spec(k[[x]])→ N (N).

We outline the argument for why the assumption that there exists such a
morphism c : Spec(k((x)))→ N (N) which does not extend, leads to a contradic-
tion. The morphism c gives birth naturally to an abelian variety E of dimension r
over k((x)). We can assume that E extends to a semi-abelian scheme Ek[[x]] over
k[[x]] whose special fibre Ek is not an abelian variety. Let Tk be the maximal torus
of Ck. The field F acts naturally on X∗(Tk) ⊗Z Q, where X∗(Tk) is the abelian
group of characters of Tk. Let k1 be an algebraic closure of k((x)). Let (M,φ)

A. Vasiu / Geometry of Shimura Varieties of Hodge Type over Finite Fields228



be the contravariant Dieudonné module of Ek1 . Due to (ii), one has a natural
decomposition of F ⊗Q Qp-modules

(23b) (M [
1
p
], φ) = ⊕j∈J(Mj , φ).

For each m ∈ N, the composite monomorphism Tk[pm] ↪→ Ek[pm] ↪→ Ek lifts
uniquely to a homomorphism (Tk[pm])k[[x]] → Ek[[x]] (see [DG, Exp. IX, Thms.
3.6 and 7.1]) which due to Nakayama’s lemma is a closed embedding. This implies
that we have a monomorphism (Tk[pm])k((x)) ↪→ E[pm]. Taking m → ∞, at the
level of Dieudonné modules over k1 we get an epimorphism

(23c) θ : (M [
1
p
], φ) � (X∗(Tk)⊗Z B(k1), 1X∗(Tk) ⊗ pσk1)

which (due to the uniqueness part of this paragraph) is compatible with the
natural F -actions. Here σk1 is the Frobenius automorphism of the field of fractions
B(k1) of the ring W (k1) of Witt vectors with coefficients in k1.

From (23b) and (23c) we get that each (Mj , φ) has Newton polygon slope 1.
But based on (iii) one can assume that the F -isocrystal (Mj0 , φ) has no integral
Newton polygon slope. Contradiction.

8. Stratifications

We will use the notations listed in the beginning of Section 5. Let N (N)sv be the
smooth locus of N (N)v over O(v); its generic fibre is ShH(N)(G,X ) (cf. Subsection
4.2). In this Section we will study different stratifications of the special fibre
L(N)sv of N (N)sv. We begin with few extra notations.

Let ψ∗ be the perfect alternating form on L∗ induced naturally by ψ. Let
HZ(p) be the flat, closed subgroup scheme of GZ(p) which fixes ψ∗; its generic
fibre is a connected group HQ. Let (sα)α∈J ⊆ T (W ∗) be a family of tensors as
in Subsection 3.4.2. We denote also by (V, ΛV) the pull back to N (N) of the
universal principally polarized abelian scheme over Ar,1,N (to be compared with
Subsubsection 3.4.2). By replacing N with an integral power of itself, we can
speak about a family (vV

α )α∈J of Hodge cycles on VQ obtained as in Subsubsection
3.4.2. Such a replacement is irrelevant for this Section as we are interested in
points of N (N) with values in k, W (k), or B(k). Here k is an algebraically closed
field of characteristic p, W (k) is the ring of Witt vectors with coefficients in k,
and B(k) = W (k)[ 1p ] is the field of fractions of W (k). Let σk be the Frobenius
automorphism of k, W (k), or B(k).

All the results of Section 5 involve finite primes unramified over p. Due to
this in this Section we will assume that:

(*) the prime v of E(G,X ) is unramified over p and the k(v)-scheme L(N)sv
is non-empty.

See [Va7, Lem. 4.1] for a general criterion on when (*) holds.
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8.1. F -crystals with tensors

Let y : Spec(k) → L(N)sv. Let z : Spec(W (k)) → N (N)sv be a lift of y, cf. (*).
Let (A, λA) := z∗((V, ΛV)N (N)sv

). Let

(M,φ, ψM )

be the principally quasi-polarized Dieudonné module of (A, λA)k. Thus ψM is a
perfect alternating form on M such that we have ψ(φ(a)⊗ φ(b)) = pσk(ψ(a⊗ b))
for all a, b ∈ M . The σk-linear automorphism φ : M [ 1p ]→̃M [ 1p ] extends naturally
to a σk-linear automorphism φ : T (M [ 1p ])→̃T (M [ 1p ]).

The abelian variety AB(k) is endowed naturally with a family (vα)α∈J of
Hodge cycles (it is obtained from the family (vV

α )α∈J of Hodge cycles on VQ via a
natural pull back process). Let tα ∈ T (M [ 1p ]) be the de Rham component of vα.

Let F 1 be the Hodge filtration of M defined by the lift A of Ak. We have
φ( 1

pF 1 + M) = M . Let μz : Gm → GLGLGLM be the inverse of the canonical split
cocharacter of (M,F 1, φ) defined in [We, p. 512]. It gives birth to a direct sum
decomposition M = F 1 ⊕ F 0 such that Gm acts via μz trivially on F 0 and via
the inverse of the identical character of Gm on F 1.

It is known that the element tα of T (M [ 1p ]) is a de Rham and thus also
crystalline cycle. If the abelian variety AB(k) is definable over a number subfield
of B(k), then this result was known since long time (for instance, see [Bl, Thm.
(0.3)]). The general case follows from loc. cit. and [Va1, Principle B of 5.2.16] (in
the part of [Va1, Subsect. 5.2] preceding the Principle B an odd prime is used;
however the proof of loc. cit. applies to all primes). The fact that tα is a crystalline
cycle means that:

(i) the tensor tα belongs to the F 0-filtration of T (M [ 1p ]) defined by F 1[ 1p ] and
it is fixed by φ.

Let GB(k) be the subgroup of GSpGSpGSp(M [ 1p ], ψM ) that fixes tα for all α ∈ J . Let
G be the Zariski closure of GB(k) in GSpGSpGSp(M,ψM ) (or GLGLGLM ); it is an affine, flat
group scheme over W (k). We refer to the quadruple

Cy := (M,φ, (tα)α∈J , ψM )

as the principally quasi-polarized F -crystal with tensors attached to y ∈ N (N)sv.
It is easy to see that this terminology makes sense (i.e., tα depends only on
y : Spec(k)→ L(N)sv and not on the choice of the lift z : Spec(W (k))→ N (N)sv of
y). We note down that G is uniquely determined by Cy. We refer to the quadruple

Ry := (M [
1
p
], φ, (tα)α∈J , ψM )

as the principally quasi-polarized F -isocrystal with tensors attached to y ∈
N (N)sv. From (i) and the functorial aspects of [Wi, p. 513] we get that each tensor
tα is fixed by μz. This implies that:
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(ii) the cocharacter μz : Gm → GLGLGLM factors through G and we denote also
by μz : Gm → G this factorization.

If yi : Spec(k) → L(N)sv is a point indexed by the elements i of some set,
then we will use the index i to write down Cyi

= (Mi, φi, (ti,α)α∈J , ψMi
) as well

as Ryi
= (Mi[ 1p ], φi, (ti,α)α∈J , ψMi).

If yi : Spec(k) → L(N)v does not factor through L(N)sv, then we define
Cyi := (Mi, φi, ψMi) to be the principally quasi-polarized Dieudonné module of
y∗

i ((V, ΛV)L(N)sv
). Similarly we define Ryi

:= (Mi[ 1p ], φi, ψMi
).1

Before studying different stratifications of L(N)sv defined naturally by basic
properties of the Cy’s, we will first present basic definitions on stratifications of
reduced schemes over fields.

8.2. Types of stratifications

Let K be a field. By a stratification S of a reduced Spec(K)-scheme X (in po-
tentially an infinite number of strata), we mean that:

(i) for each field l that is either K or an algebraically closed field which
contains K and that has countable transcendental degree over K, a set Sl of
disjoint reduced, locally closed subschemes of Xl is given such that each point of
Xl with values in an algebraic closure of l factors through some element of Sl;

(ii) if i12 : l1 ↪→ l2 is an embedding between two fields as in (a), then the
reduced scheme of the pull back to l2 of every member of Sl1 , is an element of
Sl2 ; thus we have a natural pull back injective map S(i12) : Sl1 ↪→ Sl2 .

Each element s of some set Sl is referred as a stratum of S; we denote by s̄
the Zariski closure of s in Xl. If all maps S(i12)’s are bijections, then we identify
S with SK and we say S is of finite type.

Def inition 6. We say that the stratification S has (or satisfies):

(a) the strong purity property if for each field l as in (i) above and for every
stratum s of Sl, locally in the Zariski topology of s̄ we have s = s̄a, where a is
some global function of s̄ and where s̄a is the largest open subscheme of s̄ over
which a is an invertible function;

(b) the purity property if for each field l as in (i) above, every element of Sl

is an affine Xl-scheme (thus S has the purity property if and only if each stratum
of it is an affine X-scheme);

(c) the weak purity property if for each field l as in (i) above and for every
stratum s of Sl, the scheme s̄ is noetherian and the complement of s in s̄ is either
empty or has pure codimension 1 in s̄.

1For each lift of yi to a point of N (N)v with values in a finite discrete valuation ring extension
of W (k), one defines naturally a family of tensors (ti,α)α∈J of T (Mi[

1
p
]). We do not know

if this family of tensors: (i) does not depend on the choice of the lift and (ii) can be used in
Subsections 8.4 and 8.5 in the same way as the families of tensors attached to k-valued points
of L(N)sv .
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As the terminology suggests, the strong purity property implies the purity
property and the purity property implies the weak purity property. The converses
of these two statements do not hold. For instance, there exist affine, integral,
noetherian schemes Y which have open subschemes whose complements in Y have
pure codimension 1 in Y but are not affine (see [Va3, Rm. 6.3 (a)]).

8.2.1. Example

Suppose that K = k, that X is an integral k-scheme, and that there exists a
Barsotti–Tate group D of level 1 over X which generically is ordinary. Let O be
the stratification of X of finite type which has two strata: the ordinary locus s0

of D and the non-ordinary locus sn of D. We have s̄o = X and s̄n = sn. Moreover
locally in the Zariski topology of X we have an identity so = Xa, where a is the
global function on X which is the determinant of the Hasse–Witt map of D. Thus
the stratification O has the strong purity property.

8.3. Newton polygon stratification

Let N be the stratification of L(N)v of finite type with the property that two
geometric points y1, y2 : Spec(k) → L(N)v factor through the same stratum if
and only if the Newton polygons of (M1, φ1) and (M2, φ2) coincide. In [dJO2] it
is shown that N has the weak purity property (see [Zi2] for a more recent and
nice proof of this).

Theorem 7. The stratification N of L(N)v has the purity property.

Proof: The stratification N is the Newton polygon stratification of L(N)v defined
by the F -crystal over L(N)v associated to the p-divisible group of VL(N)v

. Thus
the Theorem is a particular case of [Va3, Main Thm. B]. �

8.4. Rational stratification

Let R be the stratification of L(N)sv with the property that two geometric points
y1, y2 : Spec(k) → L(N)sv factor through the same stratum if and only if there
exists an isomorphism Ry1→̃Ry2 to be called a rational isomorphism.

Theorem 8. The following three properties hold:

(a) Each stratum of R is an open closed subscheme of a stratum of the re-
striction Ns of N to L(N)sv.

(b) The stratification R of L(N)sv is of finite type.

(c) The stratification R of L(N)sv has the purity property.

Proof: We use left lower indices to denote pulls back of F -crystals. Let l be either
k(v) or an algebraically closed field that contains k(v) and that has countable
transcendental degree over k(v). Let S0 be a stratum of Ns contained in L(N)sv,l.
Let S1 be an irreducible component of S0. To prove the part (a) it suffices to
show that for each two geometric points y1 and y2 of S1 with values in the same

A. Vasiu / Geometry of Shimura Varieties of Hodge Type over Finite Fields232



algebraically closed field k, there exists a rational isomorphism Ry1→̃Ry2 . We
can assume that k is an algebraic closure of l̄((x)) and that y1 and y2 factor
through the generic point and the special point (respectively) of a morphism
m : Spec(l̄[[x]]) → L(N)sv,l of l-schemes. Here x is an independent variable. We
denote also by y1 and y2, the k-valued points of Spec(l̄[[x]]) or of its perfection
Spec(l̄[[x]]perf) defined naturally by the factorizations of y1 and y2 through m.

Let Φ be the Frobenius lift of W (l̄)[[x]] that is compatible with σl̄ and that
takes x to xp. Let V = (V, φV , ψV ,∇V ) be the principally quasi-polarized F -
crystal over l̄[[x]] of m∗((V, ΛV)L(N)sv,l

). Thus V is a free W (l̄)[[x]]-module of
rank 2r equipped with a perfect alternating form ψV , φV : V → V is a Φ-linear
endomorphism, and ∇V : V → V dx is a connection. Let tVα ∈ T (V [ 1p ]) be the
de Rham realization of the Hodge cycle n∗

B(l̄)
(vVα ) on n∗

B(k)((V)N (N)s
W (l)

), where
n : Spec(W (l̄)[[x]])→ N (N)sW (l) is a lift of m.

Fontaine’s comparison theory (see [Fo]) assures us that there exists an iso-
morphism (M1[ 1p ], (t1,α)α∈J , ψM1)→̃(W ∗ ⊗Q B(k), (sα)α∈J , ψ∗).

Based on this and [Ko1] we get that Ry1 is isomorphic to the pull back to k of
the principally quasi-polarized F -isocrystal R1 with tensors defined naturally by
a principally quasi-polarized F -crystal C1 with tensors over an algebraic closure
k(v) of k(v). Strictly speaking [Ko1] uses a language of σk-conjugacy classes of sets
of the form G(B(k)) or HQ(B(k)) and not a language which involves polarizations
and tensors (and thus which involves σk-conjugacy classes of sets of the form
HQ(B(k))s0, where s0 ∈ G(B(k)) is an element whose image in (G/HQ)(B(k)) =
Gm(B(k)) belongs to (G/HQ)(Qp) = Gm(Qp)); but the arguments of [Ko1] apply
entirely in the present principally quasi-polarized context which involves sets of
the form HQ(B(k))s0 ⊆ G(B(k)). Here s0 is μ0[ 1p ], where μ0 : Gm → GB(k) is an
arbitrary cocharacter whose extension to C via an O(v)-monomorphism B(k) ↪→ C

is G(C)-conjugate to the cocharacters μx : Gm → GC with x ∈ X .
Let C−1 be C1 but viewed only as an F -crystal over k(v). Let M1,1 be the

W (k)-lattice of M1[ 1p ] that corresponds naturally to C−1,k via an isomorphism
i1,1 : R1,k→̃Ry1 .

From [Ka, Thm. 2.7.4] we get the existence of an isogeny i0 : V0 → V, where
V0 is an F -crystal over l̄[[x]] whose extension to the l̄[[x]]-subalgebra l̄[[x]]perf of k
is constant (i.e., it is the pull back of an F -crystal over l̄). Let i0,k : M0 →M1 be
the W (k)-linear monomorphism that defines y∗

1(i0). We can assume that i0,k(M0)
is contained in M1,1. The inclusion i0,k(M0) ⊆ M1,1 gives birth to a morphism
j0 : V0,k → C−1,k of F -crystals over k. It is the extension to k of a morphism
jperf
0 : V0,l̄[[x]]perf → C−

1,l̄[[x]]perf , cf. [RR, Lem. 3.9] and the fact that V0,l̄[[x]]perf and

C−
1,l̄[[x]]perf are constant F -crystals over k[[x]]perf. Let jperf

1 : C−
1,l̄[[x]]perf → V0,l̄[[x]]perf

be a morphism of F -crystal such that jperf
0 ◦ jperf

1 = pq1C−
1,l̄[[x]]perf

for some q ∈ N.

By composing jperf
1 with i0,k[[x]]perf we get an isogeny i1 : C−

1,l̄[[x]]perf → Vl̄[[x]]perf

whose extension to k is defined by the inclusion pqM1,1 ⊆M1. The isomorphism
of F -isocrystals over Spec(k[[x]]perf) defined by p−q times i1 takes t1,α to tVα for
all α ∈ J , as this is so generically. Thus y∗

2(i1) is an isogeny which when viewed
as an isomorphism of F -isocrystals is pq times an isomorphism i1,2 : R1,k→̃Ry2 .
Thus there exists a rational isomorphism i1,2 ◦ i−1

1,1 : Ry1→̃Ry2 . Thus (a) holds.
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Part (b) follows from (a) and the fact that Ns is a stratification of finite type.
Part (c) follows from (a) and Theorem 7. �

Remark 4. The proof of Theorem 8 (a) and (b) is in essence only a concrete
variant of a slight refinement of [RR, Thm. 3.8]. The only new thing it brings
to loc. cit., is that it weakens the hypotheses of loc. cit. (i.e., it considers the
“Newton point” of only one faithful representation which is GQp ↪→ GLGLGLW∗⊗QQp).

8.5. A quasi Shimura p-variety of Hodge type

Let H := HZ(p) ×Z(p) W (k), where HZ(p) is as in the beginning of this Section.
The group HB(k) is a connected group and we have a short exact sequence

(24) 1→ H→ GW (k) → Gm → 1.

We fix an O(v)-embedding W (k) ↪→ C. Let ν be the set of cocharacters of
GW (k) whose extension to C are G(C)-conjugate to any one of the cocharacters
μx : Gm → GC with x ∈ X . Let μz : Gm → G be the cocharacter introduced in
the property (ii) of Subsection 8.1.

Until the end we will also assume that the following three properties hold:

(**) the group scheme GZ(p) is smooth over Z(p);

(***) for each algebraically closed field k of countable transcendental degree
over k(v) and for every point y : Spec(k)→ L(N)sv, there exists an isomorphism

ρy : (M0, (sα)α∈J , ψ∗)→̃(M, (tα)α∈J , ψM );

(****) the set ν0 of cocharacters of GW (k) formed by all cocharacters of the
form ρ−1

y μzρy : Gm → GW (k), with z running through all W (k)-valued points of
N (N)s and with ρy running through all isomorphisms as in (**), is a H(W (k))-
conjugacy class of cocharacters of GW (k).

We fix an element μ0 : Gm → GW (k) of ν0. Let

E0 := (M0, φ0, (sα)α∈J , ψ∗) := (L∗ ⊗Z W (k), μ0(
1
p
)(1⊗ σ),H, (sα)α∈J , ψ∗)

Let ϑ0 : M0 →M0 be the Verschiebung map of φ0. We have ϑ0φ0 = φ0ϑ0 = p1M0 .
Let [xz, gz] ∈ ShH(N)(G,X )(C) be the complex point defined by the com-

posite of the morphism Spec(C) → Spec(W (k)) with z : Spec(W (k)) → N (N)sv.
Under the fixed O(v)-embedding W (k) ↪→ C, we can identify:

– M ⊗W (k) C = H1
dR(Aan/C) = H1(Aan, Q) ⊗Q C = W ∗ ⊗Q C (cf. property

(d) of Subsubsection 3.4.1 for the last identification);

– F 1 ⊗W (k) C with the Hodge filtration of H1
dR(Aan/C) = W ∗ ⊗Q C defined

by the point xz ∈ X ;

– tα = sα for all α ∈ J and thus GC = GC (see [De3]).
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Based on this we easily get that μz,C : Gm → GC = GC is G(C)-conjugate to
μxz : Gm → GC. From this we get that the cocharacter ρ−1

y μzρy : Gm → GW (k)

belongs to ν. Thus we have:

ν0 ⊆ ν.

By composing ρy with an automorphism of (L∗ ⊗Z W (k), (sα)α∈J ) defined by
an element of H(W (k)), we can assume that in fact we have ρ−1

y μzρy = μ0 (cf.
(****)). This implies that ρy gives birth to an isomorphism of the form

ρy : (M0, gyφ0,H, (sα)α∈J , ψ∗)→̃Cy

for some element gy ∈ GW (k)(W (k)). For g ∈ H(W (k)), let

Eg := (M0, gφ0, (sα)α∈J , ψ∗).

Therefore E0 = E1M0
and moreover

Cy is isomorphic with Egy
.

Let

F0 := {Eg|g ∈ H(W (k))};

it is a family of principally quasi-polarized F -crystals with tensors. We emphasize
that, due to (***) and (****), the isomorphism class of the family F0 depends
only on L(N)sv and not on the choice of the element μ0 : Gm → GW (k) of ν0.

Def inition 7. Let m ∈ N. By the D-truncation of level m (or mod pm) of Eg
we mean the reduction Eg[pm] of (M0, gφ0, ϑ0g

−1,H, ψ∗) modulo pm (here it
is more convenient to use H instead of (sα)α∈J ). For g1, g2 ∈ H(W (k)), by
an inner isomorphism between Eg1 [p

m] and Eg1 [p
m] we mean an isomorphism

Eg1 [p
m]→̃Eg1 [p

m] defined by an element of H(Wm(k)).

Remark 5. (a) Statement (***) is a more general form of a conjecture of Milne
(made in 1995). In [Va8] it is shown that (***) holds if either p > 2 or p = 2
and GZ(p) is a torus. The particular case of this result when moreover GZ(p) is a
reductive group scheme over Z(p), is also claimed in [Ki].

(b) If the statement (****) does not hold, then one has to work out what
follows with a fixed connected component of L(N)sv instead of with L(N)sv.

(c) In many cases one can choose the cocharacter μ0 : Gm → GW (k) in such
a way that the quadruple E0 is a canonical object of the family F0. For instance,
if GZ(p) is a reductive group scheme over Z(p), then we have ν0 = ν and one can
choose μ0 as follows. Let BZp

be a Borel subgroup scheme of GZp
:= GZ(p) ×Z(p)

Zp. Let TZp
be a maximal torus of BZp

. Let GW (k(v)) := GZp
×Zp

W (k(v)). Let
μ0,W (k(v) : Gm → GW (k(v)) be the unique cocharacter whose extension μ0 : Gm →
GW (k) to W (k) belongs to the set ν, which factors through TZp

×Zp
W (k(v)), and
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through which Gm acts on Lie(BZp
)⊗Zp

W (k(v)) via the trivial and the identical
characters of Gm (cf. [Mi3, Cor. 4.7 (b)]). As pairs of the form (BZp , TZp) are
GZp(Zp)-conjugate, the isomorphism class of E0 constructed via such a cocharacter
μ0 does not depend on the choice of (BZp

, TZp
). Thus E0 is a canonical object of

the family F0.

Theorem 9. Under the assumptions (*) to (****) of this Section, the Ar,1,N,k(v)-
scheme L(N)sv is a quasi Shimura p-variety of Hodge type relative to F0 in the
sense of [Va5, Def. 4.2.1].

Proof: As [Va5, Def. 4.2.1] is a very long definition, the essence of its parts will
be pointed out at the right time in this proof. We emphasize that due to (**) and
(24), the group scheme H is smooth over W (k) and therefore the statement of
the Theorem makes sense.

Let

(25a) M0 = F 1
0 ⊕ F 0

0

be the direct sum decomposition such that Gm acts through μ0 : Gm → GW (k)

trivially on F 0
0 and via the inverse of the identical character of Gm on F 1

0 . To
(25a) corresponds a direct sum decomposition

(25b) End(M0) = Hom(F 0
0 , F 1

0 )⊕ End(F 0
0 )⊕ End(F 1

0 )⊕Hom(F 1
0 , F 0

0 )

of W (k)-modules. Let Lie(H) = ⊕i
i=−1F̃

i
0(Lie(H)) be the direct sum decompo-

sition such that Gm acts trough μ0 on F̃ i
0(Lie(H)) via the −i-th power of the

identity character of Gm. Thus we have an identity

(25c) F̃−1
0 (Lie(H)) = Hom(F 1

0 , F 0
0 ) ∩ Lie(H),

the intersection being taken inside End(M0). Let U be the connected, smooth,
unipotent subgroup scheme of H defined by the following rule: if C is a commu-
tative W (k)-algebra, then U(C) = 1M0⊗W (k)C + F̃−1

0 (Lie(H))⊗W (k) C.
The smooth k(v)-scheme L(N)sv is equidimensional of dimension d. As μ0

belongs to ν0 and thus to ν, from Formula (17) we get that the rank e− of
F̃−1

0 (Lie(H)) is precisely d. Thus the smooth k(v)-scheme L(N)sv is equidimen-
sional of dimension e−. In other words, the axiom (i) of [Va5, Def. 4.2.1] holds.

Let Ry be the completion of the local ring of N (N)sW (k) at its k-valued point
defined by y. We fix an identification Ry = W (k)[[x1, . . . , xd]]. Let Φ be the
Frobenius lift of Ry which is compatible with σk and which takes xi to xp

i for all
i ∈ {1, . . . , d}. We have a natural morphism Spec(Ry)→ N (N)s which is formally
étale. The principally quasi-polarized filtered F -crystal over Ry/pRy of the pull
back to Spec(Ry) of (V,ΛV) is isomorphic to

(26a) (M0 ⊗W (k) Ry, F 1
0 ⊗W (k) Ry, hy(gyφ0 ⊗ Φ), ψ∗,∇y),

where hy ∈ H(Ry) is such that modulo the ideal (x1, . . . , xd) of Ry is the identity
element ofH(W (k)) and where∇y is an integrable, nilpotent modulo p connection
on M0 ⊗W (k) Ry. We have:
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(i) for each element α ∈ J , the tensor tα ∈ T (M0[ 1p ]) ⊗B(k) Ry[ 1p ] =
T (M0⊗W (k) Ry[ 1p ]) is the de Rham realization of the pull back to Spec(Ry[ 1p ]) of
the Hodge cycle vVα on VQ and therefore it is annihilated by ∇y;

(ii) the connection ∇y is versal.

The two properties (i) and (ii) hold as, up to W (k)-automorphisms of Ry that
leave invariant its ideal (x1, . . . , xd), we can choose the morphism hy : Spec(Ry)→
H to factor through a formally étale morphism hy → U (i.e., we can choose
hy to be the universal element of the completion of U). If GZ(p) is a reductive
group scheme, then the fact that such a choice of hy is possible follows from
[Va1, Subsect. 5.4]. The general case is entirely the same (for instance, cf. [Va7,
Subsects. 3.3 and 3.4]).

We recall the standard argument that ∇y annihilates each tα with α ∈ J .
We view T (M0) as a module over the Lie algebra (associated to) End(M0) and
accordingly we denote also by ∇y the connection on T (M0 ⊗W (k) Ry[ 1p ]) which
extends naturally the connection ∇y on M0 ⊗W (k) Ry. The Φ-linear action of
hy(gyφ0 ⊗ Φ) on M0 ⊗W (k) Ry extends to a Φ-linear action of hy(gyφ0 ⊗ Φ) on
T (M0 ⊗W (k) Ry[ 1p ]). For instance, if a ∈M∗

0 ⊗W (k) Ry = (M0 ⊗W (k) Ry)∗ and if
b ∈M0⊗W (k)Ry, then [hy(gyφ0⊗Φ)](a) ∈M∗

0⊗W (k)Ry[ 1p ] maps [hy(gyφ0⊗Φ)](b)
to Φ(a(b)). As φ0, gy, and hy fix tα, the tensor tα ∈ T (M0⊗W (k)Ry[ 1p ]) is also fixed
by hy(gyφ0 ⊗ Φ). The connection ∇y is the unique connection on M0 ⊗W (k) Ry

such that we have an identity

∇y ◦ [hy(gyφ0 ⊗ Φ)] = [hy(gyφ0 ⊗ Φ)]⊗ dΦ) ◦ ∇y,

cf. [Fa2, Thm. 10]. From the last two sentences we get that

∇y(tα) = [hy(gyφ0 ⊗ Φ)⊗ dΦ](∇y(tα)).

As we have dΦ(xi) = pxp−1
i dxi for all i ∈ {1, . . . , d}, by induction on q ∈ N we

get that ∇y(tα) ∈ T (M0) ⊗W (k) (x1, . . . , xd)qΩ∧
Ry/W (k)[

1
p ]. Here Ω∧

Ry/W (k) is the
p-adic completion of the sheaf of relative 1-differential forms. As Ry is complete
with respect to the (x1, . . . , xd)-topology, we have ∇y(tα) = 0.

Due to the property (ii), the morphism L(N)sv → Ad,1,N,k induces k-
epimorphisms at the level of complete, local rings of residue field k i.e., it is a
formal closed embedding at all k-valued points (this is precisely the statement of
[Va7, Part I, Thm. 1.5 (b)]). Thus the axiom (ii) of [Va5, Def. 4.2.1] holds.

Based on the property (i) and a standard application of Artin’s approximation
theorem, we get that there exists an étale map ηy : Spec(Ey)→ N (N)sW (k) whose
image contains the k-valued point of N (N)sW (k) defined naturally by y and for
which the following three properties hold:

(iii) the p-adic completion E∧
y of Ey has a Frobenius lift ΦEy ;

(iv) the principally quasi-polarized filtered F -crystal over Ey/pEy of the pull
back to Spec(Ey/pEy) of (V,ΛV) is isomorphic to
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(26b) (M0 ⊗W (k) E∧
y , F 1

0 ⊗W (k) E∧
y , jy(gyφ0 ⊗ ΦEy

), ψ∗,∇alg
y ),

where jy ∈ H(E∧
y ) and where∇alg

y is an integrable, nilpotent modulo p connection
on M0 ⊗W (k) Ry which is versal at each k-valued point of Spec(E∧

y );

(v) for each element α ∈ J , the tensor tα ∈ T (M0[ 1p ] ⊗B(k) E∧
y [ 1p ]) =

T (M0 ⊗W (k) E∧
y [ 1p ]) is the de Rham realization of the pull back to Spec(E∧

y [ 1p ])
of the Hodge cycle vVα on VQ and therefore it is annihilated by ∇alg

y .

Let η̄y : Spec(Ey/pEy)→ L(N)sv,k be the étale map defined naturally by ηy.
Let Ik be a finite set of k-valued points of L(N)sv such that we have an identity

∪ỹ∈Ik
Im(η̄ỹ) = L(N)sv.

This means that the axiom (iii.a) of [Va5, Def. 4.2.1] holds for the family of étale
maps (η̄ỹ)ỹ∈Ik

.
LetW+0 be the maximal parabolic subgroup scheme of GLGLGLM0 that normalizes

F 1
0 . Let WH

+0 := H ∩W+0; it is a smooth subgroup scheme of H (cf. [Va5, Lem.
4.1.2]). As ∇alg

y is versal at each k-valued point of Spec(E∧
y ), we have:

(vi) the reduction modulo p of jy is a morphism Spec(Ey/pEy)→ Hk whose
composite with the quotient morphism Hk � Hk/WH

+0,k is étale.

Property (vi) implies that the axiom (iii.b) of [Va5, Def. 4.2.1] holds for
(η̄ỹ)ỹ∈Ik

.
Based on properties (iv) and (v), it is easy to see that the axiom (iii.c) of

[Va5, Def. 4.2.1] holds for (η̄ỹ)ỹ∈Ik
.

The fact that the axiom (iii.d) of [Va5, Def. 4.2.1] holds as well for (η̄ỹ)ỹ∈Ik

is only a particular case of Faltings’ deformation theory [Fa, §7, Thm. 10 and
Rm. i) to iii) after it], cf. the versality part of the property (iv). More precisely, if
ω ∈ Ker(H(Ry) � H(Ry/(x1, . . . , xd))) is such that the composite of ω modulo p
with the quotient morphism Hk � Hk/WH

+0,k is formally étale, then there exists
an W (k)-automorphism ay : Ry→̃Ry that leaves invariant the ideal (x1, . . . , xd)
and for which the extension of (26a) via ay is isomorphic to

(M0 ⊗W (k) Ry, F 1
0 ⊗W (k) Ry, ω(gyφ0 ⊗ Φ), ψ∗,∇y)

under an isomorphism defined by an element of Ker(H(Ry) � H(Ry/(x1, . . . , xd))).
Thus axioms (i) to (iii) of [Va5, Def. 4.2.1] hold i.e., L(N)sv is a quasi Shimura
p-variety of Hodge type relative to F0 in the sense of [Va5, Def. 4.2.1]. �

8.6. Level m stratification

We assume that properties (*) to (****) of this Section hold. Let m be a
positive integer. From Theorem 9 and [Va5, Cor. 4.3] we get that there ex-
ists a stratification Lm of L(N)sv with the property that two geometric points
y1, y2 : Spec(k)→ L(N)sv factor through the same stratum if and only Egy1

[pm] is
inner isomorphic to Egy2

[pm]. We call Lm as the level m stratification of L(N)sv.
Among its many properties we list here only three:

A. Vasiu / Geometry of Shimura Varieties of Hodge Type over Finite Fields238



Proposition 6. Let l be either k(v) or an algebraically closed field of countable
transcendental degree over k(v). Let n be a stratum of Ns which is a locally closed
subscheme of L(N)sv,l. Then we have:

(a) there exists a family (li)i∈L(n) of strata of L� r
2 � which are locally closed

subschemes of L(N)sv,l and such that we have an identity

(45) n(l̄) = ∪i∈L(n)li(l̄);

(b) the scheme n is regular and equidimensional;

(c) the L(N)sv,l-scheme n is quasi-affine.

Proof: The Newton polygon of a p-divisible group D over k of codimension c and
dimension d is uniquely determined by D[p�

cd
c+d �], cf. [NV2, Thm. 1.2]. Thus the

Newton polygon of (M,φ) is uniquely determined by the inner isomorphism class
of Egy

[p�
r
2 �]. From this the part (a) follows.

Parts (b) and (c) are particular cases of [Va5, Cor. 4.3]. �

Remark 6. (a) For PEL type Shimura varieties, the idea of level m stratifications
shows up first in [We]. The level 1 stratifications generalize the Ekedahl–Oort
stratifications studied extensively by Kraft, Ekedahl, Oort, Wedhorn, Moonen, and
van der Geer.

(b) Suppose that GZ(p) is a reductive group scheme and that the properties (*)
and (***) of this Section hold. As GZ(p) is a reductive group scheme, it is easy to
see that the properties (**) and (****) hold as well. Thus the level m stratification
Lm exists. It is known that L1 has a finite number of strata (see [Va10, Sect. 12]).

8.6.1. Problem

Study when Lm has the purity property.

8.7. Traverso stratifications

We continue to assume that properties (*) to (****) of this Section hold. Let

nv ∈ N

be the smallest positive integer such that for all elements g ∈ H(W (k)) and
g1 ∈ Ker(H(W (k)) → H(Wnv

(k))), the quadruples Eg and Egg1 are isomorphic.
The existence of nv is implied by [Va3, Main Thm. A].

Lemma 1. We assume that the assumptions (*) to (****) of this Section hold.
Let g1, g2 ∈ H(W (k)). The D-truncations of level m of Eg1 and Eg2 are in-
ner isomorphic if and only if there exists g3 ∈ H(W (k)) such that we have
g3g2φ0g

−1
3 = g0g1φ0 for some element g0 ∈ Ker(H(W (k))→ H(Wm(k))).
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Proof: This is only a principal quasi-polarized variant of [Va3, Lem. 3.2.2].
Its proof is entirely the same as of loc. cit. �

Due to Lemma 1, from the very definition of nv we get that for every two
elements g1, g2 ∈ H(W (k)) we have the following equivalence:

(i) Eg1 is isomorphic to Eg2 if and only if Eg1 [p
ny ] is isomorphic to Eg2 [p

ny ].

Due to the property (i), for m ≥ nv we have an identity

Lm = Lnv .

We refer to

T := Lnv

as the Traverso stratification of L(N)sv. Such stratifications were studied in [Tr1]
to [Tr2] (using the language of group actions), in [Oo] (using the language of
foliations), and in [Va3] and [Va5] (using the language of ultimate or Traverso
stratifications). Based on Theorem 9, the next Theorem is only a particular case
of [Va5, Cor. 4.3.1 (b)].

Theorem 10. Under the assumptions (*) to (****) of this Section, the Traverso
stratification T of L(N)sv has the purity property.

8.7.1. Problems

1. Find upper bounds for nv which are sharp.

2. Study the dependence of nv on v.

8.7.2. Example

We assume that f is an isomorphism i.e., we have an identification (G,X ) =
(GSpGSpGSp(W, ψ),S). We have v = p and thus we will denote nv by np. We also assume
that y is a supersingular point i.e., all Newton polygon slopes of (M,φ) are 1

2 .
The isomorphism class of (M,φ, ψM ) is uniquely determined by Egy

[pr], cf. [NV1,
Thm. 1.3]. Moreover, in general we can not replace in the previous sentence Egy

[pr]
by Egy

[pr−1] (cf. [NV1, Example 3.3] and the result [Va3, Prop. 5.3.3] which says
that each principally quasi-polarized Dieudonné module over k is the one attached
to a principally polarized abelian variety over k).

Therefore, the restrictions of T and Lr to the (reduced) supersingular locus
of Ar,1,N,Fp = L(N)p = L(N)sp coincide and we have an inequality

np ≥ r.

Based on Traverso’s isomorphism conjecture (cf. [Tr3, §40, Conj. 4] or [NV1, Conj.
1.1]), one would be inclined to expect that np is in fact exactly r. However, we
are not at all at the point where we could state this as a solid expectation.
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matik und ihrer Grenzgebiete (3), Vol. 21, Springer-Verlag, Berlin, 1990.

[dJO1] J. de Jong and F. Oort, On extending families of curves, J. Algebraic Geom. 6 (1997),
pp. 545–562.

[dJO2] J. de Jong and F. Oort, Purity of the stratification by Newton polygons, J. of Amer.
Math. Soc. 13 (2000), no. 1, pp. 209–241.
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p q = pa Fq q
A1 A1(Fq) = Fq #A1(Fq) = q

Fq Frobq : Fq 
→ Fq Frobq(x) = xq

k ∈ Z>0

Fqk = Fix
(
Frobk

q |Fq

)
, A1(Fq) = Fq =

∞⋃
k=1

Fqk .

x ∈ Fq {x, xq, . . . , xqdeg(x)−1} x
Frobq A1 x

(t − x)(t − xq) . . . (t − xqdeg(x)−1
) |A1|
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A1 Fq |A1|k
A1 k

|A1| =
∞⊔

k=1

|A1|k.

A1 Fq

Z(A1, T ) = exp
(∑∞

k=1
T k

k #A1(Fqk)
)

= exp
(∑∞

k=1
T k

k qk
)

= 1
1−qT ∈ Q(T ).

q

Z(A1, T ) =
∞∏

k=1

1
(1− T k)#|A1|k .

X Fq

Fq

X {f(x1, . . . , xn) = 0|xi ∈ Fq}
X(Fq) |X| X |X|k

X k

X(Fq) =
∞⊔

k=1

X(Fqk), |X| =
∞⊔

k=1

|X|k.

X

Z(X, T ) = exp

( ∞∑
k=1

T k

k
#X(Fqk)

)

=
∞∏

k=1

1
(1− T k)#|X|k ∈ 1 + TZ[[T ]].

Z(X, T )

Z(X, T )
Z(X, T ) q−
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f : X 
→ Y/Fq

X(Fq) =
⊔

y∈Y (Fq)

f−1(y)(Fq).

X(Fq) =
⊔

y∈Y (Fq)

f−1(y)(Fq).

#X(Fqk) =
∑

y∈Y (F
qk )

#f−1(y)(Fqk)

k = 1, 2, 3, . . . f Fqk

d ∈ Z>0 d f Fqk

Md(f ⊗ Fqk) =
∑

y∈Y (F
qk )

#f−1(y)(Fqdk)

k = 1, 2, 3, . . .

d f Fq

Zd(f, T ) = exp
(∑∞

k=1
T k

k Md(f ⊗ Fqk)
)

=
∏

y∈|Y | Z
(
f−1(y)⊗F

qdeg(y) Fqd×deg(y) , T deg(y)
)
∈ 1 + TZ[[T ]].

Md(f ⊗Fqk)
f Md(f, k) d

Zd(f, T )
f

f Zd(f, T )
Zd(f, T ) d
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X

Y• y1

f−1(y1)

• y2

f−1(y2)

f−1(y)

X

Y

d = 1

• •

X

Y

d = 2

• •

f−1(y)(Fqd )

d

f : X
f1

��

fi ��

fn ����
��

��
��

�
X1

Xi

Xn

f : X �→ X1 × . . . × Xn

f : X 
→ X1×. . .×Xn x 
→ (f1(x), . . . , fn(x))

fn : X 
→ X f
d1, . . . , dn ∈ Z>0 k = 1, 2, 3, . . .
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Md1,...,dn
(f ⊗ Fqk) :=

#{x ∈ X(Fq)|f1(x) ∈ X1(Fqd1k), . . . , fn(x) ∈ Xn(Fqdnk)} <∞

f Fq

Zd1,...,dn(f, T ) = exp

( ∞∑
k=1

T k

k
Md1,...,dn(f ⊗ Fqk)

)
.

X
n (f1, · · · , fn)

f1 : X 
→ X1 f2 = Id : X 
→ X Z1,d(f, T ) = Zd(f1, T )

Zd1,...,dn(f, T )
Zd1,...,dn

(f, T ) {d1, . . . , dn}

Zd1,...,dn
(f, T )

q

Z(f, T )

Z(X, T ) l
X = X ⊗Fq

Fq

Hi
c(X)

Frobq

Z(X, T ) =
2dim(X)∏

i=0

det(I − Frob−1
q T |Hi

c(X))(−1)i−1
,

Hi
c(X) =

{
Hi

c(X, Ql), l �= p,

Hrig,c(X, Qp), l = p.

Z(X, T ) ∈ Q(T )

Z(X, T ) l
det(I − Frob−1

q T |Hi
c(X)) l

l
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Ql ↪→ C bi = dimHi
c(X)

det(I − Frob−1
q T |Hi

c(X)) =
bi∏

j=1

(1− αijT ), αij ∈ C.

αij q

αij Q

σ ∈ Gal(Q/Q), |αij | = |σ(αij)| =
√

qωij ωij

αij 0 ≤ ωij ≤ i ∀j = 1, . . . bi

l �= p l = p

p

Ql ↪→ Cp ordq(αij) ∈ Q≥0

αij

αijαij = qωij ,

0 ≤ ordq(αij) ≤ ordq(αijαij) = ωij ≤ i,

i− dim(X) ≤ ordq(αij).

X/Fq

bi,l := bi

ωij

ordq(αij)

X Fq

Hi
c(X) i ωij = i 1 ≤ j ≤ bi bi,l

l
q det(I−Frob−1

q T |Hi
c(X)) ∈ Z[[T ]]

Hi
c(X)
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f : X → Y/Fq d ∈ Z>0 d f ⊗ Fqk

Md(f ⊗ Fqk) =
∑

y∈Y (F
qk )

#f−1(y)(Fqdk).

Md(f ⊗ Fqk) k

Md(f ⊗ Fqk) d

Md(f ⊗ Fqk) d k

d f

Zd(f, T ) = exp

( ∞∑
k=1

T k

k
Md(f ⊗ Fqk)

)
.

d = 1 Z1(f, T ) = Z(X, T ) Zd(f, T ) ∈ Q(T )
q

l �= p Fi = Rif!Ql i l

σd,j,i = Symd−jFi ⊗∧j
Fi Zd(f, T ) =

2dim(X/Y )∏
i=0

d∏
j=0

2dim(Y )∏
k=0

det
(
I − Frob−1

q T |Hk
c (Y , σd,j,i)

)(−1)i+j+k−1(j−1)

l F Y L(F, T ) F

L(F, T )

L(F, T ) =
2dim(Y )∏

i=0

det(I − Frob−1
q T |Hi

c(Ȳ ,F))(−1)i−1
.

d F

[F]d =
∑
j≥0

(−1)j(j − 1)

[
Symd−jF⊗

j∧
F

]
.
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Zd(f, T ) =
∏

y∈|Y | Z
(
f−1(y)⊗F

qdeg(y) Fqdeg(y)d , T deg(y)
)

=
∏

y∈|Y |
∏

i≥0 det
(
I − (Frob−1

qdeg(y))dT deg(y)|Fi
y

)(−1)i−1

=
∏

i≥0

∏
y∈|Y | det

(
I − T deg(y)(Frob−1

qdeg(y))|[Fi
y]d

)(−1)i−1

=
∏

i≥0 L([Fi]d/Y, T )(−1)i

=
∏

i≥0

∏
j≥0 L (σd,j,i, T )(−1)i+j(j−1)

=
∏

k

∏
i≥0

∏
j≥0 det

(
I − TFrob−1

q |Hk
c (Y , σd,j,i, T )

)(−1)i+j+k−1(j−1)
.

�

Zd(f, T )

Zd(f, T )
d

c1d
c2

d c1 dimY ≥ 2

c1

g(x1, . . . , xn, y1, . . . , yn′) ∈ Fq[x1, . . . , xn, y1, . . . , yn′ ].

g = gm+gm−1+ . . .+g0 gi

i gm �= 0

X : {xp
0 − x0 = g(x1, . . . , xn, y1, . . . , yn′)} ↪→ An+n′+1

Y : An′

f : X 
→ Y, (x0, x1, . . . , xn, y1, . . . , yn′) 
→ (y1, . . . , yn′)

Md(f) = #{xi ∈ Fqd , yi ∈ Fq|xp
0 − x0 = g(x, y)} =?

g

Md(f) = qdn+n′
+ O(q(dn+n′)/2)
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g m
gm Pn+n′

p � m

|M1(f)− qn+n′ | ≤ (p− 1)(m− 1)n+n′
q

n+n′
2 .

d > 1
f−1(y) m y ∈ An′

(Fq)

#f−1(y)(Fqd) = qdn + Ey(d),

|Ey(d)| ≤ (p− 1)(m− 1)nq
dn
2 ,

Ey(d)

Md(f) =
∑

y∈An′ (Fq) #f−1(y)(Fqd)
= qdn+n′

+
∑

y∈An′ (Fq) Ey(d)

|Md(f)− qdn+n′ | ≤ (p− 1)(m− 1)nq
dn
2 +n′

n′ n′/2

√
q O(q

dn
2 +n′− 1

2 )

O(q
dn+n′

2 ) n′ ≥ 2

d g

d⊕
Y

g = g(x11, . . . , x1n, y1, . . . , yn′) + . . . + g(xd1, . . . , xdn, y1, . . . , yn′).

yi xij⊕d
Y g m

|Md(f)− qdn+n′ | ≤ (p− 1)(m− 1)dn+n′
q

dn+n′
2

|Md(f)− qdn+n′ | ≤ c(p, n, n′)d3(m+1)n−1q
dn+n′

2

c n′ ≥ 2

p d
⊕d

Y g g
m g p d

p | d g

p|d Md(f)
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n ≥ 2

X : {x1 + . . . + xn +
1

x1 . . . xn
− y = 0} ↪→ Gn

m × A1,

Y = A1,

f : (x1, · · · , xn, y) −→ y.

y �= (n + 1)ζ ζn+1 = 1

f−1(y) : x1 + . . . + xn +
1

x1 . . . xn
− y = 0

Gn
m

n = 2 n = 3
n = 4

Md(f) =
∑
y∈Fq

#f−1(y)(Fqd).

d = 1 M1(f) = #X(Fq) = (q − 1)n y ∈ Fq

#f−1(y)(Fqd) =
(qd − 1)n − (−1)n

qd
+ Ey(d),

Ey(d) |Ey(d)| ≤ nqd(n−1)/2

Md(f) = q
(qd − 1)n − (−1)n

qd
+

∑
y∈Fq

Ey(d).

|Md(f)− (qd − 1)n − (−1)n

qd−1
| ≤ nqd(n−1)/2+1.

p � (n + 1)

|Md(f) −
(

(qd−1)n−(−1)n

qd−1 + 1
2 (1 + (−1)d)qd(n−1)/2+1

)
≤ Dqd(n−1)/2+ 1

2

D n d
Zd(f, T )

Md(f) Zd(f, T ) d
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y ∈ Fq

f−1(y) = x1 + . . . + xn +
1

x1 . . . xn
− y = 0 ↪→ Gn

m.

y ∈ {(n + 1)ζ|ζn+1 = 1}

{xn+1
0 + . . . + xn+1

n − yx0 . . . xn = 0}.

p � (n + 1), y ∈ Fq \ {(n + 1)ζ|ζn+1 = 1}

Z(f−1(y)/Fq, T ) = Z

({
(qk − 1)n − (−1)n

qk

}∞

k=1

, T

)
Py(T )(−1)n

,

Py(T ) ∈ 1 + TZ[T ] n (n− 1)

Py(T ) = (1− α1(y)T ) . . . (1− αn(y)T ), |αi(y)| =
√

qn−1.

|#f−1(y)(Fq)− (q − 1)n − (−1)n

q
| ≤ n

√
qn−1.

Hp(y) ∈ Fp[y] Hp(y) �= 0
y ∈ Fq ordq(αi(y)) = i− 1 1 ≤ i ≤ n

f−1(y)

d > 0

Md(f) =
∑
y∈Fq

#f−1(y)(Fqd),

Md(f ⊗ Fqk) =
∑

y∈F
qk

#f−1(y)(Fqdk), k = 1, 2, 3, . . . ,
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Zd(f, T ) = exp

( ∞∑
k=1

T k

k
Md(f ⊗ Fqk)

)
∈ Q(T ).

Sd(T ) =
[ n−2

2 ]∏
k=0

1− qdkT

1− qdk+1T

n−1∏
i=0

(1− qdi+1T )(−1)i+1( n
i+1).

(n + 1) (q − 1)
d

f

Zd(f, T )(−1)n−1
= Pd(T )

(
Qd(T )
P (d, T )

)n+1

Ad(T )Sd(T ).

Pd(T )

Pd(T ) =
∏

a+b=d,0≤b≤n

Pa,b(T )(−1)b−1(b−1),

Pa,b(T ) 1+TZ[T ] d(n−1)+1
r

Pa,b(T ) = ±T rq(d(n−1)+1)r/2Pa,b(1/qd(n−1)+1T ).

P (d, T ) ∈ 1+TZ[T ] d
Xt t = (n+1)ζn+1 ζn+1

n+1 = 1
(n−1)

Qd(T )

Qd(T ) =
∏

a+b=d,0≤b≤n

Qa,b(T )(−1)b−1(b−1),

Qa,b(T ) Dn,a,b

Ad(T )
Ad(T ) = (1− q

d(n−1)
2 T )(1− q

d(n−1)
2 +1T )(1− q

d(n−2)
2 +1T ) n d

Ad(T ) = (1− q
d(n−2)

2 +1T ) n d

Ad(T ) = (1− q
d(n−1)

2 T ) n d

Ad(T ) = (1− q
d(n−1)

2 +1T )−1 n d

n = 2 f : {x1 + x2 + 1
x1x2

− y = 0} 
→ y p � 3

Zd(f, T )−1 = Ad(T )
Rd(T )

Rd−2(qT )
,

Ad(T ) Rd(T ) ∈ 1 + TZ[T ]
d + 1 2(d− 1)
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d ≤ 1 Rd(T ) = 1 R2(T ) 2
3 R2(T )
Rd(T ) d + 1 2(d− 1)

Rd(T )

l l �= p

l �= p α ∈ Z∗
l d1 ≡ d2 mod (l − 1)lk−1 k

αd1 ≡ αd2 mod lk

Z(f−1(y), T )

#f−1(y)(Fqd) =
∑

i

αi(y)d −
∑

j

βj(y)d

l αi(y) βj(y)

Md(f) =
∑

y∈Y (Fq)

#f−1(y)(Fqd).

=
∑

y∈Y (Fq)

⎛
⎝∑

i

αi(y)d −
∑

j

βj(y)d

⎞
⎠ .

Dl(f) ∈ Z>0 d1 ≡ d2 mod Dl(f)lk−1

Md1(f) ≡Md2(f) mod lk

Zd1(f, T ) ≡ Zd2(f, T ) mod lk ∈ 1 + TZ[[T ]]

l

Wl(f) = (Z/Dl(f)Z)× Zl.

s = (s1, s2) ∈Wl(f) di ∈ Z>0

di →∞ C

di ≡ s1 mod Dl(f)
di → s2 ∈ Zl

l

ζs(f, T ) = lim
i→∞

Zdi
(f, T ) ∈ 1 + TZl[[T ]].

l |T |l < 1
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ζs(f, T ) |T |l ≤ 1 |T |l <∞
Z Wl(f)

Z ↪→Wl(f),

d 
→ (d, d).

d ∈ Z>0 ↪→Wl(f) ζd(f, T ) = Zd(f, T ) ∈ Q(T )

s ∈ Wl(f) \ Z f
Fp

p l = p

l p
d1 ≡ d2 mod Dp(f)pk−1, d1 ≥ d2 ≥ cfk k

cf

Md1(f) ≡Md2(f) mod pk.

ζs,p(f, T ) = lim
i→∞

Zdi(f, T ) ∈ 1 + TZp[[T ]].

Z ↪→Wp(f),

d 
→ (d, d).

s = d ∈ Z ↪→Wp(f) ζd,p(f, T ) p
|T |p <∞

p ≤ 1 s ∈Wp(f) ζs,p(f, T )
p |T |p <∞

p ≤ 1 s = (s1, s2)
s1 ∈ Z/Dp(f) s2 ∈ Zp/pε ζs,p(f, T ) p

|T |p <∞
s ∈ Wp(f) − Z p > 1

ζs,p(f, T ) p |T |p ≤ 1
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Z

f : X 
→ Y/Z[
1
N

].

d f

ζd(f, s) =
∏
p�N

Zd(f ⊗ Fp, p
−s).

C s ∈ C ζd(f, s) p
p ζs(f)(s ∈ Zp) p f

f : {x1 + x2 +
1

x1x2
− y = 0} 
→ y.

Zd(f ⊗ Fp, T )−1 = Ad(T )
Rd(f ⊗ Fp, T )

Rd−2(f ⊗ Fp, pT )

Ad(T ) Rd 2(d − 1)
d + 1

Rd(T )↔ f⊗d = {x11 + x12 +
1

x11x12
= . . . = xd1 + xd2 +

1
xd1xd2

}

d = 2

x1 + x2 +
1

x1x2
= y1 + y2 +

1
y1y2

.

R2(T )↔
4 9∏

p Rd (f ⊗ Fp, p
−s) s ∈ C d

d ≤ 2
d

l

X 
→ X1 × . . .×Xn
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f : X
f1

��

fi ��

fn ����
��

��
��

�
X1

Xi

Xn

f : X �→ X1 × . . . × Xn

Zd1,...,dn
(f, T ) = exp

( ∞∑
k=1

T k

k
#{x ∈ X(Fq)|fi(x) ∈ Xi(Fqdik)}

)
∈ Q(T ).

p l {d1, . . . , dn}
p l

f : x1 + x2 +
1

x2x2
− x3 = 0

f1
��

f2
���

����

f3 ����
��

��
�

x1

x2

x3

Md1,d2,d3(f) = #{(x1, x2, x3)|x1 + x2 +
1

x1x2
− x3 = 0, xi ∈ Fqdi , i = 1, 2, 3}.

{d1, d2, d3}

( ⊂ Rn n f ∈ Fq[x±1
1 , . . . , x±1

n ]

f =
∑

u∈�∩Zn

auXu, au ∈ Fq

((f) = ( au �= 0 u (

Uf : {f(x1, . . . , xn) = 0} ↪→ Gn
m.
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•

•
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•
•
•��
��

(

C(�)

#Uf (Fq) =
Z(Uf , T ) =

(′ ⊂ ( (

f�′
=

∑
u∈�′∩Zn

auXu.

f ( (′ (

f�′
= x1
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De Rham cohomology of varieties over
fields of positive characteristic

Torsten Wedhorn
Institut Mathematik, Paderborn, Germany

e-mail: wedhorn@math.uni-paderborn.de

Abstract. These are the elaborated notes of two talks given at the Sum-
mer School in Göttingen on Higher-Dimensional Geometry over Finite
Fields. We study the De Rham cohomology of smooth and proper va-
rieties over fields of positive characteristic in case that the Hodge spec-
tral sequence degenerates. The De Rham cohomology carries the struc-
ture of a so-called F -zip. We explain two classifications of F -zips, one
stems from representation theory of algebras and the other one uses al-
gebraic groups and their compactifications. We show how this second
classification can be extended if the De Rham cohomology is endowed
with a symplectic or a symmetric pairing. Throughout we illustrate the
theory via the examples of (polarized) abelian varieties and (polarized)
K3-surfaces.

Introduction

In this article the De Rham cohomology of certain varieties over fields of positive
characteristic is studied. The text is aimed mainly at students and non-specialists
having some familiarity with the usual techniques from algebraic geometry. The
emphasis will be on precise definitions and examples, in particular abelian vari-
eties and K3-surfaces. For the proofs often only a reference to the literature is
given.

To put the theory for varieties over fields of positive characteristic into per-
spective let us first look at complex varieties: Let X be a smooth and proper
scheme over the complex numbers and denote by Xan the associated compact com-
plex manifold. The De Rham cohomology H•

DR(X/C) is a finite complex vector
space. It carries several additional structures (recalled in more detail in (1.3)).

(I) As a complex vector space H•
DR(X/C) is isomorphic to the singular co-

homology H•(Xan, C) = H•(Xan, Z) ⊗Z C and therefore has a Z-rational
structure.

(II) The Hodge spectral sequence degenerates and H•
DR(X/C) is therefore en-

dowed with the Hodge filtration whose successive quotients are the spaces
Ha(X, Ωb

X/C
).

(III) The complex conjugate of the Hodge filtration is opposed to the Hodge
filtration and therefore defines a canonical splitting of the Hodge filtration.
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In other words, H•
DR(X/C) is endowed with an integral Hodge structure in the

sense of [De1].
To know the R-Hodge structure on H•

DR(X/C) is equivalent to the knowledge
of the Hodge numbers hab(X) = dimC(Ha(X, Ωb

X/C
)). This is therefore a discrete

invariant. Moreover, the Hodge numbers are locally constant in families, i.e., if
X → S is a smooth proper morphism of schemes of finite type over C the map
S(C) ) s 
→ hab(Xs) is locally constant.

The integral Hodge structure is a much finer invariant. It varies in families
and the study of “moduli spaces” of integral Hodge structures leads to Griffiths’
period domains (see e.g. [BP]).

Consider the example of two abelian varieties X and Y over C. Then
H1

DR(X/C) and H1
DR(Y/C) with their real Hodge structures are isomorphic if

and only if dim(X) = dim(Y ). If H1
DR(X/C) and H1

DR(Y/C) with their integral
Hodge structures are isomorphic, X and Y are isomorphic (called to global Torelli
property for abelian varieties).

Now let X be a smooth and proper scheme over an algebraically closed field
k of characteristic p > 0. Here we do not have any analogue of the property (I) of
the De Rham cohomology in the complex case (see however below). Moreover the
Hodge spectral sequence does not degenerate in general, hence the analogue of
property (II) does not hold. But it turns out that still many interesting varieties
(e.g., abelian varieties, smooth complete intersections in the projective space, K3-
surfaces, toric varieties) have property (II) (see (1.5)) and therefore we will just
assume in this article that the Hodge spectral sequence degenerates. The general
case has not been studied much. A notable exception is Ogus’ paper [Og4].

Now consider property (III). First of all there is of course no complex con-
jugation and therefore no verbatim analogue of property (III). But there is an-
other filtration on the De Rham cohomology, namely the filtration given by the
second spectral sequence of hypercohomology. It plays a somewhat analogue role
to the complex conjugate of the Hodge spectral sequence for varieties over C and
therefore we call it the conjugate spectral sequence (following Katz [Ka]). The
initial terms of the Hodge and the conjugate spectral sequences are linked by
the Cartier isomorphism and it follows from our assumption that the conjugate
spectral sequence degenerates as well (see (1.6)). Therefore we have a “conjugate”
filtration on H•

DR(X/k). But it is not true in general that Hodge and conjugate
filtration are opposed to each other. In fact this characterizes ordinary varieties
(see (1.9)). In general we obtain the structure of an F -zip on H•

DR(X/k), a notion
first defined in [MW] and recalled in (1.7). There are two ways to classify F -zips,
both explained in Chapter 3. It turns out that the isomorphism class of the De
Rham cohomology endowed with its F -zip structure is still a discrete invariant
but it is not locally constant in families.

Again we illustrate this with the example of abelian varieties. For an abelian
variety X over k of dimension g there are 2g possible F -zip structures on
H1

DR(X/k) and in fact all of them occur (see (5.1)). In particular for an elliptic
curve E there are two cases and this is the distinction whether E is ordinary or
supersingular.
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We conclude this introductory part with some remarks on the nonexistent
analogue of property (I). To get an “integral” structure the best candidate is
the crystalline cohomology H•

cris(X/W ) which is W -module where W = W (k)
is the ring of Witt vectors of k. The relative Frobenius on X induces a semi-
linear map φ on H•

cris(X/W ). If H•
cris(X/W ) is a free W -module, there is a

functorial isomorphism α : H•
cris(X/W )⊗W k

∼→ H•
DR(X/k). In this case φ defines

on H•
cris(X/W ) ⊗W k the structure of an F -zip such that α is an isomorphism

of F -zips. Therefore we could consider H•
cris(X/W ) as an “integral” version of

H•
DR(X/k). Again this is a much finer invariant and it would be desirable to

construct moduli spaces of such structures.

We give now a more detailed description of the content of this article. In the
first chapter we recall the definition of the De Rham cohomology of an algebraic
variety and of the two canonical spectral sequences converging to it. Then we con-
sider the case of complex varieties before turning towards the actual focus of this
article, the De Rham cohomology of varieties over fields of positive characteristic
and its F -zip structure. In the second chapter we detail two examples: Abelian
varieties (and – more generally – at level 1 truncated Barsotti-Tate groups) and
K3-surfaces.

The third chapter is dedicated to the two classifications of F -zips. The first
stems from the field of representation theory of algebras and is essentially due
to Gelfand and Ponomarev [GP] and Crawley-Boevey [Cr]. The second uses the
theory of algebraic groups and has been given in [MW]. It relates the classification
problem to the study of a Frobenius-linear version of the wonderful compactifi-
cation of the projective linear group. We link both classifications (3.5) and illus-
trate both of them by classifying at level 1 truncated Barsotti-Tate groups (3.7)
and (3.8).

Often the De Rham cohomology carries additional structures like symplectic
or symmetric pairings (e.g., induced by polarizations or Poincaré duality). There-
fore we define in Chapter 4 symplectic and orthogonal F -zips. Now the essential
ingredient for the second classification has an analogue for arbitrary reductive
groups G. Specializing G to the symplectic and the orthogonal group we obtain a
description of isomorphism classes of symplectic and orthogonal F -zips. In Chap-
ter 5 this is applied to the study of the De Rham cohomology of polarized abelian
varieties and of polarized K3-surfaces.

The sixth chapter deals with families of F -zips over arbitrary schemes S of
characteristic p. It is shown that every F -zip over S defines a decomposition in
locally closed subschemes, namely in the loci where the ”isomorphism class of the
F -zip is constant” (see (6.1) for two (equivalent) precise definitions). We conclude
with glancing at this decomposition for the special case that S is the moduli
space of principally polarized abelian varieties or the moduli space of polarized
K3-surfaces.

In an appendix we recall the necessary notions and results about reductive
groups which are used for the second classification.

Acknowledgement: I am grateful to D. Blottiere for useful comments.
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Notation: Fix a prime number p > 0. We will always denote by k a field which we
assume to be perfect of characteristic p from (1.5) on. If not otherwise specified,
X will be a smooth proper scheme over k which usually will satisfy a further
condition (deg) from (1.5) on.

1. De Rham cohomology of varieties over fields of positive characteristic

(1.1) Hypercohomology.

Let A and B be two abelian categories and assume that A has sufficiently many
injective objects. Let T : A → B be a left exact functor. Recall that an object M
in A is called T -acyclic if all derived functors RiT (M) = 0 for i > 0. An object
in A is injective if and only if it is T -acyclic for all abelian categories B and for
all left exact functors T : A → B.

Let K be a complex of objects in A which is bounded below. The hypercoho-
mology RT (K) can be defined as follows. Choose a quasi-isomorphism K → I to
a complex of T -acyclic objects Ij in A (e.g., one can choose a quasi-isomorphism
of K to a complex of injective objects). Then set

RjT (K) := Hj(T (I)).

This definition is independent of the choice of K → I. Clearly, each quasi-
isomorphism K → K ′ induces an isomorphism RjT (K) ∼→ RjT (K ′). Note that
if K[a] (a ∈ Z) is the complex K[a]i = Ka+i and dK[a] = (−1)adK , we have
RjT (K[a]) = Rj+aT (M). If M is an object in A, considered as a complex con-
centrated in degree zero, we have RjT (M) = RjT (M).

Assume that K is endowed with a descending filtration of subcomplexes

K ⊃ · · · ⊃ Fili(K) ⊃ Fili+1(K) ⊃ . . .

which is biregular (i.e., the filtration Fil •Kj induced on each component satisfies
Fili Kj = Kj for i sufficiently small and Fili Kj = 0 for i sufficiently big). In that
case we obtain a spectral sequence which converges to the hypercohomology of K
(see e.g. [De1] 1.4)

Eab
1 = Ra+bT (Fila(K)/ Fila+1(K)) =⇒ Ra+bT (K). (1.1.1)

On every complex there are (at least) two natural filtrations. First one can
consider the so-called “naive” filtration (σ≥i(K))i given by

σ≥i(K)j =

{
0, j < i;
Kj , j ≥ i.

In that case, Fila(K)/ Fila+1(K) = Ka[−a] is the complex consisting of the object
Ka in degree a, and the spectral sequence (1.1.1) becomes
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Eab
1 = RbT (Ka) =⇒ Ra+bT (K), (1.1.2)

which is sometimes also called the first spectral sequence of hypercohomology.
The second natural filtration is the (ascending) canonical filtration (τ≤i(K))i

given by

τ≤i(K)j =

⎧⎪⎨
⎪⎩

Kj , j < i;
Ker(Ki d−→ Ki+1), j = i;
0, j > i.

To get a descending filtration we set Fila K := τ≤−a(K). In this case we have
Fila(K)/ Fila+1(K) = H−aK[a] and by (1.1.1) we obtain a spectral sequence
Eab

1 = R2a+bT (H−aK) =⇒ Ra+bT (K). Replacing Eab
r by E−b,a+2b

r+1 we get a
spectral sequence

Eab
2 = RaT (Hb(K)) =⇒ Ra+bT (K), (1.1.3)

which is sometimes also called the second spectral sequence of hypercohomology.

(1.2) De Rham cohomology.

We apply the general remarks on hypercohomology to the de Rham complex. Let
k be a field and let X be any scheme of finite type over k. Denote by Ω•

X/k the
de Rham complex

0→ OX → Ω1
X/k → Ω2

X/k → . . .

of X over k [EGA] IV, (16.6). As X is locally of finite type, Ω1
X/k is a coherent

OX -module [EGA] IV, (16.3.9). As X is also quasi-compact, Ωj
X/k =

∧j Ω1
X/k is

zero for j � 0. The de Rham complex is a complex in the abelian category A of
sheaves on X with values in k-vector spaces (it is not a complex in the category of
OX -modules as the differentials are not OX -linear). Denote by T = Γ the functor
of global sections from A to the category of k-vector spaces. As usual we write
Hi(X, M) and Hi(X, K) instead of RiΓ(M) and RiΓ(K) (where M is an object
in A and K is a complex in A).

For each integer i ≥ 0 the i-th De Rham cohomology of X over k is defined
as

Hi
DR(X/k) := Hi(X, Ω•

X/k).

Then (1.1.2) and (1.1.3) give spectral sequences

′Eab
1 = Hb(X, Ωa

X/k) =⇒ Ha+b
DR (X/k), (1.2.1)

′′Eab
2 = Ha(X, H b(Ω•

X/k)) =⇒ Ha+b
DR (X/k). (1.2.2)
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Here we denote by H b(Ω•
X/k) the b-th cohomology sheaf of the complex Ω•

X/k.
The first spectral sequence is usually called the Hodge spectral sequence. As

explained above, there exists an integer A > 0 such that Ωa
X/k = 0 for a > A.

Therefore we have

′Eab
1 = 0, for a > A, b > dim(X). (1.2.3)

By definition of a spectral sequence, the limit terms Ha+b
DR (X/k) are endowed

with a descending filtration ′ Fil • such that ′Fila / ′Fila+1 = ′Eab
∞ . As ′Eab

∞ is a
subquotient of ′Eab

1 , this filtration is finite and we see that Hn
DR(X/k) = 0 for all

n > A + dim(X).
If X is smooth of pure dimension d over k, Ω1

X/k is a locally free OX -module
of rank d and therefore Ωa

X/k = 0 for a > d.
If X is proper over k, the initial terms in the Hodge spectral sequence are

finite-dimensional vector spaces and therefore also their subquotients ′Eab
∞ are

finite-dimensional. Therefore for all n ≥ 0 we have

dimk(Hn
DR(X/k)) <∞,

if X is a proper k-scheme.

(1.3) De Rham cohomology of complex varieties.

We first study the case that X is a smooth and proper scheme over the field
of complex numbers C. In that case we use the GAGA principle ([Se1] and
[SGA1] Exp. XII): There is a compact complex manifold Xan and a morphism
iX : Xan → X of locally ringed spaces such that for every complex analytic space
Y and every morphism φ : Y → X of locally ringed spaces there exists a unique
morphism of complex analytic spaces ψ : Y → Xan such that iX ◦ ψ = φ. Serre’s
GAGA theorems tells us that F 
→ F an := i∗XF is an equivalance of cate-
gories between the category of coherent OX -modules and the category of coherent
OXan-modules. Moreover, i∗X induces isomorphisms of finite-dimensional C-vector
spaces

Ha(X, F ) ∼−→ Ha(Xan,F an).

We apply this to the coherent module Ωb
X/C

. In that case (Ωb
X/C

)an is the
sheaf Ωb

Xan of holomorphic b-forms on Xan. Clearly i∗X is compatible with the
naive filtration on the De Rham complex. We get a homomorphism of the Hodge
spectral sequences which by the GAGA principle is an isomorphism on its initial
terms (in the analytic setting the Hodge spectral sequence is sometimes also called
the Hodge-Fröhlicher spectral sequence). Therefore i∗X induces an isomorphism
of filtered C-vector spaces

Hn
DR(X/k) ∼−→ Hn

DR(Xan) := Hn(Xan,Ω•
Xan).

There is a rich history of the study of De Rham cohomology of komplex
analytic spaces, both analytic and algebraic. We refer to [Voi], [Dm], and [Ill2]
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and the references given there for an extensive discussion. Here we recall just
some well-known facts from complex geometry.

Degeneration of the Hodge spectral sequence.

First Fact over the complex numbers 1.1. The Hodge spectral sequence ′Eab
1 =

Hb(Xan, Ωa
Xan) =⇒ Ha+b

DR (Xan) degenerates at ′E1.

In particular the (descending) Hodge filtration C• on Hn
DR(Xan) given by the

Hodge spectral sequence has as graded pieces

Ci/Ci+1 = Hn−i(Xan, Ωi
Xan) = Hn−i(X, Ωi

X/C).

Poincaré lemma.
The second fact is the Poincaré lemma. For this we consider the natural embed-
ding CXan ↪→ OXan , where CXan denotes the sheaf of locally constant complex
valued functions on Xan. The Poincaré lemma says:

Second Fact over the complex numbers 1.2. The homomorphism CXan → Ω•
Xan

is a quasi-isomorphism.

Hence the initial terms of ′′Eab
2 = Ha(Xan,H b(Ω•

Xan)) are zero for b > 0, and
therefore this spectral sequence is trivial. The quasi-isomorphism CXan → Ω•

Xan

induces an isomorphism

Hn
sing(X

an, C) = Hn(Xan, CXan) ∼→ Hn
DR(Xan) = Hn

DR(X/C),

where the left hand side denotes the singular cohomology and the first equality
is a standard fact from topology (e.g., [Br] III, §1).

The conjugate filtration.
Note that Hn

sing(X
an, C) = Hn

sing(X
an, R)⊗RC, and the complex conjugation on C

induces an R-linear map σ⊗z 
→ σ⊗ z̄ on Hn
sing(X

an, C). If W ⊂ Hn
sing(X

an, C) is
any complex subspace, its image W under this map is again a complex subspace.
We define an ascending filtration D• on Hn

sing(X
an, C) by setting

Di := Cn−i.

We call this filtration the conjugate filtation. Hodge theory now provides the
following fact.

Third Fact over the complex numbers 1.3. For all i ∈ Z we have

Di−1 ⊕ Ci = Hn
DR(Xan).
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(1.4) Varieties over fields of positive characteristic.

Let now k be a field of positive characteristic p and let X be a k-scheme.
For any Fp-scheme S we denote by FrobS : S → S the absolute Frobenius of S

(i.e., FrobS is the identity on the underlying topological spaces and sends a local
section x of OS to xp). To shorten notations we denote by σ : k → k the Frobenius
a 
→ ap on k and also the Frobenius morphism σ = FrobSpec(k). Consider the
diagram

X

f

��

FrobX

��

F

		

X(p)

f(p)

��

σX
��

�

X

f

��
Spec(k)

σ
�� Spec(k),

(1.4.1)

where X(p) is defined be the cartesian square and F = FX/k is the relative Frobe-
nius of X over k, i.e., unique morphism making the above diagram commutative.

We describe this diagram locally: Assume that X = Spec(A) is affine. Via
the choice of generators of A as a k-algebra, we can identify A with k[X]/(f)
where X = (Xi)i∈I is a tuple of indeterminates and f = (fj)j∈J is a tuple of
polynomials in k[X]. Then the diagram (1.4.1) is given by:
• X(p) = Spec(A(p)) with A(p) = k[X]/(f (p)

j ; j ∈ J), where for any polynomial
f =

∑
ν∈N

(I)
0

aνXν ∈ k[X] we set f (p) =
∑

ν∈N
(I)
0

ap
νXν .

• The morphism σ∗
X : A→ A(p) is induced by k[X]→ k[X], f 
→ f (p).

• The relative Frobenius F ∗ = F ∗
X/k is induced by the homomorphism of

k-algebras k[X]→ k[X] which sends an indeterminate Xi to Xp
i .

(1.5) De Rham cohomology of varieties over fields of positive characteristic.

From now on k will denote a perfect field of characteristic p, and f : X → Spec(k)
will be a smooth proper scheme over k.

We will study the analogies of the facts in (1.3).

First Fact in positive characteristic 1.4. In general the Hodge spectral sequence
′Eab

1 = Hb(X, Ωa
X/k) =⇒ Ha+b

DR (X/k) does not degenerate at E1.

Mumford [Mu1] has given examples of smooth projective surfaces such that
the Hodge spectral sequence does not degenerate. To exclude such cases we will
make from now on the following assumption.

(deg) Assumption: The Hodge spectral sequence degenerates at E1.

We list some examples where this assumption holds:
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(1) Any abelian variety X over k satisfies (deg) ([Od] Prop. 5.1).
(2) Any smooth proper curve C over k satisfies (deg): To see this one can either

use the previous example and deduce the degeneracy of the Hodge spectral
sequence for C for that of the Hodge spectral sequence of the Jacobian of C,
or one can use the result of Deligne and Illusie below.

(3) Any K3-surface X over k satisfies (deg): This follows from [De2] Prop. 2.2.
(4) Every smooth complete intersection in the projective space Pn

k satisfies (deg)
as a scheme over k (see [SGA7] Exp. IX, Thm. 1.5).

(5) Every smooth proper toric variety satisfies (deg) (see [Bl]).
(6) Let X be a smooth proper k-scheme such that F∗(Ω•

X/k) is decomposable
(i.e., isomorphic in the derived category to a complex with zero differential).
Then f satisfies (deg) by results of Deligne and Illusie, see [DI], Cor. 4.1.5.
Moreover, this condition is satisfied if dim(X) ≤ p and f admits a smooth
lifting f̃ : X̃ → Spec(W2(k)), where W2(k) is the ring of Witt vectors of length
2 of k. We refer to [Ill2] for an extensive discussion of this property.

(1.6) The Cartier isomorphism.

We now come to the analogue of the Poincaré lemma: Assume that X is any
k-scheme (not necessarily smooth or proper). Again the differentials of the De
Rham complex Ω•

X/k are in general not OX -linear. But it follows from the local
description of the relative Frobenius in (1.4) that the differentials of F∗(Ω•

X/k)

are OX(p)-linear (because d(Xp
i f) = Xp

i d(f) + pd(Xp−1
i )f = Xp

i d(f)).
The Cartier isomorphism describes the cohomology sheaves of the complex

F∗(Ω•
X/k). It can be defined as follows. Let x be a local section of OX . Then

dσ∗
X(x) is a local section of Ω1

X(p)/k
and there exists a unique homomorphism of

OX(p)-modules γ : Ω1
X(p)/k

→ H 1(F∗(Ω•
X/k)) such that γ(dσ∗

X(x)) is the class of
xp−1dx.

Second Fact in positive characteristic 1.5. For all i ≥ 0 there exists a unique
homomorphism of OX(p)-modules

γi : Ωi
X(p)/k →H i(F∗(Ω•

X/k))

such that

γ0(1) = 1,

γ1 = γ,

γi+j(ω ∧ ω′) = γi(ω) ∧ γj(ω′).

Moreover, if X is smooth over k, γi is an isomorphism for all i ≥ 0.

This family of isomorphisms is called the (inverse) Cartier isomorphism. It was
initially defined by Cartier. The description here is due to Grothendieck and
detailed in [Ka] 7. One can prove the fact that γi is an isomorphism along the
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following lines (see loc. cit. for the details): The assertion is clearly local on X.
The formation of the De Rham complex and the definition of γi commutes with
pull back via étale morphisms. Therefore we can assume that X = Ad

k is the
d-dimensional affine space over k. The formation of the De Rham complex and
the definition of γi also commutes with extension of scalars of the base field and
hence we can assume that k = Fp and hence σ = id. Finally using the Künneth
formula we can assume that X = A1

Fp
. In this case it is an easy explicit calculation

to check that γ1 is an isomorphism.
Now we assume again that X is smooth and proper over k. Then (γi)−1

induces for all n ≥ i a k-linear isomorphism

Hn−i(X(p), Ωi
X(p)/k) ∼−→ Hn−i(X(p),H i(F∗(Ω•

X/k))).

Using the natural isomorphisms

Hn−i(X(p), Ωi
X(p)/k) ∼= σ∗Hn−i(X, Ωi

X/k),

Hn−i(X(p), H i(F∗(Ω•
X/k)) ∼= Hn−i(X(p), F∗H i(Ω•

X/k))

∼= Hn−i(X, H i(Ω•
X/k)),

we obtain a k-linear isomorphism

ϕi : σ∗(′Ei,n−i
1 ) = σ∗Hn−i(X, Ωi

X/k)

∼−→ Hn−i(X, H i(Ω•
X/k)) = ′′En−i,i

2 .
(1.6.1)

Corollary 1.6. If X satisfies the assumption (deg), the second spectral sequence
′′Eab

2 = Ha(X, H b(Ω•
X/k)) =⇒ Ha+b

DR (X/k) degenerates at ′′E2.

In characteristic p we will call this second spectral sequence the conjugate
spectral sequence (following Katz [Ka]). Note that this is just a name. There is no
complex conjugation here.

(1.7) F -zips.

We continue to assume that k is a perfect field and that X is a smooth proper
k-scheme which satisfies (deg). We fix an integer n ≥ 0 and set M := Hn

DR(X/k).
We have seen that M carries the following structure.
(a) M is a finite dimensional k-vector space.
(b) The Hodge spectral sequence (1.2.1) provides a descending filtration ′Fil • on

M such that ′Fili / ′Fili+1 = Hn−i(X, Ωi
X/k). If we define Ci := σ∗(′Fili), C•

is a descending filtration on σ∗(M).
(c) The conjugate spectral sequence (1.2.2) provides a second descending filtra-

tion ′′Fil • on M . If we define Di := ′′Filn−i, D• is an ascending filtration on
M such that Di/Di−1 = Hn−i(X, H i(Ω•

X/k)).
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(d) The isomorphism (1.6.1) is a k-linear isomorphism

ϕi : Ci/Ci+1 ∼−→ Di/Di−1.

We now give an abstract definition for such a structure which we call an F -zip.
This notion was first defined in [MW]. If M is any k-vector space, a descending
filtration on M is by definition a family (Ci)i∈Z of subspaces of M such that
Ci ⊃ Ci+1 for all i ∈ Z and such that

⋃
i Ci = M and

⋂
i Ci = 0. An ascending

filtration is defined analogously.

Definition 1.7. An F -zip over k is a tuple M = (M,C•, D•, ϕ•) such that
(a) M is a finite dimensional k-vector space,
(b) C• is a descending filtration on σ∗(M),
(c) D• is an ascending filtration on M ,
(d) ϕi : Ci/Ci+1 ∼→ Di/Di−1 is a k-linear isomorphism.
Moreover, for an F -zip we call the function

τ = τM : i 
→ dimk(Ci/Ci+1)

the filtration type of C• or simply the type of M . The elements in the support of
τ , i.e., the i ∈ Z such that τ(i) �= 0, are called the weights of M .

The notion of a morphism of F -zips over k is defined in an obvious way and
we obtain an Fp-linear category (which is not abelian; e.g., there do not exist
kernels in general). If M is an F -zip over k and k′ is a field extension of k, it is
clear how to define the base change M⊗k k′ which we will usually denote by Mk′ .

The Hodge spectral sequence, the conjugate spectral sequence, and the
Cartier isomorphism are functorial in X, therefore we see:

Proposition 1.8. Fix an integer n ≥ 0. Then X 
→ Hn
DR(X/k) defines a con-

travariant functor from the category of smooth proper k-schemes satisfying (deg)
to the category of F -zips over k. Moreover, if τ is the type of the F -zip Hn

DR(X/k),
the weights on M are contained in {0, . . . , n} and for 0 ≤ i ≤ n we have

τ(i) = dimk Hn−i(X, Ωi
X/k).

Example 1.9. For d ∈ Z the Tate-F -zips T (d) is given as follows. The underlying
vector space of T (d) is just k, we have Ci = σ∗(k) for i ≤ d and Ci = 0 for i > d
which implies Di = 0 for i < d and Di = k for i ≥ d. Finally ϕd : k → k is given
by the Frobenius σ.

If X is a geometrically connected smooth proper k-scheme of dimension d,
we have isomorphisms

H0
DR(X/k) ∼= T (0), H2d

DR(X/k) ∼= T (2d).

For the projective space of dimension d we have
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Hi
DR(Pd

k/k) =

{
T (i), if 0 ≤ i ≤ 2d is even;
0, otherwise.

(1.8) The category of F -zips.

For the proof of the following proposition we refer to [Wd3].

Proposition 1.10. The category of F -zips over k has the following properties.
(1) There exist finite direct sums, and every F -zip M is a direct sum of a finite

family of indecomposable F -zips (i.e., F -zips which are not isomorphic to a
direct sum of nonzero F -zips). This finite family is uniquely determined by
M up to order.

(2) There exists a natural ⊗-structure on this category and with this structure the
category of F -zips is a rigid Fp-linear ⊗-category.

(3) The Tate-F -zips are projective and injective in the following sense: For ev-
ery F -zip M and for every surjective morphism M → T (d) (resp. for every
injective morphism T (d)→M) there exists a section (resp. a retraction).

For every F -zip M and every d ∈ Z we set M(d) := M ⊗ T (d). This is the
F -zip obtained from M by shifting the indices of the filtrations C• and D• be d.

It follows by an easy descend argument from k̄ to k that every F -zip M over
k admits a unique (up to order) decomposition

M = Mmw ⊕
t⊕

j=1

M (dj), (1.8.1)

where Mmw is an F -zip such that every indecomposable summand of Mmw has
mixed weights, i.e., more than a single weight, and where (M (dj))k̄ is isomorphic
to a direct sum of Tate-F -zips of weight dj for pairwise different integers dj .

(1.9) Ordinary varieties.

We now come to the analogue of the third fact 1.3. Let X be as above and fix
n ≥ 0. Consider the F -zip (M := Hn

DR(X/k), C•, D•, ϕ•) defined above.

Third Fact in positive characteristic 1.11. In general, σ∗(Di−1) and Ci are not
complementary subspaces of σ∗(M).

This leads us to the following definition.

Definition 1.12. An F -zip M = (M,C•, D•, ϕ•) is called ordinary if we have
σ∗(Di−1)⊕ Ci = σ∗(M) for all i ∈ Z.

A smooth proper k-scheme satisfying (deg) is called ordinary, if Hn
DR(X/k)

with its natural F -zips structure is ordinary for all n ≥ 0.

In [IR] (4.12), Illusie and Raynaud define the notion of ordinariness for a
smooth proper scheme X over k using the De Rham-Witt complex. It follows
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from loc. cit. (4.13) that the above definition is equivalent to the definition given
by Illusie and Raynaud.

(1.10) Chern class of a line bundle.

Let X be any k-scheme. Let dlog : O×
X → Ω1

X/k the logarithmic derivation, given
on local sections by x 
→ dx/x. We consider dlog as a morphism

dlog : O×
X → σ≥1Ω•

X/k[1]

of complexes of abelian sheaves on X. Taking the first hypercohomology we obtain
a map

c′1 : Pic(X) = H1(X, O×
X)→ H2(X, σ≥1Ω•

X/k).

The exact sequence

0 −→ σ≥1Ω•
X/k −→ Ω•

X/k −→ OX −→ 0

provides a long exact sequence

· · · → H2(X, σ≥1Ω•
X/k) α−→ H2

DR(X/k)
β−→ H2(X, OX)→ . . . (1.10.1)

and we denote by c1 : Pic(X) → H2
DR(X/k) the composition of c′1 with α. This

is the Chern class map.
Now assume that X is a smooth proper k-scheme satisfying (deg) and endow

H2
DR(X/k) with its F -zip structure. As the Hodge spectral sequence degenerates,

the long exact sequence (1.10.1) decomposes in short exact sequences and the map
σ∗(β) is nothing but the map σ∗(H2

DR(X/k)) = C0 → C0/C1 = σ∗(H2(X, OX)).
Therefore we see that for any line bundle L on X we have σ∗(c1(L )) ∈ C1.

(1.11) Smooth proper families and F -zips over schemes.

There is a relative version of the notion of an F -zip and an F -zip structure on
the De Rham cohomology. Here we give only a brief outline and refer to [MW]
for the details.

Let S be an arbitrary Fp-scheme and let f : X → S be a smooth and proper
morphism of schemes. We set Hn

DR(X/S) = Rnf∗(Ω•
X/S). The general formalism

explained in (1.1) (now applied to the functor f∗) provides two spectral sequences

′Eab
1 = Rbf∗(Ωa

X/S) =⇒ Ha+b
DR (X/S),

′′Eab
2 = Raf∗(H b(Ω•

X/S)) =⇒ Ha+b
DR (X/S),

called the Hodge spectral sequence and the conjugate spectral sequence. Again we
have a Cartier isomorphism which induces an isomorphism of OS-modules
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Frob∗
S(′Eba

1 ) ∼→ ′′Eab
2 .

We say that f satisfies the condition (deg) if the following two conditions
hold.
(a) The Hodge spectral sequence degenerates at E1.
(b) The OS-modules Rbf∗(Ωa

X/S) are locally free of finite rank for all a, b ≥ 0.
If f satisfies (deg), the formation of the Hodge spectral sequence (and in particular
the formation of Rbf∗(Ωa

X/S) and of Hn
DR(X/S)) commutes with base change

S′ → S. It follows that the conjugate spectral sequence degenerates at E2 and
that its formation commutes with base change as well.

Examples for morphisms f : X → S satisfying (deg) are again abelian
schemes, smooth proper (relative) curves, K3-surfaces, smooth complete intersec-
tions in P(E ) for some vector bundle E on S.

Similar as in (1.7) we make the following definitions. If M is a locally free
OS-module of finite rank, a descending filtration on M is a family (Ci)i∈Z of
OS-submodules of M which are locally direct summands such that Ci ⊃ Ci+1

for all i ∈ Z and such that
⋃

i Ci = M and
⋂

i Ci = 0. An ascending filtration is
defined analogously.

Definition 1.13. An F -zip over S is a tuple M = (M,C•, D•, ϕ•) such that
(a) M is a locally free OS-module of finite rank,
(b) C• is a descending filtration on Frob∗

S(M),
(c) D• is an ascending filtration on M ,
(d) ϕi : Ci/Ci+1 ∼→ Di/Di−1 is an OS-linear isomorphism.
Again we can define the type of M as Z ) i 
→ rkOS

(Ci/Ci+1), which is now a
function with values in the set of locally constanst functions on S with values in
N0.

Note that this definition differs slightly from the definition given in [MW]
although they are equivalent if S is the spectrum of a perfect ring.

The same construction of an F -zip structure on the De Rham cohomology
for S = Spec(k) can be done for an arbitrary Fp-scheme S and we obtain for
each n ≥ 0 a functor (f : X → S) 
→ Hn

DR(X/S) from the category of smooth
proper S-schemes satisfying (deg) to the category of F -zips over S. This functor
commutes with arbitrary base change g : S′ → S (in the obvious sense).

2. Examples I

We continue to assume that k is a perfect field of characteristic p > 0.

(2.1) Abelian Varieties.

Let X be an abelian variety over k of dimension g ≥ 1. Consider H1
DR(X/k) with

its F -zip structure. The ⊗-structure on the category of F -zips over k allows to
form the F -zip

∧n(H1
DR(X/k)) for n ≥ 0 (see [Wd3] for details) and the cup

product defines an isomorphism of F -zips
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n∧
(H1

DR(X/k) ∼−→ Hn
DR(X/k).

In particular we see that the F -zip H1
DR(X/k) already determines all F -zips

Hn
DR(X/k) for n ≥ 0.

Now let H1
DR(X/k) = (M,C•, D•, ϕ•). Then M is a k-vector space of dimen-

sion 2g and the filtrations are given by

C0 = σ∗M ⊃ C1 = σ∗H0(X, Ω1
X/k) ⊃ C2 = 0,

D−1 = 0 ⊂ D0 = H1(X, H 0(Ω•
X/k)) ⊂ D1 = M

with dim(C1) = dim(D0) = g. The Cartier isomorphism induces two nontrivial
isomorphisms

ϕ0 : σ∗(M)/C1 ∼−→ D0,

ϕ1 : C1 ∼−→M/D0.

Moreover, the following assertions are equivalent.
(1) X is ordinary (i.e., the F -zips Hn

DR(X/k) are ordinary in the sense of Defini-
tion 1.12 for all n ≥ 0).

(2) The F -zip H1
DR(X/k) is ordinary (i.e., σ∗(D0)⊕ C1 = σ∗(M)).

(3) X[p](k̄) ∼= (Z/pZ)g.
(4) The Newton polygon of X has only slopes 0 and 1.

The last two (equivalent) conditions are often used to define the notion of
ordinariness for an abelian variety. Here X[p] denotes the kernel of the multipli-
cation with p on X. In fact, the next three sections show that X[p] determines
the F -zip H1

DR(X/k) (and vice versa).

(2.2) At level 1 truncated Barsotti-Tate groups.

Let X be an abelian variety over k. Then the kernel G := X[p] of the multipli-
cation with p is a so-called at level 1 truncated Barsotti-Tate group of height 2g
and dimension g. We explain now what this means.

For any group scheme G over k, the relative Frobenius FG/k : G → G(p) de-
fined in (1.4) is a homomorphism of group schemes. Moreover, if G is commutative,
by [SGA3] Exp. VIIA, 4.3 there exists a natural homomorphism VG/k : G(p) → G
of group schemes over k, called the Verschiebung of G, such that

VG/k ◦ FG/k = p idG . (2.2.1)

If FG/k is an epimorphism (i.e., if G is smooth over k), (2.2.1) determines VG/k

uniquely.
An at level 1 truncated Barsotti-Tate group over k (or, shorter, a BT1) is a

finite commutative group scheme G over k which is annihilated by the multipli-
cation with p such that the complex
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of abelian fppf-sheaves is exact. The underlying scheme of G is of the form Spec(A)
for a finite-dimensional k-algebra and dimk(A) is a power of p and we define the
height h of G by ph = dimk(A). As G is in general not smooth, the Lie algebra
Lie(G) can be nonzero even though the underlying scheme of G is of dimension
zero. We call dim(Lie(G)) the dimension of G and denote it by dim(G).

At level 1 truncated Barsotti-Tate groups can be described via Dieudonné
theory. We call a Dieudonné space over k a triple (M,F, V ), where M is a finite-
dimensional k-vector space and F : σ∗(M)→M and V : M → σ∗(M) are k-linear
maps such that F ◦ V = 0, V ◦ F = 0 and Ker(F ) = Im(F ) (note that these
conditions imply that Ker(V ) = Im(F )). Then we have the following theorem
(see e.g. [Dem] or [BBM] 3).

Theorem 2.1. Crystalline Dieudonné theory provides a contravariant functor D

from the category of BT1 over k to the category of Dieudonné spaces over k, and
this functor is an equivalence of categories. Moreover, if D(G) = (M,F, V ), we
have height(G) = dimk(M) and dim(G) = dimk(M/ Im(F )).

(2.3) Dieudonné spaces and F -Zips.

We can consider every Dieudonné space as a special case of an F -zip as follows.
If (M,F, V ) is a Dieudonné space, we set

Ci =

⎧⎪⎨
⎪⎩

σ∗(M), i ≤ 0;
Ker(F ), i = 1;
0, i ≥ 2;

Di =

⎧⎪⎨
⎪⎩

0, i ≤ −1;
Ker(V ), i = 0;
M, i ≥ 1.

Finally we define ϕ0 : σ∗(M)/ Ker(F ) → Ker(V ) = Im(F ) as the isomorphism
induced by F and ϕ1 : Im(V ) = Ker(F ) → M/Ker(V ) as the inverse of the
isomorphism induced by V . Then (M,C•, D•, ϕ•) is an F -zip.

This construction is clearly functorial in (M,F, V ) and thus we obtain a
functor from the category of Dieudonné spaces over k to the category of F -zips
over k. Moreover, it is easy to see that this induces an equivalence of the category
of Dieudonné spaces with the category of F -zips M = (M,C•, D•, ϕ•) such that
C0 = σ∗(M) and C2 = 0, i.e., the support of the type τ of M is contained in
{0, 1}. We will call such F -zips Dieudonné-zips. From Theorem 2.1 we obtain.

Corollary 2.2. Crystalline Dieudonné theory together with the construction above
gives an equivalence G 
→ M(G) between the category of BT1 G over k and the
category of Dieudonné zips M over k (considered as a full subcategory of the
category of all F -zips over k). Via this equivalence we have height(G) = dimk(M)
and dim(G) = τ(1), where τ is the type of M(G).

FG/k (p) VG/k
G −→ G −→ G
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(2.4) Truncated Barsotti-Tate groups and de Rham cohomology of abelian vari-
eties.

We now have constructed two functors from the category of abelian varieties over
k to the category of F -zips over k. The first is the functor X 
→ H1

DR(X/k)
constructed in (2.1). The second is the composition of the functors X 
→ X[p] and
G 
→ D(G) where we consider every Dieudonné space as an F -zip as explained in
(2.3). We have the following result by [Od] Corollary 5.11.

Theorem 2.3. The two functors X 
→ H1
DR(X/k) and X → D(X[p]) are isomor-

phic.

Hence we see that H1
DR(X/k) together with its F -zip structure and the

p-torsion X[p] determine each other. This is in effect only a special case (n = 1) of
the more general result that for all n ≥ 1 the pn-torsion X[pn] and the crystalline
cohomology H1

cris(X/Wn(k)) (which is a free Wn(k)-module M together with
Wn(k)-linear maps F : σ∗(M)→M and V : M → σ∗(M) such that F ◦V = p idM

and V ◦ F = p idσ∗(M)) determine each other (see loc. cit.).

(2.5) Decomposition of truncated Barsotti-Tate groups.

Let us first recall some facts on finite commutative group schemes (see e.g. [Dem]).
To simplify the exposition, let us assume that k is algebraically closed.

Every finite commutative group scheme G over k admits a unique decompo-
sition G = Gp×Gp, where Gp is a group scheme killed by a power of p and where
Gp is a finite étale group scheme of order prime to p.

Every such Gp admits itself a unique decomposition Gp = Gét×Gmult×Gbi,
where
• Gét is étale, i.e., Gét is isomorphic to a product of constant group schemes

associated to groups of the form Z/plZ.
• Gmult is of multiplicative type, i.e., Gmult is isomorphic to a product of group

schemes of roots of unities of the form μpl .
• Gbi is bi-infinitesimal, i.e., G and its Cartier dual Hom(G, Gm) are local as

schemes and therefore the spectra of local Artinian k-algebras. Equivalently,
there exist no nontrival homomorphisms of group schemes Z/pZ → Gbi and
μp → Gbi.

In particular, every BT1 admits such a decomposition G = Gét ×Gmult ×Gbi.
Let M(G) be the Dieudonné-zip over k corresponding to G via the equivalence

in Corollary 2.2. Then (1.8.1) has the form M = T (0)⊕f ⊕ T (1)⊕e ⊕Mmw and

M(Gét) = T (0)⊕f , M(Gmult) = T (1)⊕e, M(Gbi) = Mmw.

(2.6) K3-surfaces.

We now study the De Rham cohomology of K3-surfaces. For this let k be a perfect
field of characteristic p > 0. By definition, a K3-surface over k is a smooth proper
connected k-scheme X of dimension 2 such that H1(X, OX) = 0 and such that its
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canonical bundle KX = Ω2
X/k is trivial (i.e., isomorphic to OX). Note that every

K3-surface is automatically projective.
Then it is well-known (see e.g. [De2]) that the Hodge spectral sequence de-

generates at E1 and that the Hodge numbers (dimk(Hb(X, Ωa
X/k)))0≤a,b≤2 are

given by the matrix

⎛
⎝1 0 1

0 20 0
1 0 1

⎞
⎠ . (2.6.1)

Hence we see that

dimk(Hn
DR(X/k)) =

⎧⎪⎨
⎪⎩

1, n = 0, 4;
22, n = 2;
0, otherwise.

The F -zip structure on M := H2
DR(X/k) is given by two filtrations C• and D•

with
• Ci = σ∗(M) for i ≤ 0, dimk(C1) = 21, dimk(C2) = 1, and Ci = 0 for i ≥ 3,
• Di = 0 for i ≤ −1, dimk(D0) = 1, dimk(D1) = 21, and Di = M for i ≥ 2,
• two isomorphisms ϕ0 : σ∗(M)/C1 ∼→ D0 and ϕ2 : C2 ∼→ M/D1 of one-

dimensional spaces, and an isomorphism ϕ1 : C1/C2 ∼→ D1/D0 of spaces of
dimension 20.

Moreover, the following assertions are equivalent.
(1) X is ordinary (i.e., the F -zips Hn

DR(X/k) are ordinary in the sense of Defini-
tion 1.12 for all n ≥ 0).

(2) The F -zip H2
DR(X/k) is ordinary.

(3) The Newton polygon of X has precisely the slopes 0, 1, and 2.

3. Classification of F -zips

In this section we will give two different classifications of F -zips over algebraically
closed fields. The first classification (3.1) stems from representation theory of
algebras and is a variation of a result of Crawley-Boevey [Cr] which goes back in
this special case to work of Gelfand and Ponomarew [GP]. For the special case of
Dieudonné zips this classification has obtained indepedently by Oort [Oo].

The second classification is shown by defining the variety X of rigidified F -zips
and relate it to the wonderful compactification of the projective linear group by
de Concini and Procesi ((3.2) and (3.3)). This classification was obtained in [MW]
by relating X to a third variety and it was observed in [Wd2] how to relate this
work to the wonderful compactification (see also below in (3.3)).

Notation: Let k be an algebraically closed field of characteristic p.
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(3.1) Classification via representation theory.

Recall that by Proposition 1.10 every F -zip over k is a direct sum of indecom-
posable F -zips and that this decomposition is unique up to order. Argueing as
in [Cr] it is possible to give the following description of isomorphism classes of
indecomposable F -zips (see [Wd3]).

A word is by definition a formal sequences x = x1x2 . . . xn with n ≥ 0 where
xj ∈ Z. A rotation of x is a word of the form xj+1 . . . xnx1 . . . xj for some j. The
product xy of two words is defined by placing them next to each other. We set

B = { x word | all nontrivial rotations of x are different from x }/ ∼

with x ∼ y if y is a rotation of x. The elements of B are called bands.
To each representative x = x1 . . . xn of a band we associate an F -zip

M(x) = (M,C•, D•, ϕ•) over Fp as follows. Let M0 be an Fp-vector spaces with
basis (e1, . . . , en). We set x0 := xn and xn+1 := x1 and define

Ci :=
⊕

1≤l≤n,
xl≥i

Fpel,

Di :=
⊕

1≤l≤n,
xl−1≤i

Fpel,

ϕi : Ci/Ci+1 =
⊕

1≤l≤n,
xl=i

Fpel

el �→el+1−−−−−−→ Di/Di−1 =
⊕

1≤l≤n,
xl−1=i

Fpel =
⊕

1≤l≤n,
xl=i

Fpel+1.

(3.1.1)

Theorem 3.1. The above construction [x] 
→M(x)k induces a bijection

B ↔
{

isomorphism classes of
indecomposable F -zips over k

}
.

For example, the band corresponding to a Tate-F -zip T (d) is the word con-
sisting of the single letter d.

(3.2) The scheme of F -zips.

For the second classification we define the variety of rigidified F -zips. Here “rigid-
ified” means that we fix the underlying module of the F -zip. Again let k be
algebraically closed.

We first fix a filtration type, i.e., a function

τ : Z→ N0 (3.2.1)
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with finite support i1 > · · · > ir. We set for j = 1, . . . , r

nj := τ(ij),

n :=
r∑

j=1

nj .
(3.2.2)

We will now define an Fp-scheme which parametrizes F -zips of type τ with fixed
underlying module. Therefore let M0 be a fixed Fp-vector space of dimension n.
Let Xτ be the Fp-scheme whose S-valued points (for S an Fp-scheme) are given
by

Xτ (S) = {M = (M,C•, D•, ϕ•) | M F -zip of type τ over S

with M = M0 ⊗Fp OS }.

Let G = GL(M0), which we consider as an algebraic group over Fp. Then Xτ

has a natural action of G×G defined as follows. If M = (M0⊗Fp OS , C•, D•, ϕ•)
is an S-valued of Xτ and (h1, h2) ∈ G(S)×G(S), we set

(h1,h2)M = (M0 ⊗Fp
OS , (F (h2)(Ci))i, (h1(Di))i, (h1ϕiF (h2)−1)i), (3.2.3)

where h1ϕiF (h2)−1 denotes the composition

F (h2)(Ci)/F (h2)(Ci+1)

F (h2)
−1

��

h1(Di)/h1(Di−1)

Ci/Ci+1
ϕi

�� Di/Di−1.

h1





The G×G-variety has the following properties ([MW] Lemma 5.1 and Lemma 4.2,
[Wd2] (3.3)).

Proposition 3.2. Xτ is a smooth connected Fp-scheme of dimension equal to
dim(G) = n2. The G×G-action on Xτ is transitive.

Embedding G ↪→ G×G diagonally, the G×G-action restricts to a G-action
on Xτ . Every F -zip over k of type τ is isomorphic to an F -zip whose underlying
k-vector space is equal to M0 ⊗Fp

k and two such F -zips are isomorphic if and
only if they are in the same G(k)-orbit. Hence:

Proposition 3.3. Associating to each k-valued point of Xτ the isomorphism class
of the corresponding F -zip defines a bijection

{
G(k)-orbits on Xτ (k)

}↔ {
isomorphism classes of F -zips

over k of type τ

}
.
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To study the G(k)-orbits on Xτ (k) we relate Xτ to a part of the wonderful
compactification H̄ of H := PGL(M0). We refer to the appendix for the necessary
facts about reductive groups and the definition and some properties of H̄.

(3.3) Classification via the wonderful compactification.

Recall that we fixed a filtration type τ (3.2.1) which gives a flag type (n1, . . . , nr)
(3.2.2) in the sense of Example 7.2. Further we fixed an n-dimensional Fp-vector
space M0, where n = n1 + · · · + nr. Set G = GL(M0) and H = PGL(M0),
considered as algebraic groups over Fp.

To classify F -zips over the algebraically closed field k we proceed in two steps.

First step.
We construct a morphism

γ : Xτ −→ H(n1,...,nr),

where H(n1,...,nr) is the H ×H-orbit in H corresponding to (n1, . . . , nr) (Exam-
ple 7.9). This morphism will be equivariant with respect to the canonical projec-
tion G×G→ H×H. Here the action of G×G on Xτ is the one defined in (3.2.3),
and the action of H ×H on H(n1,...,nr) is the composition of the homomorphism

F2 : H ×H → H ×H, (h1, h2) 
→ (h1, F (h2)) (3.3.1)

and the action defined in (7.7.2). In particular it will induce a map

[γ] : {G(k)-orbits of Xτ (k)} → {HF (k)-orbits of H(n1,...,nr)(k)},

where HF is defined in (7.7.5). We will show that [γ] is in fact a bijection.

Second step.
We invoke [MW] and [Wd2] to classify the HF -orbits of H1

J in the general setting
of (7.7).

Making the first step.
We will define γ only on k-valued points although is is not difficult – albeit
notationally a bit cumbersome – to define γ also on S-valued points where S is
an arbitrary Fp-scheme. For this we refer to [Wd3].

Set M := M0 ⊗Fp k and let M = (M,C•, D•, ϕ•) be a k-valued point of
Xτ . Note that ϕi is an isomorphism of a zero-dimensional vector space except for
i ∈ {i1, . . . , ir}.

First we define a “projective version” PXτ of Xτ . Set T = Gr
m,Fp

. Then T
acts on Xτ by

(C•, D•, (ϕi1 , . . . , ϕir )) · (ti)1≤i≤r = (C•, D•, (t−1
1 ϕi1 , . . . , t

−1
r ϕir )).
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This is a free action. Embed Gm,Fp
diagonally into T . We set PXτ = Xτ/Gm,Fp

and X̄τ = Xτ/T . We can define an action of H ×H on PXτ and X̄τ by the same
recipe as the action of G×G on Xτ (3.2.3). The canonical morphisms

Xτ
π−→ PXτ

ψ−→ X̄τ

are clearly equivariant with respect to G×G→ H ×H. It is easy to check that
ψ ◦ π induces a bijection

{G(k)-orbits of Xτ (k)} ∼→ {H(k)-orbits of X̄τ (k)}.

For a k-valued point M ∈ PXτ (k) denote by HM ⊂ H ×H the stabilizer of
M .

Lemma 3.4. HM is a smooth algebraic group with dim(HM ) = dim(H).

Proof. The smoothness of HM is easy to check with the infinitesimal lifting
criterion. From the transitivity of the G × G-action on Xτ (Proposition 3.2)
it follows that the H × H-action on PXτ (and hence on X̄τ ) is transitive as
well. As dim(PXτ ) = dim(Xτ ) − 1 = dim(G) − 1 = dim(H), we see that
dim(HM ) = dim(H).

We define an F2-equivariant morphism (F2 was defined in (3.3.1))

ρ : PXτ → VH , M 
→ Lie(HM ),

where V is defined in (7.7). Note that for M1,M2 ∈ PXτ (k) which have the same
image in X̄τ , the stabilizers HM1

and HM2
are equal. Therefore ρ factorizes over

PXτ � X̄τ . Now it follows from [Lu] 12.3 (specialized to the case PGLn) that ρ
induces an F2-equivariant isomorphism

ι : X̄τ
∼→ H(n1,...,nr).

This concludes the first step.

Making the second step.
In this second step we will describe the H-orbits of H1

J in the general setting of
(7.7) and for an arbitrary subset J ⊂ I where (W, I) is the Weyl system of H.

To describe this classification we have to introduce the following notation.
Denote by WJ the subgroup of W generated by J . In any left coset WJw (w ∈W )
there exists a (necessarily unique) element Jw such that �(Jw) ≤ �(w′) for all
w′ ∈ WJw. We denote by JW ⊂ W the set of these representatives of minimal
length of WJ\W . We further set

dJ := dim(H)−max{ �(w) | w ∈ JW } = dim(H)− dim(ParJ),

where ParJ is the scheme of parabolic subgroups of H of type J (7.4) and (7.5)
(the equality being a general fact from the theory of root systems of a reductive
group).
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Theorem 3.5. There exists a natural bijection

JW ↔ {HF (k)-orbits of H1
J},

w 
→ wH1
J

(3.3.2)

such that

dim(wH1
J) = �(w) + dJ . (3.3.3)

Proof. Note that via the commutative diagram (7.7.4) it suffices to describe the
HF -orbits of HJ . Now by [Wd2], HJ is H×H-equivariantly isomorphic to another
H × H-scheme ZJ = ZH,J over Fp. By [MW] Theorem 4.11 there is a natural
bijection between the H-orbits of ZJ and JW .

We will not explain in which sense (3.3.2) is natural but refer to [MW] for
this. Instead we will make the Theorem 3.5 explicit in the case H = H1 = PGLn

in the next section.

(3.4) Classification of F -zips.

By Example 7.4, for H = PGLn we can identify

W = Sn, I = { τi | i = 1, . . . , n− 1 },

and J ⊂ I corresponds to a flag type, i.e., to a tuple (n1, . . . , nr) with
∑

nj = n.
By the definition of this correspondence in (7.4.2) and (7.5.2) we have

WJ = Sn1 × Sn2 × . . . Snr ,

which is considered as a subgroup of W = Sn in the obvious way.
For j = 0, . . . , r we set

mj := n1 + · · ·+ nj .

From the description of the length of a permutation in (7.5.2) it follows easily
that

JW =
{

w ∈ Sn |w−1(mj−1 + 1) < · · · < w−1(mj),

for all j = 1, . . . , r
}
.

(3.4.1)

Let w0 be the longest elements in Sn, i.e., w0(i) = n + 1− i for all 1 ≤ i ≤ n.
Let w0,J be the longest element in WJ and set wJ

0 := w0w0,J , i.e.,

wJ
0 (i) = n−mj −mj−1 + i, for mj−1 < i ≤ mj .

To shorten notations we set
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w◦ := wwJ
0 (3.4.2)

for w ∈ Sn.
We will now associate to each w ∈ Sn an F -zip wM = (M0, C

•, D•, ϕ•) over
Fp (where M0 is our fixed n-dimensional Fp-vector space), such that

JW ) w 
→ (wM)k ∈ Xτ (k)

defines the bijection

JW ↔ {HF (k)-orbits of HJ} ↔ {GLn(k)-orbits of Xτ (k)}

constructed in the two steps of (3.3).
Note that the Frobenius on Fp is the identity and therefore σ∗(M0) = M0.

As C• will be a filtration of type τ (3.2.1), we have Ci = Ci+1 and Di = Di−1 for
i /∈ {i1, . . . , ir}. Therefore it suffices to define Cij , Dij , and ϕij for j = 1, . . . , r.
Recall the convention i1 > · · · > ir.

We choose a basis (e1, . . . , en) of M0. Then wM is defined by

Cij :=
mj⊕
l=1

Fpel,

Dij
:=

n⊕
l=mj−1+1

Fpew◦(l),

ϕij
: Cij /Cij+1 =

mj⊕
l=mj−1+1

Fpel

el �→ew◦(l)−−−−−−→ Dij /Dij−1 =
mj⊕

l=mj−1+1

Fpew◦(l).

(3.4.3)

Note that wM also depends on τ . Altogether we obtain:

Theorem 3.6. Let τ be a filtration type and let (n1, . . . , nr) be the associated flag
type. Associating to w ∈ Sn the F -zip wM induces a bijection

JW ↔
{

isomorphism classes of F -zips
of type τ over k

}
,

where JW is described in (3.4.1).

Of course, JW depends only on τ and we will often write τW instead of JW .

Description of ordinary F -zips.
It follows from this explicit description that we have the following criterion for
an F -zip to be ordinary in the sense of Definition 1.12.
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Corollary 3.7. Let M be an F -zip. The following assertions are equivalent.
(1) M is ordinary.
(2) M is a direct sum of Tate-F -zips (Example 1.9).
(3) The permutation corresponding to M via the bijection in Theorem 3.6 is the

element of maximal length in JW , i.e., the element w0,Jw0.

Decomposition in Tate-F -zips and mixed weight F -zips.
Let M be an F -zip over k with set of weights {i1 > · · · > ir} and flag type
(n1, . . . , nr). As k is algebraically closed now, the decomposition (1.8.1) of an
F -zip M over k has the form

M = Mmw ⊕
r⊕

j=1

T (ij)⊕tj

with 0 ≤ tj ≤ nj .
We use the notations of (3.4.1). Let w ∈ JW be the permutation correspond-

ing to the isomorphism class of M . It follows from the explicit description in
Theorem 3.6 that

tj = #
{

i ∈ {mj−1 + 1, . . . , mj} | w◦(i) = i
}
.

(3.5) Connecting the two classifications.

We now relate the representation theoretic classification of F -zips via bands
in (3.1) with the group theoretic classification of (3.3). For this we again fix a
type τ as in (3.2.1) and associate to each w ∈ W = Sn a collection X of words
x1, . . . , xc such that for w ∈ τW we have

w(M) ∼= M(X ) :=
c⊕

a=1

M(xa),

where M(xa) is the F -zip defined in (3.1). We first define a map

ι : {1, . . . , n} → {i1, . . . , ir} ⊂ Z,

ι(ν) = ij , for
j−1∑
h=1

nh < ν ≤
j∑

h=1

nh.

Now write w◦ as a product of cycles

[ν11, ν12, . . . , ν1d1 ] . . . [νc1, νc2, . . . , νcdc ]

and then associate words x1, . . . , xc of integers by

xa = ι(νa1)ι(νa2) · · · ι(νada
).

From this comparison we also see:

T. Wedhorn / De Rham Cohomology of Varieties over Fields of Positive Characteristic 293



Proposition 3.8. Let M be the F -zip of type τ corresponding to a permutation
w ∈ τW via Theorem 3.6. Then the number of indecomposable summands of M
is the same as the number of cycles of w◦. In particular, M is indecomposable if
and only if w◦ consists of one cycle only.

(3.6) A simple example.

We fix an integer n ≥ 1 and define a filtration type by

τ : Z→ N0, τ(i) =

⎧⎪⎨
⎪⎩

1, i = 0;
n− 1, i = 1;
0, otherwise.

In particular F -zips of type τ will be given by Dieudonné zips (2.3). We have
i1 = 1 > i2 = 0, J = (n− 1, 1) and τW = JW consists of the permutations wi for
i = 1, . . . , n where

wi :=
(

1 . . . i− 1 i i + 1 . . . n
1 . . . i− 1 n i . . . n− 1

)
.

We have w◦
1 = id and for i ≥ 2:

w◦
i =

(
1 . . . i− 2 i− 1 i . . . n− 1 n
2 . . . i− 1 n i . . . n− 1 1

)
.

The corresponding F -zip wiM is given by C1 =
⊕n−1

l=1 Fpel, D0 = Fpew◦
i (n) (i.e.,

D0 = Fpe1 for i > 1 and D0 = Fpen for i = 1, and ϕ0 : en 
→ en−1, ϕ1 : el 
→ ew◦
i (l)

for l = 1, . . . , n− 1.
Writing w◦

i as product of cycles we get

w◦
i = [1 2 . . . i− 1 n][i][i + 1] . . . [n− 1].

The corresponding collection of words is then given by

X : x1 = 1i−10, x2 = 1, x3 = 1, . . . , xn−i+1 = 1.

Example of elliptic curves.
The special case n = 2 classifies the F -zip structure on M(E) = H1

DR(E/k) where
E is an elliptic curve over the algebraically closed field k (2.1). We see that up
to isomorphism there are only two F -zips of this type, isomorphic to wMk for
w ∈ S2 or to M(X )k where X = 1,0 or X = 10. Then E is supersingular if and
only if M(E) ∼= wMk for w = id if and only if M(E) ∼= M(X )k for X = 10.
Otherwise, E is ordinary.
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(3.7) Classification of at level 1 truncated Barsotti-Tate groups.

Fix integers 0 ≤ d ≤ h. To classify BT1 of height h and dimension d over an alge-
braically clsed field k it suffices by Corollary 2.2 to parametrize the isomorphism
classes of Dieudonné zips M of type τ , where τ(0) = h− d and τ(1) = d. In this
case we have (with the notations of (3.4))

τW = {w ∈ Sh | w−1(1) < · · · < w−1(d), w−1(d + 1) < · · · < w−1(h) }.

Therefore the two classifications give the following theorem.

Theorem 3.9. The constructions in (3.4.3) and in (3.1.1) give bijections
{

isomorphism classes of at level 1 truncated
Barsotti-Tate groups over k of height h and dimension d

}

↔ τW

↔
{

unordered tuples of bands x1, . . . , xt in the letters 0 and 1
where 0 appears h− d times and 1 appears d times

}

(3.8) The p-rank and a-number.

Let k be algebraically closed. For every abelian variety X over k often two numer-
ical invariants are considered, the p-rank and the a-number. Both depend only
on the p-torsion X[p] which is a BT1 whose classification was obtained in (3.7).
We will explain how to read off these invariants from the two classifications.

Let G be a BT1 of height h and dimension d and let M be the corresponding
Dieudonné zip (Corollary 2.2).

The p-rank.
As G(k) is a finite abelian group killed by p, we have G(k) ∼= (Z/pZ)f . This integer
f ≥ 0 is called the p-rank of G. By (2.5) the p-rank is simply the multiplicity of
T (0) in M . For the classifications this means the following.

If x1, . . . , xr are the bands corresponding to the indecompsable summands of
the F -zip M via the classification (3.1), the p-rank of f equals the number of
bands xi which consist of the single letter 0.

If w ∈ τW is the permutation corresponding to the isomorphism class of M
via Theorem 3.9, the p-rank of X is the number of d + 1 ≤ i ≤ h such that
w◦(i) = i.

The a-number.
Let αp the finite commutative group scheme over k such that

αp(R) = { a ∈ R | ap = 0 } ⊂ (R, +)

for all k-algebras R. This is a group scheme killed by p which is not a BT1

(Frobenius and Verschiebung are both zero on αp).
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Consider the abelian group Hom(αp, G) of homomorphisms of group schemes
over k. The obvious k-vector space structure on αp(R) makes Hom(αp, G) into a
k-vector space. Its dimension is called the a-number of G and denoted by a(G).

Let (M,F, V ) be the Dieudonné space associated to G via the equivalence of
categories in Theorem 2.1 and M the corresponding Dieudonné zip. Then

a(M) := a(G) = dimk(Ker(F ) ∩ σ∗(Ker(V ))) = dimk(C1 ∩ σ∗(D0)).

In terms of bands or permutations this number can be described as follows.
If G = G1×G2, we have a(G) = a(G1)+a(G2) and hence it suffices to describe

the a-number of an indecomposable Dieudonné zip M whose isomorphism class is
therefore given by a single band x = x0x1 . . . xn−1 where xi ∈ {0,1} for i ∈ Z/nZ.
Then the description of the F -zip corresponding to x in (3.1.1) shows

a(M) = { i ∈ Z/nZ | xi = 0, xi+1 = 1 }.

We now assume that d ≤ h− d (otherwise we replace G by its Cartier dual,
i.e., M by M∨(1), see Example 4.2 below). If w ∈ τW be the corresponding
permutation (3.7), it follows immediately from the explicit description in (3.4.3)
that

a(M) = #{ 1 ≤ i ≤ d | w◦(i) > d }.

Via both descriptions (and also via the definition) we see that the a-number of
an abelian variety X is zero if and only if the p-rank of X is equal to dim(X), i.e.,
if and only if X is ordinary.

4. F -zips with additional structures

Often the De Rham cohomology of an algebraic variety comes equipped with ad-
ditional structures, e.g. pairings induced by Poincaré duality or by a polarization.
Here we just consider two examples.

Notation: Let k be a perfect field of characteristic p.

(4.1) Symplectic and orthogonal F -Zips.

Let d ∈ Z and let S be an Fp-scheme.

Definition 4.1. A d-symplectic F -zip over S is an F -zip M over S together with
a perfect pairing ψ :

∧2(M)→ T (d), where T (d) is the Tate-zip of weight d (T (d)
was in Example 1.9 only defined over a field, but the definition of T (d) over an
arbitrary Fp-scheme should be clear).

Similarly, a d-orthogonal F -zip over S is an F -zip M over S together with
a perfect pairing ψ : Sym2(M)→ T (d). When we speak of orthogonal F -zips, we
will always assume that p �= 2.
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For a more explicit definition of symplectic and orthogonal F -zips see
also [MW] 6.1.

For a vector space M we denote by M∨ its dual. Note first that the existence
of a perfect pairing ψ : M ⊗M → T (d) implies in particular the existence of an
isomorphism M

∼→M∨ which induces a k-linear isomorphism

Ci ∼→ (Cd+1−i)⊥ ⊂ σ∗(M)∨ = σ∗(M∨).

This implies

τ(i) = τ(d− i) (4.1.1)

for the type τ of M .
We now fix a function τ : Z→ N0 with finite support i1 > · · · > ir and which

satisfies (4.1.1). Again we set nj := τ(ij) and n := n1 + · · · + nr. Then (4.1.1)
implies

ij + ir+1−j = d, (4.1.2)

nj = nr+1−j (4.1.3)

for all j = 1, . . . , r.

Example 4.2. Let G be a BT1 over a perfect field k and let M be the corresponding
Dieudonné zip (2.3). Then the Cartier dual Hom(G, Gm) of G is again a BT1 and
the corresponding Dieudonné zip is M∨(1).

Let k be algebraically closed and let M be an indecomposable F -zip over
k with associated band x = x1x2 . . . xn (via (3.1)). Then M∨ is given by the
band x∨ := (−x1)(−x2) . . . (−xn) and M(d) (for d ∈ Z) corresponds to the band
x(d) := (x1 + d)(x2 + d) . . . (xn + d).

Fix d ∈ Z. We will now classify d-symplectic and d-orthogonal F -zips over k,
where k is algebraically closed. For d-orthogonal F -zips we first have to define a
further invariant, namely its discriminant.

(4.2) Classification of symplectic F -zips.

We fix an n-dimensional Fp-vector space M0 �= 0 together with symplectic (i.e. al-
ternating and non-degenerate) pairing ψ0 :

∧2(M0)→ Fp. This implies that n is
even, say n = 2g. Set G = Sp(M0, ψ0), considered as an algebraic group over Fp.

As in (3.2) we define an Fp-scheme Xd-symp
τ whose S-valued points are

those d-symplectic F -zips ((M,C•, D•, ϕ•), ψ) of type τ over S such that
(M,ψ) = (M0, ψ0)⊗Fp OS . The same definition as (3.2.3) defines a G×G-action
on Xd-symp

τ such that, if we embed G ↪→ G × G diagonally, the G(k)-orbits of
Xd-symp

τ (k) correspond to isomorphism classes of d-symplectic F -zips of type τ
over k.
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The center of G is μ2, the group of second roots of unity, acting by multi-
plication of (M0, ψ0). Set H := PSp(M0, ψ0) = G/μ2. The H × H-orbits of the
wonderful compactification H of H are given by conjugacy classes CH of parabolic
subgroups of H (7.8). As for PGLn, CH is in bijection to flag types (n1, . . . , nr)
such that n1 + · · ·+ nr = 2g and such that (4.1.3) holds. In particular, our fixed
type τ gives such a conjugacy class (n1, . . . , nr) of parabolic subgroups. Let (W, I)
be the Weyl group of H together with its set of simple reflections and let J be the
subset of I which corresponds to our fixed conjugacy class (n1, . . . , nr) via (7.5.1).
Let HJ be the H ×H-orbit corresponding to J .

The same arguments as in (3.3) show that there exists a morphism

Xd-symp
τ → HJ ,

which induces a bijection from the set of G(k)-orbits of Xd-symp
τ (k) to the set of

HF (k)-orbits of HJ(k).
Now we can use the general Theorem 3.5 and obtain:

Theorem 4.3. There exists a natural bijection{
isomorphism classes of d-symplectic

F -zips over k of type τ

}
↔ JW

We will make JW more explicit in the symplectic case. The Weyl group W
and its set of simple reflections I can again be described by the relative position
of flags as in the case of PGLn. In addition there is a symmetry condition imposed
by the symplectic from. More precisely we can identify

W = {w ∈ S2g | w(i) + w(2g + 1− i) = 2g + 1 for all i },
I = { si := τiτ2g−i | i = 1, . . . , g − 1 } ∪ {sg := τg}.

(4.2.1)

We set mj := n1 + · · ·+ nj . The flag type (n1, . . . , nr) corresponds via (7.5.1) to
the subset

J = { si | i /∈ {m1,m2, . . . , mr} }

of I. Then JW consists of those elements in W such that

w−1(mi−1 + 1) < · · · < w−1(mi), for i = 1, . . . , r.

(4.3) The discriminant of an orthogonal F -zip.

Fix d ∈ Z and let (M,ψ) be a d-orthogonal F -zip over an Fp-scheme S. We will
define the discriminant of (M,ψ), denoted by disc(M,ψ), in two steps.

Assume first that M is locally free of rank one. Let n be the weight of M .
For every étale morphism ι : U → S consider the set

B(U) := { e ∈ Γ(U, ι∗(M)) | e generates M , ϕn(σ∗(e)) = e }.
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The constant étale sheaf F×
p acts by multiplication on B and this makes B into an

F×
p -torsor. For any e ∈ B(U) we have ψ(e ⊗ e) ∈ F×

p and its image in F×
p /(F×

p )2

is independent of e. This defines a global section disc(M,ψ) of the constant étale
sheaf F×

p /(F×
p )2.

Now let (M,ψ) be arbitrary. Then the maximal exterior power det(M) of M
inherits a non-degenerate symmetric bilinear form det(ψ) by

det(ψ)(m1 ∧ · · · ∧mh,m′
1 ∧ · · · ∧m′

h) =
∑

π∈Sh

sgn(π)
h∏

i=1

ψ(mi,m
′
π(i)).

But now the underlying OS-module of det(M) is locally free of rank one and we
set disc(M,ψ) = disc(det(M),det(ψ)).

If (M1, ψ1) and (M2, ψ2) are two d-orthogonal F -zips over S, we can
build their orthogonal sum (M,ψ) in the obvious way. Then clearly we have
det(M,ψ) = det(M1, ψ1)⊗ det(M2, ψ2) and we see that

disc(M,ψ) = disc(M1, ψ1) · disc(M2, ψ2). (4.3.1)

(4.4) Classification of orthogonal F -zips.

To deal with the orhogonal case, recall that we assume that p �= 2. Again let k
be algebraically closed.

For an arbitrary field K, by a symmetric space over K we mean a finite-
dimensional K-vector space M together with a non-degenerate symmetric pairing
ψ : Sym2(M)→ K. The dimension of (M,ψ) is by definition the dimension of the
underlying vector space M and disc(ψ) ∈ K×/(K×)2 denotes the discriminant of
(M,ψ).

We now fix an integer n ≥ 0 and δ ∈ F×
p /(F×

p )2. Any two symmet-
ric spaces over Fp of dimension n and discriminant δ are isomorphic (see
e.g. [Se2] chap. IV, 1.7). Let (M0, ψ0) such a symmetric space. Set G =
SO(M0, ψ0) considered as an algebraic group over Fp. Of course, G depends up
to isomorphism only on n and δ.

To simplify the exposition we will from now on assume that n = 2m + 1
is odd. In this case the isomorphism class of G depends only on n and not on
δ (any algebraic group over Fp which is isomorphic to G after base change to
an algebraically closed field (i.e., any Fp-form of G), is already isomorphic to G:
as Fp has cohomological dimension 1, G has no nontrivial inner forms, and as
the Dynkin diagram of G (which is of type (Bm)) has no automorphisms, G has
no outer automorphisms and therefore every form of G is inner). Moreover G is
adjoint in this case (Example 7.5). Both statements are not true if n is even.

Again we define an Fp-scheme Xd-orth
τ,δ whose S-valued points are those

d−orthogonal F -zips ((M,C•, D•, ϕ•), ψ) of type τ over S whose discriminant
in the sense of (4.3) is δ and such that (M,ψ) = (M0, ψ0) ⊗Fp

OS . The same
definition as (3.2.3) defines a G × G-action on Xd-orth

τ,δ such that, if we embed
G ↪→ G×G diagonally, the G(k)-orbits of Xd-orth

τ,δ (k) correspond to isomorphism
classes of d-orthogonal F -zips of type τ and discriminant δ over k.
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As in the symplectic case, the G×G-orbits of the wonderful compactification
G of G correspond to flag types (n1, . . . , nr) such that n1 + · · ·+nr = 2m+1 and
such that (4.1.3) holds. (Note that the analogue statement would not hold if n
were even!) In particular, our fixed type τ gives such a conjugacy class (n1, . . . , nr)
of parabolic subgroups. Let (W, I) be the Weyl group of G together with its set
of simple reflections and let J be the subset of I which corresponds to our fixed
conjugacy class (n1, . . . , nr) via (7.5.1). Let GJ be the G×G-orbit corresponding
to J .

As in the linear and the symplectic case we obtain by the general classification
of GF -orbits on GJ (Theorem 3.5):

Theorem 4.4. There exists a natural bijection

{
isomorphism classes of d-orthogonal

F -zips over k of type τ

}
↔ JW

The Weyl group W , its set of simple reflections I, and JW have the same
description as in the symplectic case (4.2) (replacing g by m).

5. Examples II

As examples we will study abelian varieties endowed with a polarization of degree
prime to p and polarized K3-surfaces.

In this section we assume that k is a perfect field of characteristic p.

(5.1) Prime-to-p-polarized abelian varieties.

We now apply the general results of (4.2) to describe the isomorphism classes of
the first De-Rham cohomology of abelian varieties endowed with a polarization
of degree prime to p.

Let X be an abelian variety of dimension g ≥ 1 over a perfect field k. We
denote by X∨ the dual abelian variety and by ξ : X → X∨ a polarization of degree
d [Mu2]. We assume that d is prime to p.

Via the canonical perfect pairing H1
DR(X/k) ⊗ H1

DR(X∨/k) → k (see
e.g. [BBM] 5.1), we can identify H1

DR(X∨/k) with H1
DR(X/k)∨ and ξ induces a

k-linear map β−1 : H1
DR(X/k)∨ → H1

DR(X/k) which is an isomorphism because
d is prime to p. We denote by ψ : H1

DR(X/k)⊗H1
DR(X/k)→ k the pairing asso-

ciated to β := (β−1)−1. As ξ is a polarization, we have ξ∨ = ξ and this implies
β∨ = −β [BBM] 5.2.13. Therefore ψ is skew-symmetric and hence alternating if
p > 2. For p = 2, ψ is also alternating, but one has to work harder to see this
(e.g. [dJ] 2).

By (2.1), the type τ of the F -zip H1
DR(X/k) is given by τ(i) = g for

i = 0, 1 and τ(i) = 0 otherwise. The filtration C• and D• are given by
C1 = σ∗H0(X, Ω1

X/k) and D0 = H1(X, H 0(Ω•
X/k)).
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Proposition 5.1. H1
DR(X/k) together with its F -zip structure and the alternating

pairing ψ is a 1-symplectic F -zip of type τ .

Proof. It remains to show that the k-linear isomorphism β is an isomorphisms
of F -zips H1

DR(X/k) ∼→ H1
DR(X/k)∨(1). This is well-known in the language of

Dieudonné spaces (2.3). Therefore define

F : σ∗(H1
DR(X/k)) � σ∗(H1

DR(X/k))/C1 ϕ0−→ D0 ↪→ H1
DR(X/k),

V : H1
DR(X/k) � H1

DR(X/k)/D0
ϕ−1

1−→ C1 ↪→ σ∗(H1
DR(X/k)).

Going through the definition of the dual and the Tate twist of an F -zip, the
assertion of the lemma is now equivalent to the equality

ψ(F (m1),m2) = σ∗(ψ)(m1, V (m2)) (5.1.1)

for all m1 ∈ σ∗(H1
DR(X/k)) and m2 ∈ H1

DR(X/k). Note that (5.1.1) implies (but
is not equivalent to) that H0(X, Ω1

X/k) and H1(X, H 0(Ω•
X/k)) are Lagrangian

subspaces of H1
DR(X/k).

Altogether we have associated to every abelian variety endowed with a po-
larization of degree prime to p a 1-symplectic F -zip (H1

DR(X/k), ψ) of type τ .
This construction is (contravariantly) functorial in (X, ξ). Conversely for fixed d
prime to p, every 1-symplectic F -zip of type τ is isomorphic to (H1

DR(X/k), ψ)
for some abelian variety endowed with a polarization of degree d. For p > 2 this
is a special case (F = Q) of [Wd1] (7.2).

The flag type associated to τ is given by (g, g) and the subset J of simple
reflections in the Weyl group is {s1, . . . , sg−1} (with the notations of (4.2)).

Now assume that k is algebraically closed. By Theorem 4.3 isomorphism
classes of 1-symplectic F -zips over k of type τ are given by JW , where

JW = {w ∈W | w−1(1) < · · · < w−1(g) }. (5.1.2)

Note that every w ∈ JW automatically satisfies w−1(g + 1) < · · · < w−1(2g).

(5.2) Connection with Oort’s classification.

Oort has given a different classification of symplectic Dieudonné spaces (i.e.,
Dieudonné spaces together with a symplectic pairing satisfying (5.1.1)) in [Oo].
We now explain the connection between the two classifications.

We can describe the set JW in (5.1.2) also as follows. For w ∈ JW we define
a map

ϕw : {0, . . . , g} → {1, . . . , g},
ϕw(i) = #{ a ∈ {1, . . . , g} | w(a) > i }.

(5.2.1)

We obtain a map ϕw : {1, . . . , g} → N0 such that ϕw(j) ≤ ϕw(j +1) ≤ ϕw(j)+1,
i.e., an elementary sequence in the language of [Oo]. Then the isomorphism class
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of the 1-symplectic F -zip of type τ corresponding to w ∈ JW is given by the
isomorphism class of the symplectic Dieudonné space corresponding to ϕw by the
construction in [Oo] (9.1).

(5.3) Polarized K3-surfaces.

We now recall first the notion of a polarization on a K3-surface and some facts
about K3-surfaces in general. Then we show that any K3-surface with polarization
of degree prime to p gives rise to a 2-orthogonal F -zip of type τ , where

τ(i) =

⎧⎪⎨
⎪⎩

1, i = 0, 2;
19, i = 1;
0, otherwise.

(5.3.1)

These are classified by the general classification of orthogonal F -zips in (4.4)
which we make more explicit in this case.

Some facts about K3-surfaces.
Let X be a K3-surface over the perfect field k (2.6). A polarization of X is an
ample line bundle L . Its self-intersection (L , L ) is called its degree. Hirzebruch-
Riemann-Roch tells us

χ(L ) = χ(OX) +
1
2
(
(L , L )− (L ,KX)

)
.

By (2.6.1) we have χ(OX) = 2 and by the definition of a K3-surface, KX is trivial.
We obtain χ(L ) = 2+(L ,L )/2 and in particular the degree is an even number.

The Picard functor PicX/k is representable by a group scheme locally of
finite type and its Lie algebra is isomorphic to H1(X, OX) by [BLR] chap-
ter 8. As H1(X, OX) = 0 by (2.6.1), PicX/k is étale and its identity com-
ponent Pic0

X/k is trivial. Therefore Pic(X) is equal to the Néron-Severi group
NS(X) := Pic(X)/ Pic0(X) and this is a finitely generated free abelian group.

Next we recall some facts about cup-product and chern classes for K3-surfaces.
As a reference we use [De2], where crystalline versions of these constructions are
explained. But the crystalline cohomology Hi

cris(X/W (k)) is a free W (k)-module,
where W (k) denotes the ring of Witt vectors of k by loc. cit. Prop. 1.1. Therefore
we have

Hi
cris(X/W (k))⊗W (k) k = Hi

DR(X/k)

for all i ≥ 0 (see e.g. [Ill1] 1.3(b)) and all our constructions are just “(mod p)-
versions” of the crystalline theory explained in [De2].

Composing the cup-product with the trace map we get a non-degenerate
symmetric pairing

ψ : H2
DR(X/k)⊗H2

DR(X/k) ∪−→ H4
DR(X/k) tr−→ k. (5.3.2)
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For all L ∈ Pic(X) we have

(L , L ) = ψ(c1(L ), c1(L )), (5.3.3)

where c1 : Pic(X) = NS(X) → H2
DR(X/k) is the Chern class map (1.10). Here

we consider the integer on the left hand side as an element of k.

Orthogonal F -zips associated to polarized K3-surfaces.
Let X be a K3-surface over k. We have seen in (2.6) that H2

DR(X/k) carries the
structure of an F -zip of type (1, 20, 1) ∈ N

{0,1,2}
0 ⊂ NZ

0 . The following lemma
follows from work of Ogus (namely that in the language of [Og2] §1 the second
crystalline cohomology is a K3-crystal).

Lemma 5.2. The pairing ψ (5.3.2) defines on H2
DR(X/k) the structure of a

2-orthogonal F -zip of type τ̃ .

From now on we fix an integer d ≥ 1. Let L be a polarization on X of
degree 2d. We assume that p does not divide 2d. Then (5.3.3) implies that the
subspace 〈c1(L )〉 of H2

DR(X/k) generated by c1(L ) is nonzero and that the
restriction of ψ to 〈c1(L )〉 is non-degenerate. We denote by Hprim(X, L ) the
orthogonal complement of 〈c1(L )〉. It follows from [Og1] that 〈c1(L )〉 carries an
induced F -zip structure and that there exists an isomorphism 〈c1(L )〉 ∼→ T (1)
such that the restriction of ψ to 〈c1(L )〉 corresponds via this isomorphism to the
natural pairing T (1) ⊗ T (1) → T (2). Therefore also the orthogonal complement
Hprim(X, L ) carries the structure of a 2-orthogonal F -zip over k.

Altogether we associated to each polarized K3-surface (X, L ) of degree 2d
a 2-orthogonal F -zip (Hprim(X, L ), ψ) whose type is the function τ defined
in (5.3.1). We will call such an F -zip a K3-zip.

Lemma 5.3. Denote by δ the image of −2d in F×
p /(F×

p )2. Then the discriminant
of the K3-zip (Hprim(X, L ), ψ) (in the sense of (4.3)) is δ.

Proof. By [Og2] §1 (1.4) we have disc(H2
DR(X/k)) = −1 and by the definition of

2d, we have disc(〈c1(L )〉) = 2d. Therefore the lemma follows from (4.3.1).

Now let k be algebraically closed. By the general classification Theorem 4.4,
isomorphism classes of K3-zips over k with discriminant δ are in bijection with
JW , where

W = {w ∈ S20 | w(i) + w(21− i) = 21 for all i },
JW = {w ∈W | w−1(2) < · · · < w−1(19) }.

(5.3.4)

Therefore we have a bijection

JW ↔ {1, . . . , 20}, w 
→ w−1(1). (5.3.5)

Note that the element in JW corresponding to r ∈ {1, . . . , 20} has length r − 1.

T. Wedhorn / De Rham Cohomology of Varieties over Fields of Positive Characteristic 303



Description of K3-zips.
We will now give an explicit description of the K3-zip over the algebraically closed
field k corresponding to wr. Therefore fix an r ∈ {1, . . . , 20}. Let M0 be a 21-
dimensional Fp-vector space and choose a basis e1, . . . , e21 of M0. Let ψ0 be the
symmetric bilinear form on M associated to the quadratic from∑

xiei 
→ x1x21 + · · ·+ x10x12 + x2
11.

Note that we can identify W with

W ′ := {w ∈ S21 | w(i) + w(22− i) = 22 for all i }

by sending w ∈ W to w′ ∈ W ′ defined by w′(i) := w(i) for i ≤ 10, w′(11) := 11,
and w′(i) = w(i− 1) for i ≥ 12. Under this bijection JW is send to

JW ′ := {w ∈W ′ | w−1(2) < · · · < w−1(20) }.

As in (5.3.5) we have a bijection

{1, . . . , 10, 12, . . . , 21} ↔ JW ′, r 
→ wr. (5.3.6)

We denote the K3-zip corresponding to wr by rM . Note that we have �(wr) = r−1.
The underlying symmetric space of rM is (M0, ψ0)k and the underlying F -zip

is (wrM)k, where wrM is the F -zip of type τ constructed in Example 3.4.3. We
distinguish three cases.

r = 21: In this case wr is the element of maximal length,

1M ∼= T (0)⊕ T (1)⊕19 ⊕ T (2),

and ψ induces a perfect duality between T (0) and T (2). This is the case where
M is ordinary (Corollary 3.7).

12 ≤ r ≤ 20: In this case

rM ∼= M1 ⊕ T (1)⊕2r−23 ⊕M2,

where M1
∼= wnM is the indecomposable F -zip defined in Example 3.6 for

n = 22− r, and M2 is in perfect duality via ψ to M1 and hence M2
∼= M∨

1 (2). In
other words, via the classification (3.1), M1 is given by the word 1(21−r)0, and
M2 is given by the word 1(21−r)2, where i(d) means that i is repeated d-times.

1 ≤ r ≤ 10: Then

rM ∼= N ⊕ T (1)⊕21−2r,

where N is an indecomposable F -zip such that ψ induces on N the structure of
a 2-othogonal F -zip. The band corresponding to N via the classification in (3.1)
is given by 21(r−1)01(r−1).
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6. Families of F -zips

(6.1) F -zip stratification.

Let τ be a filtration type (3.2.1) and let M be an F -zip over an Fp-scheme S. For
w ∈ τW we define a locally closed subschemes Sw of S which is the “locus in S
where M is of isomorphism class w”. We will do this in two equivalent ways.

Definition of Sw via the stack of F -zips.
The first way is via the moduli stack of F -zips of type τ . For this we define the
algebraic stack (in the sense of [LM])

Xτ := [G\Xτ ],

where Xτ is the scheme of F -zips M of type τ such that M = M0⊗Fp
OS for fixed

Fp-vector space M0 (defined in (3.2)) and where G = GL(M0). The action of G on
Xτ is given via (3.2.3), where G ↪→ G×G is diagonally embedded. Then for any
Fp-scheme S the category of 1-morphisms S → Xτ is equivalent to the category
of F -zips over S of type τ where as morphisms we take only isomorphisms of
F -zips. By Proposition 3.2 this is a smooth algebraic stack of dimension 0.

Let k be an algebraically closed extension of Fp. The Gk-orbits on (Xτ )k are
parametrized by τW (3.3) and are already defined over Fp, because the standard
F -zips of (3.4.3) are defined over Fp. For w ∈ τW let wXτ ⊂ Xτ this orbit. Then
wXτ := [G\wXτ ] is an algebraic substack of Xτ which is smooth of dimension
�(w)− dim(ParJ) by (3.3.3).

Now an F -zip M over S of type τ defines a 1-morphism γM : S → Xτ and
we define Sw ⊂ S as the inverse image of wXτ under γM .

Definition of Sw via isotrivial F -zips.
We now translate the definition of Sw given above in a language which avoids
algebraic stacks. For this we use the explicitly defined “standard” F -zips wM for
w ∈ τW over Fp. We say that an F -zip M over an Fp-scheme T is isotrivial of
isomorphism class w if for any t ∈ T there exists an open affine neighborhood
U of t and a faithfully flat morphism α : V → U of finite presentation such that
α∗(M |U ) ∼= wM ⊗Fp

OV . Note that in this definition we could have replaced wM
by any other F -zip over Fp which becomes isomorphic to wM over some field
extension (or, equivalently, over some finite field extensions) of Fp.

Now let M be an arbitary F -zip of type τ over S. Then Sw is the (neces-
sarily unique) subscheme of S which satisfies the following universal property.
A morphism α : T → S factors through Sw if and only if α∗(M) is isotrivial of
isomorphism class w.

Set-theoretically S is the disjoint union of the subschemes Sw. But even set-
theoretically it is not true in general that the closure of a subscheme Sw is the
union of other subschemes of the form Sw′ .

Clearly there is a variant for this for d-symplectic or d-orthogonal F -zips over
a scheme S, where again we obtain subschemes Sw which are now indexed by
w ∈ JW , where JW is described in (4.2) and in (4.4), respectively.
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(6.2) Example: The Ekedahl-Oort stratification for the moduli space of principally
polarized abelian varieties.

Fix g ≥ 1. Let Ag be the moduli stack of principally polarized abelian schemes
of dimension g in characteristic p, i.e., for each Fp-scheme S the category of
1-morphisms S → Ag is the category of principally polarized g-dimensional
abelian schemes over S, where the morphisms are isomorphisms between abelian
schemes preserving the principal polarization. This is a Deligne-Mumford stack
by [FC] chapter 1. As we did not define the notion of an F -zip over an alge-
braic stack (which is not difficult), we consider the following variant of Ag. Fix
an integer N ≥ 3 prime to p and consider the moduli stack Ag,N of principally
polarized abelian schemes of dimension g in characteristic p together with a level-
N -structure (loc. cit.). This is in fact a smooth quasi-projective scheme over Fp

of dimension g(g + 1)/2.
Let (X, ξ, η) be the universal principally polarized abelian scheme with level-

N -structure over Ag,N . As explained in (1.11), H1
DR(X/Ag,N ) carries the struc-

ture of an F -zip. Again it is not difficult to see that the principal polarization in-
duces on H1

DR(X/Ag,N ) the structure of a 1-symplectic F -zip over Ag,N . By (6.1)
we obtain locally closed subschemes (Ag,N )w for w ∈ JW , where JW is described
in (5.1). The collection of these subschemes is called the Ekedahl-Oort stratifica-
tion of Ag,N . They have been defined as reduced subschemes in [Oo].

We recall briefly some properties of the Ekedahl-Oort stratification from [Oo],
[Wd1], [MW], and [Wd2].
(1) For all w ∈ JW the Ekedahl-Oort stratum (Ag,N )w is quasi-affine and smooth

of dimension �(w). In particular, they are all nonempty.
(2) The closure of (Ag,N )w is the union of those Ekedahl-Oort strata (Ag,N )w′

such that w′ + w where + can be described explicitly. The partial order is a
refinement of the Bruhat order on JW (it is strictly finer if and only if g ≥ 5).

(3) There is a unique closed Ekedahl-Oort stratum (namely (Ag,N )id) and a
unique open (and therefore dense) stratum (namely (Ag,N )w0,Jw0) which
equals the ordinary locus in Ag,N . For w �= id the closure of (Ag,N )w is
connected.

(6.3) Example: The moduli space of polarized K3-surfaces.

Fix an integer d ≥ 1 and assume that p does not divide 2d. We now consider the
moduli stack F2d of K3-surfaces together with a polarization of degree 2d. This is
a smooth Deligne-Mumford stack by work of Rizow [Ri] (see also [Ol]). Again the
universal polarized K3-surface defines a morphism from F2d into the algebraic
stack classifying 2-orthogonal F -zips of the type τ defined in (5.3.1).

As above we obtain locally closed substacks (F2d)s which are indexed by
s ∈ {1, . . . , 20} via the bijection (5.3.5). This is a refinement of the height strati-
fication (this is essentially shown in [Og3]; we omit the details).
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7. Appendix: On reductive groups and the wonderful compactification

Notation: In the appendix we denote by κ an arbitrary field and by k an alge-
braically closed extension of κ. If X is a scheme over κ, we set Xk := X⊗κk. More-
over, if G is any group, g ∈ G, and H is a subgroup of G, we set gH := gHg−1.

We first recall some notions and facts about reductive groups ((7.1) – (7.6)).
We refer to [Sp] or [SGA3] for the proofs.

(7.1) Examples of reductive groups.

Let G be a connected reductive group over κ. Here we will need only the following
examples of reductive groups.
(A) For n ≥ 1 let V be an n-dimensional κ-vector space. Then GL(V ), SL(V ),

and PGL(V ), considered as algebraic groups over κ, are reductive groups.
(B) Let V = κ2m+1 and q be the quadratic form q(x0, x1, . . . , x2m) = x2

0 +
x1x2m + . . . xmxm+1. Then SO(V, q) is a reductive group.

(C) For g ≥ 1, the algebraic group Sp2g is a reductive group over κ.
(D) Let V = κ2m and q be the quadratic form q(x1, . . . , x2m) = x1x2m +

. . . xmxm+1. Then SO(V, q) is a reductive group.

(7.2) Maximal tori.

Denote by Gm the multiplicative group over κ, i.e., Gm(R) = R× for every
κ-algebra R. Recall that a torus over κ is an algebraic group T over κ such that
Tk
∼= (Gm)n

k for some integer n ≥ 1. A torus is split if T ∼= Gn
m. If G is a an

algebraic group, an algebraic subgroup T of G is called a maximal torus of G if
it is a torus such that Tk is maximal in the set of subtori of Gk. Maximal tori
always exist.

Example 7.1. If G = GLn, the subgroup D of diagonal matrices in GLn is a
maximal torus which is also split. More generally, an algebraic subgroup T of G
is a maximal torus if and only if Tk is conjugate in Gk to Dk. If κ is not separably
closed, there exist also non-split maximal tori. In particular such tori are not
conjugate to D over κ.

For every maximal torus T in SLn (resp. in PGLn) there exists a unique
maximal torus T ′ in GLn such that T = T ′ ∩ SLn (resp. such that T is the image
of T ′ under the canonical homomorphism GLn → PGLn).

(7.3) Parabolic subgroups and Borel subgroups.

An algebraic subgroup P of the reductive group G over κ is called a parabolic
subgroup if the quotient G/P is a proper κ-scheme. Such subgroups are automati-
cally connected and their own normalizers. A parabolic subgroup B of G is called
Borel subgroup if Bk is a minimal parabolic subgroup of Gk.
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Example 7.2. For G = GL(V ), G = PGL(V ), or G = SL(V ) (notations of Exam-
ple 7.1(A)), a subgroup P of G is a parabolic subgroup if and only if P = PF is
the stabilizer of a flag F of subspaces

F : 0 = V0 ⊂ Vn1 ⊂ Vn1+n2 ⊂ · · · ⊂ Vn1+···+nr
= Vn = V

of V where dim(Vi) = i and (n1, . . . , nr) is a tuple of integers ni ≥ 1 such that
n1 + · · ·+ nr = n. We call this tuple the flag type of F .

Note that F 
→ PF defines a bijection between flags in V and parabolic
subgroup of G. Two parabolic subgroups of G are conjugate if and only if the
correspondoing flags have the same flag type. A parabolic subgroup PF is a Borel
subgroup if and only if F is a complete flag, i.e., if its flag type is equal to
(1, . . . , 1).

If G is one of the reductive groups defined in Example 7.1(B) – (D), we can
consider the natural embedding G ↪→ GLn for n = 2m + 1, n = 2g, n = 2m
respectively. Then every parabolic subgroup P and any Borel subgroup B of G
is of the form P = P ′ ∩G and B = B′ ∩G where P ′ is a parabolic subgroup and
B′ is a Borel subgroup of GLn.

(7.4) Scheme of parabolic subgroups.

To simplify the exposition we will assume from now on that G is split, i.e., that G
has a split maximal torus (7.2). This implies that G admits a Borel subgroup. G
is split if κ is algebraically closed by definition. Moreover, all the examples given
in (A) – (D) are split over arbitrary fields κ.

We denote by CG the set of conjugacy classes of parabolic subgroups of G. We
fix a Borel subgroup B of G and a conjugacy class J ∈ CG. Then there exists a
unique parabolic subgroup PC ∈ J of G which contains B. In particular, any two
Borel subgroups of G are conjugate. We define a partial order on CG by setting

J1 ≤ J2 if and only if PJ1 ⊂ PJ2 . (7.4.1)

As a parabolic subgroup is its own normalizer, the map G ) g 
→ gPJ defines a
bijection G/PJ

∼→ C. This allows to define the scheme ParJ of parabolic subgroups
in J . It is a smooth and proper scheme over κ. In particular we get the scheme
of Borel subgroups of G which is denoted by Bor.

Example 7.3. Let G be GL(V ), SL(V ), or PGL(V ). Two parabolic subgroups
PF1 and PF2 of G are conjugated if and only if the types of F1 and F2 are equal.
By associating to a flag type (n1, . . . , nr) the set

J(n1,...,nr) := {1, . . . , n− 1} \ {n1, n1 + n2, . . . , n1 + · · ·+ nr−1}, (7.4.2)

we identify CG with the set of subsets of I := {1, . . . , n−1} (as a partially ordered
set). The conjugacy class of a Borel subgroup corresponds to the empty set, and
the conjugacy class of G (consisting only of G itself) corresponds to I.
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(7.5) Weyl groups.

The scheme of pairs of Borel subgroups Bor×Bor carries a G-action by

g · (B1, B2) := (gB1,
gB2).

We denote by W the set of G(k)-orbits on Bor(k)×Bor(k). For w ∈W we denote
the corresponding orbit by O(w). Moreover we set

�(w) := dim(O(w))− dim(Bor), for w ∈W ;

I := {w ∈W | �(w) = 1 }.

We define a group structure on W as follows. Let w1, w2 ∈W . We can choose
Borel subgroups B1, B2, and B3 of Gk containig a common maximal torus of Gk

such that (B1, B2) ∈ O(w1) and (B2, B3) ∈ O(w2). Then we define w := w1w2 as
the orbit O(w) such that (B1, B3) ∈ O(w). This defines a group structure on W .
The identity of W is given by the orbit of Borel subgroups (B1, B2) such that
B1 = B2 and the inverse on W is induced by (B1, B2) 
→ (B2, B1). Then (W, I)
is a Coxeter system ([BouLie] chap. IV, §1) with length function �. In particular,
I generates W and �(w) is the minimal number of elements s1, . . . , sd ∈ I such
that w = s1s2 . . . sd.

For i ∈ I we say that a parabolic subgroup P of G has type {i} if for any
two Borel subgroups B1, B2 ⊂ Pk with B1 �= B2 we have (B1, B2) ∈ O(i). If P is
any parabolic subgroup of G, we define the type of P as the subset J of I which
consists of those i ∈ I such that P contains a parabolic subgroup of type {i}. Two
parabolic subgroups of G have the same type if and only if they are conjugate.
Therefore we obtain a bijection

α : CG ↔ 2I . (7.5.1)

This bijection is an isomorphism of partially ordered sets for the order on CG
defined in (7.4.1) and the inclusion order on the set of subsets of I. If J is a subset
of I we also write ParJ instead of Parα−1(J) for the scheme of parabolic subgroups
of type J .

Example 7.4. Let G be GL(V ), PGL(V ), or SL(V ). By Example 7.2 each Borel
subgroup of Gk is the stabilizer of a unique flag

F : 0 = V0 ⊂ V1 ⊂ · · · ⊂ Vn−1 ⊂ Vn = V ⊗κ k

with dim(Vi) = i. Consider two such flags F and F ′ corresponding to Borel
subgroups B and B′. Set gri

F = V i/V i−1. This is a one-dimensional k-vector
space and therefore there exists a unique π(i) = πB,B′(i) ∈ {1, . . . , n} such that
the graded piece grπ(i)

F ′ gri
F of the flag induced by F ′ on gri

F is nonzero. The map
Bor(k)× Bor(k) ) (B, B′) 
→ π−1

B,B′ induces an isomorphism of groups

ι : W
∼→ Sn.
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We use ι to identify W with Sn. Via this identification we have for w ∈ Sn

�(w) = #{ (i, j) | i, j ∈ {1, . . . , n}, i < j, w(i) > w(j) };
I = {τ1, τ2, . . . , τn−1},

(7.5.2)

where τi ∈ Sn denotes transposition of i and i + 1.
In (7.4.2) we already identified conjugacy classes of parabolic subgroups of

G with subsets of {1, . . . , n− 1}. Sending i ∈ {1, . . . , n− 1} to τi ∈ I defines the
bijection α in (7.5.1).

(7.6) Adjoint groups.

Recall that a connected linear algebraic group H over Fp is called adjoint if
the scheme-theoretical center is trivial. Such an algebraic group is automatically
reductive.

Example 7.5. Examples for adjoint groups are PGLn for n ≥ 1 and SO(V, q) where
(V, q) is the odd-dimensional quadratic space defined in (7.1) (B). In the latter
case Ĥ = O(V, q) is a linear algebraic group whose connected component of the
identity is SO(V, q). If p �= 2, O(V, q) has two connected components.

On the other hand, SLn (for n > 1), GLn (for n ≥ 1), Sp2g (for g ≥ 1),
and SO(V, q), where (V, q) is the even-dimensional quadratic space defined in
(7.1) (D), are examples of algebraic groups which are not adjoint.

(7.7) The wonderful compactification.

We will now define the wonderful compactification of an adjoint group.

The algebraic group.
Let Ĥ be a linear algebraic group over κ and denote by H the connected com-
ponent of the identity. We assume that H is an adjoint group over κ. We further
fix a connected component H1 of Ĥ. To simplify the exposition we assume that
H is split.

We define an (H ×H)-action on H1 by setting

(h1, h2) · h := h1hh−1
2 . (7.7.1)

The wonderful compactification.
Let VH be the scheme over κ whose points are the dim(H)-dimensional Lie-
subalgebras of Lie(H × H). This is a closed subscheme of the Grassmannian of
dim(H)-dimensional subspaces of Lie(H ×H) and therefore it is projective. It is
endowed with an action by H ×H via

(h1, h2) · g := ad(h1, h2)(g). (7.7.2)

For every h ∈ H1 we define a subgroup Hh ⊂ H ×H as
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Hh := { (h1, h2) ∈ H ×H | h1 = hh2h
−1 }.

Then dim(Hh) = dim(H) and H(h1,h2)·h = int(h1, h2)(Hh) and therefore

i : H1 ↪→ VH , h 
→ Lie(Hh)

is a well defined (H×H)-equivariant morphism with respect to the actions (7.7.1)
and (7.7.2). As H is adjoint, ι is an immersion.

We define H1 as the closure of i(H1) in VH . This is a closed (H×H)-invariant
subscheme of VH and therefore it is an integral projective scheme over κ with an
(H ×H)-action.

Definition 7.6. The projective scheme H1 is called the wonderful compactification
of H1.

We collect some facts about the wonderful compactification.

Theorem 7.7. H1 is a smooth projective κ-scheme and H1 \H1 is a divisor with
normal crossings in H1.

Recall that we identified the set CH of conjugacy classes of parabolic sub-
groups of H with the set of subsets of I, where I is the set of simple reflections
of the Coxeter system (W, I) (7.5.1).

Theorem 7.8. There is a bijection

CH = 2I ↔
{

(H(k)×H(k))-orbits
of H1(k)

}
,

J 
→ H1
J ,

(7.7.3)

such that
(1) H1

I = H1 and H1
J is contained in the closure of H1

J′ if and only if J ⊂ J ′.
(2) The codimension of H1

J in H1 is #(I \ J).
(3) The intersection of the closure of H1

J and the closure of H1
J′ is H1

J∩J ′ .

Proof of Theorems 7.7 and 7.8. If H1 = H, theorems 7.7 and 7.8 are known
(see [dCP] and [St]). We will reduce to this case.

We will use the following diction. If X and Y are varieties with an action by
algebraic groups G and H, respectively, and if α : G→ H is a homomorphism of
algebraic groups, we say that a morphism ϕ : X → Y is α-equivariant if ϕ(g ·x) =
α(g) · ϕ(x) for all g ∈ G and x ∈ X.

Now choose h1 ∈ H1(κ). Then

H
∼

ϕ : h�→h1h

��

i

��

H1

i

��
VH

∼

ϕ̄ : g�→ad(h1,1)(g)

�� VH

(7.7.4)
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is a commutative diagram. Moreover, if we define

α : H ×H → H ×H, (h1, h2) 
→ (h1h1(h1)−1, h2),

the morphisms ϕ and ϕ̄ are both α-equivariant. Therefore ϕ̄ defines an α-
equivariant isomorphism H → H1. As α is an automorphism of H ×H, we can
replace H1 by H for the proof.

Example 7.9. For H = PGLn it follows that the H×H-orbits of H are in bijection
with subsets of J ⊂ {τ1, . . . , τn−1} (7.5.2) or also with flag types (n1, . . . , nr)
(7.4.2). We denote the corresponding orbit either by HJ or by H(n1,...,nr).

The diagonal action.
Wo consider now a Frobenius-linear version of the diagonal action of H on H1.
Therefore assume that κ = Fp. Let F : Ĥ → Ĥ be the Frobenius endomorphism. If
Ĥ is an algebraic subgroup of GLn (and every affine algebraic group is isomorphic
to an algebraic subgroup of GLn), F is given on k-valued points by (aij) 
→ (ap

ij)
for a matrix (aij) ∈ Ĥ(k) ⊂ GLn(k).

Consider the closed embedding

H ↪→ H ×H, h 
→ (h, F (h)) (7.7.5)

and denote by HF the image of H in H ×H. Then by restricting the (H ×H)-
action to HF we obtain an action of HF on H1.
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[Se1] J.P. Serre, Géométrie algébrique et géométrie analytique, Ann. Inst. Fourier 6 (1956),
1–42.

[Se2] J.P. Serre, A Course in Arithmetic, Graduate Texts in Mathematics 7, Springer-Verlag
1973.

[SGA1] A. Grothendieck et al., Revêtements étales et Groupe Fondamental (SGA 1), Docu-
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K K̄ X W
K X̄ W̄

X ×Spec(K) Spec(K̄)
W ×Spec(K) Spec(K̄) K̄ f : X → Y

K f̄ X̄ → Ȳ

V K
V → Spec(K) Spec(K)

V
Γ(V,OV ) K K
Γ(V,OV ) V #(V )

#(V ) V
V W K u : V →W

K V W A =
Γ(V,OV ) B = Γ(W,OW ) K

1 V = Spec(A),W = Spec(B) u K

u∗ : B → A.

V W A B
K u u∗

C := u∗(B) K
A U := Spec(C)

K U → V
u∗ : B � u∗(B) = C

C ⊂ A V → U

K

C = Γ(U,OU )→ Γ(V,OV ) = A

C ⊂ A

B � C
U ∼= Spec(B/ ker(u∗)) Spec(B/ ker(u∗))

Spec(B) = W Spec(B/ ker(u∗))
u(V ) u V u

u(V ) u
u

j : u(V ) ↪→ V
B � B/ ker(u∗) K
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α, β : W → S K
u(V ) αj = βj u(V ) S

αu = βu U S j

V K W
V → U

K

#(V ) = #(W ) ·#(U).

Γ(W,OW ) Γ(V,OV )
V W V = W

X
K End(X) K

X m mX m X
1X m

mX

Y K Hom(X, Y )
K X → Y

End(X) K̄

Hom(X, Y )
Xt X

Xt K X K
u ∈ Hom(X, Y ) ut Hom(Y, X)

X̄t = Xt.

n Xn nX

X K 2dim(X)
Xn(K̄) n X(K̄)

n char(K) Xn

Xn(K̄) Z/nZ 2dim(X)
K̄ Xn K

Xn(K̄)

W ⊂ X K
W ⊂ Xd d = #(W ) Y :=

X/W K π : X → X/W = Y
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W #(W )

u : X → Z K W ⊂ ker(u) π
v : Y → Z K

u = vπ.

m

πmX = mY π ∈ Hom(X, Y ).

m−1W := ker(πmX) = ker(mY π) ⊂ X.

K R R m−1W (R)
x ∈ X(R)

mx ∈W (R) ⊂ X(R).

W = Xn

Y = X, π = nX ,m−1Xn = Xnm.

W ⊂ Xn m−1W Xnm
W Xdm

X K

#(m−1W ) = deg(πmX) = deg(π) deg(mX) = #(W ) ·m2dim(X).

Xm ⊂ m−1W, mX(m−1W ) ⊂W

mX : m−1W →W Xm

mX(m−1W ) = W

G #(G)

#(m−1W )/#(Xm) = dim(W ),

G W G ⊂ W
G = W

W = Xn m−1Xn = Xnm m(Xnm) = Xn

r r(Xn) = Xn1 n1 = n/(n, r)
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r = (n, r) ·r1 r1 n1 r1

r1(Xn1) = Xn1 (n, r)(Xn) =
Xn1

r(Xn) = r1(n, r)(Xn) = r1((n, r)(Xn)) = r1(Xn1) = Xn1 .

X Y K u : X → Y
K n > 1 un : Xn → Yn

K u

u deg(u) n
un : Xn → Yn

un : Xn → Yn u
deg(u) n

u m := deg(u) n
ker(u) ⊂ Xm K v : Y → X

vu = mX , uv = mY .

m Xn Ym

un : Xn → Yn vn : Yn → Xn

un Xn

Yn dim(X) = dim(Y ) u
deg(u) n

K K, X, Y, u K̄, X̄, Ȳ , ū
Z := u(Y ) ⊂ X Z Y

dim(Z) ≤ dim(Y ) u : X → Y
X → u(X) = Z

j : Z ↪→ X un(Xn)
jn(Zn) ⊂ Yn

#(un(Xn)) ≤ #(jn(Zn)) ≤ #(Zn) = n2dim(Z).

un un(Xn) = Yn

#(un(Xn)) = #(Yn) = n2dim(Y ).

n2dim(Y ) ≤ n2dim(Z)

dim(Y ) ≤ dim(Z) n > 1 Z
Y dim(Z) = dim(Y ) Y = Z

u dim(X) = dim(Y ) u
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m = dr d n m r
n r

Xn ker(u) W
K m

W ⊂ Xm.

K R

m ·W (R) = {0}.

un W (R) n→ W (R)
{0} d | n W (R) d→ W (R) {0}

r ·W (R) = {0} R W ⊂ Xr deg(u) = #(W )
#(Xr) = r2dim(X) n

X Y K
� X → Y

� n X → Y
n Xn

∼= Yn

Hom(X, Y ) Zρ

ρ X Y K
ρ > 0

n P (n)
� ∈ P (n) v(�) : X → Y

� v(�) X�
∼= Y�

u ∈ Hom(X, Y ) ∼= Zρ

u− v(�) ∈ � ·Hom(X, Y ) ∀ � ∈ P.

� ∈ P u v(�)

X�
∼= Y�

u �
deg(u) n u

Xn
∼= Yn

λ : X → Xt

L X̄ λ̄

ΛL : X̄t → X̄t, z 
→ cl(T ∗
z L⊗ L−1)

Tz : X̄ → X̄

x 
→ x + z
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cl

λ deg(λ) = 1 λ
(X, λ) K

n := deg(λ) = #(ker(λ)) ker(λ) n
ker(λ) ⊂ Xn m λn

Xm → (Xm)t = (Xt)m, (x1, . . . , xm) 
→ (λ(x1), . . . , λ(xm))

⊗m
i=1pr∗iL pri : Xm → X

i

dim(Xm) = m · dim(X), deg(λm) = deg(λ)m

ker(λm) = ker(λ)m ⊂ (Xm)n ker(λ) ⊂ Xn

K̄

eλ : ker(λ̄)× ker(λ̄)→ Gm

Gm K̄

eλm : ker(λ̄m)× ker(λ̄m)→ Gm

λm

eλm(x, y) =
m∏

i=1

eλ(xi, yi)

x = (x1, . . . , xm), y = (y1, . . . , ym) ∈ ker(λ̄)m = ker(λ̄m).

Matm(Z) ⊂ Matm(End(X̄)) = End(Xm).

u ∈ Matm(Z)
ker(λ̄m)

eλm(ux, y) = eλm(x, u∗y)

u∗ u u∗

Matm(Z) ⊂ Matm(End(Xt)) = End((Xt)m)

ut ∈ End((Xm)t)
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W ⊂ ker(λ)
K Y := X/W K

π : X → X/W = Y W #(W )
W̄ eλ eλ

W̄ × W̄ M Ȳ
L ∼= π̄∗M̄ K̄
ΛM̄ : Ȳ → Ȳ t

λ̄ = πtΛM̄π̄.

π̄t π̄ K ΛM̄
K K μ : Y → Y t ΛM̄ = μ̄

λ = πtμπ.

deg(λ) = deg(π) deg(μ) deg(πt) = deg(π)2 deg(μ) = (#(W ))2 deg(μ).

μ deg(μ) = 1

deg(λ) = (#(W ))2.

�

h �

� G K h {Gν , iν}∞ν=1

• Gν K �hν

• iν Gν ↪→ Gν+1

iν(Gν) �ν Gν+1

X K d
{X�ν}∞ν=1 � K

2d iν X�ν ↪→ X�ν+1 �
X(�)

� H =
{Hν , jν}∞ν=1 � K u : G → H

{u(ν)}∞ν=1 K

u(ν) : Gν → Hν
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u(ν+1)iν : Gν ↪→ Gν+1 → Hν+1

jνu(ν) : Gν → Hν ↪→ Hν+1,

Gν

u(ν)
��

iν

��

Hν

jν

��
Gν+1

u(ν+1)
�� Hν+1

u �
u(ν)

Hom(G, H) G H
Z� Z/�v = Z�/�ν

Hom(Gν , Hν) u = {u(ν)}∞ν=1 ∈ Hom(G, H) a ∈ Z�

au = {(au)(ν)}∞ν=1 ν aν ∈ Z

a− aν ∈ �νZ�

(au)(ν) := aνu(ν) : Gν → Hν .

�ν Gν (au)(ν)

aν

X Y K
Hom(X, Y )→ Hom(X(�), Y (�)) u ∈ Hom(X, Y )

u(X�ν ) �ν u(X�ν ) ⊂ Y�ν

Hom(X, Y )⊗ Z/�ν → Hom(X�ν , Y�ν ),

Hom(X(�), Y (�)) Z�

Z�

Hom(X, Y )⊗ Z� → Hom(X(�), Y (�)).

u ∈ Hom(X, Y )⊗ Z� ν

w(ν) ∈ Hom(X, Y ) = Hom(X, Y )⊗ 1 ⊂ Hom(X, Y )⊗ Z�
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u−w(ν) ∈ �ν · {Hom(X, Y )⊗Z�} = {�ν ·Hom(X, Y )}⊗Z� = Hom(X, Y )⊗ �νZ�.

u(ν) := w(ν) : X�ν → Y
w(ν)

�

u(ν) : X�ν → Y�ν ; ν = 1, 2, . . . .

Hom(X, Y )
Z� Hom(X, Y )⊗ Z�

� �= char(K)

Z�

Hom(X, Y )⊗ Z� → Hom(X(�), Y (�))

u u(ν) ∈ �ν · Hom(X, Y )
ν u − u(ν) ∈ �ν · {Hom(X, Y ) ⊗ Z�} u ∈ �ν ·

{Hom(X, Y ) ⊗ Z�} ν Hom(X, Y ) ⊗ Z� Z�

u = 0

u : X → Y �
w ∈ Hom(X, Y ) ⊗ Z� �
X(�)→ Y (�)

u : X → Y �
n = �ν u X(�) ∼=

Y (�)
w ∈ Hom(X, Y ) ⊗ Z� �

X(�) → Y (�) w
w(1) : X�

∼= Y� u ∈ Hom(X, Y )

w − u ∈ � · {Hom(X, Y )⊗ Z�} = Hom(X, Y )⊗ �Z�.

u w
X� → Y�

u� = u(1) : X� → Y�

u w(1)

u �
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�
char(K) n = �ν Xn n2dim(X)

K̄
Xn K

� T�(X) X�ν

X�ν+1 → X�ν �
Z� 2dim(X)

T�(X)→ X�ν

T�(X)⊗ Z/�ν ∼= X�ν .

T�(X) x = {xν}∞ν=1

xν ∈ X�ν , xν+1 = �xν ∀ν.

x 
→ xν

T�(X) → X�ν �ν · T�(X)
T�(X)/�ν ∼= X�ν

Y K HomGal(T�(X), T�(Y ))
Z� Z� T�(X) → T�(Y )

Z� HomGal(T�(X), T�(Y )) w = {wν}∞ν=1

wν : T�(X)/�ν = X�ν → Y�ν = T�(Y )/�ν

wν(xν) = � · uwν+1(xν+1) ∀x = {xν}∞ν=1 ∈ T�(X).

z ∈ X�ν x ∈ T�(X) xν = z �xν+1 =
xν = z

wν(z) = wν(xν) = � · wν+1(xν+1) = wν+1(�xν+1) = wν+1(xν) = wν+1(z),

wν+1 X�ν wν

{wν}∞ν=1 � K

X(�)→ Y (�).

u = {u(ν)}∞ν=1 X(�)→ Y (�) K

u(ν) : X�ν → Y�ν

u(ν+1)

X�ν u(ν) {xν}∞ν=1 ∈ T�(X)

Y.G. Zarhin / Homomorphisms of Abelian Varieties over Finite Fields 325



u(ν)(xν) = u(ν+1)(xν) = u(ν+1)(�xν+1) = �u(ν+1)(xν+1)

ν {u(ν)}∞ν=1

T�(X)→ T�(Y )
Z�

Hom(X(�), Y (�)) = HomGal(T�(X), T�(Y )).

X
K Xt (X ×Xt)4 K

X K
K X Aut(X) K

X

K g d
K g

K K d

K g
K g K

X
g K 4g

K (X × Xt)4 K
X K (X×Xt)4

K

X
K r = r(X, K)

Y K K X
K β : X → Y ker(β) ⊂ Xr

n W ⊂ Xn K
u ∈ End(X)

rW ⊂ uXn ⊂W.

Y.G. Zarhin / Homomorphisms of Abelian Varieties over Finite Fields326



X
K r1 = r1(X, K)

n un ∈ End(Xn) m = n/(n, r1)
u ∈ End(X) u un End(Xm)

X = A×B A B

A,B
K r2 = r2(A,B)

n un : An → Bn

K m = n/(n, r2)
u : A → B K u un

Hom(Am, Bm)

n r2

n r2

Hom(A,B)⊗ Z/n ↪→ Hom(An, Bn)

� �r(�)

� r2 i

Hom(A�i+r(�) , B�i+r(�))→ Hom(A�i , B�i)

Hom(A,B)⊗ Z/�i ↪→ Hom(A�i , B�i).

Y.G. Zarhin / Homomorphisms of Abelian Varieties over Finite Fields 327



F Q

M F L Z M G
σ F M σ(L) = L

G F M

X K

F = End(X)⊗Q, M = End(X)⊗Q, L = End(X).

G Aut(X) = End(X)∗ X
End(X)∗ End(X)⊗Q = M

K Y ⊂ X

I(Y ) = {u ∈ End(X) | u(X) ⊂ Y }

F

I(Y )Q = I(Y )⊗Q ⊂ End(X)⊗Q = M.

I(Y )Q Y Y ′ K
X

uI(Y )Q = I(Y ′)Q

u ∈ Aut(X) = End(X)∗ Y ′ = u(Y )
K X

Aut(X)

X
K λ : X → Xt

L X

ΛL̄ = 2λ̄

L̄ X̄ L

S K
L P

X ×Xt L := (1X , λ)∗P (1X , λ) : X → X ×Xt
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x 
→ (x, λ(x)).

X g
K λ : X → Xt d

L X
L̄ 2gdg!

L̄3 6gd
L 6gdg! L3

K X 6gd−1
K 6gdg!

K K

X K λ : X → Xt

K n

ker(λ) ⊂ Xn.

a a2 + 1
n X ×Xt K

V ⊂ ker(λ)× ker(λ) ⊂ Xn ×Xn ⊂ X ×X

a ker(λ) V
K ker(λ) deg(λ)

deg(λ) deg(λ2)
K̄ R V̄ (R) R
(x, ax) x ∈ ker(λ̄) ⊂ X̄n

(x, ax), (y, ay) ∈ V̄ (R)

eλ2((x, ax), (y, ay)) = eλ(x, y) · eλ(ax, ay) = eλ(x, y) · eλ(a2x, y) =

eλ(x, y) · eλ(−x, y) = eλ(x, y)/eλ(x, y) = 1.

V̄ eλ2

#(V̄ )2 = deg(λ)2 = deg(λ2).
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X2/V K
K

f : X ×X → X ×X = X2, (x, y) 
→ (x, ax) + (0, y) = (x, ax + y)

V = f(ker λ× {0}) ⊂ f(X × {0}).

K

X2/V ∼= X/ ker(λ)×X = Xt ×X = X ×Xt.

X ×Xt K

a, b, c, d

0 �= s := a2 + b2 + c2 + d2

−1 n I

I =

⎛
⎜⎜⎝

a −b −c −d
b a d c
c −d a b
d c −b a

⎞
⎟⎟⎠ ∈ Mat4(Z) ⊂ Mat4(End(X) = End(X∗4)).

I∗I = a2 + b2 + c2 + d2 = s ∈ Z ⊂ Mat4(Z) ⊂ Mat4(End(X) = End(X4).

V ⊂ ker(λ4)× ker(λ4) ⊂ (X4)n × (X4)n ⊂ X4 ×X4 = X8

I : ker(λ4)→ ker(λ4).

V K deg(λ4)
deg(λ4) deg(λ8)

K̄ R V̄ (R) R
(x, Ix) x ∈ ker(λ̄4) ⊂ (X̄4)n

(x, Ix), (y, Iy) ∈ V̄ (R)

eλ4((x, Ix), (y, Iy)) = eλ4(x, y) · eλ4(Ix, Iy) = eλ4(x, y) · eλ(x, ItIy) =

eλ(x, y) · eλ(x, sy) = eλ(x, y) · eλ(x,−y) = eλ(x, y)/eλ(x, y) = 1.
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V̄ eλ4

#(V̄ )2 = deg(λ4)2 = deg(λ8).

X8/V K
K

f : X4 ×X4 → X4 ×X4 = X8, (x, y) 
→ (x, Ix) + (0, y) = (x, Ix + y)

V = f(ker(λ4)× {0}) ⊂ f(X4 × {0}).

K

X4/V ∼= X4/ ker λ4 ×X4 = (X4)t ×X4 = (X ×Xt)4.

(X ×Xt)4 K

r
Y := X/W K π : X → X/W = Y

W = ker(π).

W ⊂ Xn K v : Y → X/Xn = X
vπ n X

πnX = nY π : X → Y

K #(W )× n2dim(X) nX nY

n X Y

U = ker(πnX) = ker(nY π) ⊂ X;

K

#(U) = #(W )× n2dim(X).

Xn ⊂ U, W ⊂ U ; π(U) ⊂ Yn, nX(U) ⊂W.
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K

π : U → Yn, nX : U →W

π(U) = Yn, nU = W.

v(Yn) = v(π(U)) = vπ(U) = nU = W,

v(Yn) = W.

K β : X → Y ker(β) ⊂ Xr

K γ : Y → X γβ = rX

γrY = rXγ = γβγ = γ(βγ),

γrY = γ(βγ).

rY = βγ ker(γ) (rY − βγ)Y

β(Xn) ⊃ β(γ(Yn)) = βγ(Yn) = rYn.

u = vβ ∈ End(X).

Yn ⊃ β(Xn) ⊃ rYn.

W = v(Yn) ⊃ v(β)(Xn) = u(Xn),

u(Xn) = v(β(Xn)) ⊃ v(rYn) = r(W )

W ⊃ u(Xn) ⊃ r(W ).
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Y K

u : Y → Y K Z
K v ∈ Hom(Y, Z) ker(u) ⊂ ker(v) Y

w ∈ Hom(Y, T ) v = wu

Y
u

��

v ���
��

��
��

Y

w

��
Z

w v

Y ∼= Y/ ker(u)

n u Y
K

(nY , u) : Y → Y × Y, y 
→ (ny, uy).

ker((nY , u)) = ker(Yn
u→ Yn) ⊂ Yn ⊂ Y.

K
ker((nY , u)) {ker(u)

⋂
Yn}

Y K
h = h(Y, K)

n u, v ∈ End(Y )

{ker(u)
⋂

Yn} ⊂ {ker(v)
⋂

Yn}

K w : Y → Y

hv − wu ∈ n · End(Y ).

hv wu End(Yn)
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O := End(Y ) Q

End(Y )⊗Q

M
I O

aI ∈ O a · O I
M

M · I ⊂ aI · O ⊂ I.

aI End(Y ) ⊗ Q

h := M3.

I = nO + uO, J = nO + vO

O I J O
K

aI : Y → Y, aJ : Y → Y

M · I ⊂ aI · O ⊂ I, M · I ⊂ aJ · O ⊂ J.

b, c ∈ O

MaI − bu ∈ n · O, Mv = caJ .

{ker(v)
⋂

Yn} ⊂ ker(aJ) ⊂ {ker(Mv)
⋂

YMn} = M−1{ker(v)
⋂

Yn} ⊂ Y,

{ker(u)
⋂

Yn} ⊂ ker(aI) ⊂ {ker(Mu)
⋂

YMn} = M−1{ker(u)
⋂

Yn} ⊂ Y.

ker(aI) ⊂M−1{ker(u)
⋂

Yn} ⊂M−1{ker(v)
⋂

Yn} ⊂M−1 ker (aJ) = ker(MaJ)

ker(aI) ⊂ ker(MaJ).

K z : Y → Y MaJ = zaI

M2aJ = MzaI
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M3v = M2caJ = Mc(MaJ) = Mc(zaI) = cz(MaI) =

cz[bu + (MaI − bu)] = (czb)u + cz(MaI − bu).

h = M3 bu−MaI n O = End(Y )

hv − (czb)u ∈ n · End(Y ).

w = czb

X
K Y := X × X h = h(Y )

r = r(Y, K)

r1 = r1(X, K) := r(Y, K)h(Y, K).

n un ∈ End(Xn) W un

Xn ×Xn = (X ×X)n = Yn

(1n, un) : Xn ↪→ Xn ×Xn = (X ×X)n = Yn.

1n Xn

v ∈ End(Y )

rW ⊂ u(Yn) ⊂W.

pr1, pr2 : Y = X ×X → X

q1 : X = X × {0} ⊂ X ×X = Y, q2 : X = {0} ×X ⊂ X ×X = Y

pr1v,pr2v : Y → X

v1 = q1pr1v, v2 = q1pr2v ∈ End(X ×X) = End(Y ).

v : Y → Y = X ×X
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(pr1v,pr2v) : Y → X ×X = Y.

W

pr1(W ) = Xn, v(Yn) ⊂W

{ker(pr1v)
⋂

Yn} ⊂ {ker(pr2v)
⋂

Yn}.

q1 q2

{ker(v1)
⋂

Yn} ⊂ {ker(v2)
⋂

Yn}.

K w : Y → Y
hv2 wv1 Yn

v1(X ×X) ⊂ X × {0}, v2(X ×X) ⊂ {0} ×X,

w12 = pr2wq1 ∈ End(X)

h pr2v w12pr1v Hom(Yn, Xn) = Hom(Xn×Xn, Xn)

W un u(Yn) ⊂W

pr2v = unpr1v ∈ Hom(Yn, Xn);

Yn → Xn

Hom(Yn, Xn)

w12pr1v = h pr2v = h unpr1v.

w12 = h un

pr1v(Yn) ⊂ Xn.

pr1v(Yn) ⊃ r pr1(r(W )) = r(Xn)

w12 = h un r(Xn)

r(Xn) = Xn1 ,

n1 = n/(n, r) w12 = h un Xn1 d := (n1, h)
Xd ⊂ Xn1 w12 = hun Xd d h
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u ∈ End(X) w12 = d u m = n1/d h/d
m (h/d) u d = (h/d) un d Xn1

(h/d) u = (h/d) un d(Xn1) = Xm (h/d)
Xm u = un Xm

K X Y K S
n K

Xn Yn S X Y K
S � K

X → Y �

n ∈ S n > r2 := r2(X, Y ) r2

m := n/(n, r2) 1 n �
m � wn : Xn

∼= Yn

u ∈ Hom(X, Y ) um : Xm → Ym

wn Hom(Xm, Ym)
wn um

K �
X Y K

X(�) Y (�) � X Y

Hom(X, Y )⊗ Z� ↪→ Hom(X(�), Y (�))

� �= char(K) � = char(K)

Hom(X(�), Y (�))

{w(ν) ∈ Hom(X�ν , Y�ν )}∞ν=1

w(ν) w(ν+1) X�ν

uν ∈ Hom(X, Y )⊗Z/�ν w(ν) = uν

uν+1 Hom(X, Y ) ⊗ Z/�ν uν

ν u uν Hom(X, Y ) ⊗ Z�

u ν X�ν Y�ν uν

w(ν)

K � X Y
K

• K X → Y �
• � X(�) Y (�)
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K � �= char(K)

X Y K

Hom(X, Y )⊗ Z� = HomGal(T�(X), T�(Y )).

X K Q�

V�(X) = T�(X)⊗Z�
Q�

dimQ�
(V�(X)) = 2dim(X)

T�(X) ↪→ V�(X), z 
→ z ⊗ 1

T�(X) Z�

HomGal(T�(X), T�(Y ))⊗Z�
Q� → HomGal(V�(X), V�(Y ))

HomGal(V�(X), V�(Y )) Q� Q�

V�(X)→ V�(Y )

X Y K

Hom(X, Y )⊗Q� = HomGal(V�(X), V�(Y ))

X Y
K X Y K

V�(X) V�(Y )

X Y K N

α : X → Y, β : Y → X
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βα = NX , αβ = NY .

α β

α(�) : V�(X)→ V�(Y ), β(�) : V�(Y )→ V�(X)

β(�)α(�) α(�)β(�)
N V�(X) V�(Y ) α(�)

V�(X) V�(Y )
V�(X) V�(Y )

Q�

dim(X) = dim(Y ).

w : V�(X) ∼= V�(Y )

w �Mw
M

w(T�(X)) ⊂ T�(Y ).

w(T�(X)) Z� V�(Y ) w(T�(X))
T�(Y ) w

T�(X)→ T�(Y ) M

w′ ∈ HomGal(T�(X), T�(Y )), w′ − w ∈ �M ·HomGal(T�(X), T�(Y ))

w′ : T�(X)→ T�(Y )

Hom(X, Y ) �

Hom(X, Y )⊗ Z� = HomGal(T�(X), T�(Y )),

u ∈ Hom(X, Y ) u

u(�) : T�(X)→ T�(Y )

rkZ�
(u(�)(T�(X))) = rkZ�

(T�(X)) = 2dim(X) = 2dim(Y ).

Y.G. Zarhin / Homomorphisms of Abelian Varieties over Finite Fields 339



u Z := u(X)
Y K u : X → Y

X → Z
j : Z ↪→ X u(�)(T�(X)) j(�)(T�(Z))

j(�) : T�(Z)→ T�(Y )

j

2dim(Z) = rk(T�(Z)) ≥ rk(j(�)(T�(Z))) ≥

rk(u(�)(T�(X))) = 2dim(X) = 2dim(Y )

dim(Z) ≥ dim(Y ) rk Z�

Z Y dim(Z) = dim(Y )
Z = Y u : X → Y dim(X) =

dim(Y ) u

X Y K

• X → Y �
• T�(X) T�(Y )

X Y
K Xn

∼= Yn n X(�) ∼= Y (�)
� X Y

C F ⊂ C

OF

b ⊂ OF E(b) C

E(b)(C) C/b
OF
∼= End(E(b)) a ∈ OF E(b)(C)

z + b 
→ az + b.

E(b) j(E(b)) ∈ C
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E := E(OF )

b ∼= Hom(E,E(b)), c 
→ u(c),

u(c)

u(c) : C/OF → C/b, z +OF 
→ cz + b.

c u(c) : E → E(b)

b/cOF E
E(b) b b

j(E(b)) �= j(E).

� c ∈ b

b/cOF �

b �OF OF

c ∈ b \ �b �OF L2 L c ∈ b \ L · b
�OF L1L2 L1, L2 ⊂ OF

c1 ∈ L1 · b \ L2 · b, c2 ∈ L2 · b \ L1 · b

c = c1 + c2

c �∈ L1 · b, c �∈ L2 · b.

cOF = M · b

M =
∏

P PmP

P � b/cOF OF /M

OF /M = ⊕POF /PmP .

b/cOF OF /PmP

P OF /P mP

OF /PmP

b/cOF P

�

� E → E(b)

�
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F
> 1 b ⊂ OF

j(E(b)) �= j(E).

L ⊂ C

• L F j(E) j(E(b))
• E E(b) L
• E E(b) L

q ⊂ OF E E(b)

q j(E)−j(E(b)) q
q K q E

E(b) q E E(b)

K j(E) j(E(b)) q j(E) j(E(b))
q

j(E) �= j(E(b)).

E E(b) K K̄

Hom(E,E(b)) ↪→ Hom(E,E(b))

� E→ E(b) �
En
∼= E(b)

n n
� E(�) E(b)(�)

� � = char(K) E(K̄) E(b)(K̄)

E(K) E(b)(K)
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p

p

P
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